ON THE RELATIVE LANGLANDS DUALITY FOR Sp,, \ GLo,+1 (WITH AN
APPENDIX BY ZEYU WANG)
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ABSTRACT. We verify the relative Langlands duality conjecture proposed by Ben-Zvi, Sakellaridis,
Venkatesh [BSV24] for the hyperspherical Hamiltonian variety T (Sp,,, \ GL2n+1). We provide
numerical (over number fields and function fields) and geometric (in the étale setting) evidence
that its dual Hamiltonian variety should be T*(GLy, X GLpn41 \ GL2n41) as predicted by [BSV24].

CONTENTS
1. Introduction 1
2. Preliminaries and Notations )
3. Absolute convergence 11
4. Vanishing of certain period 13
5. Orbits 18
6. Proof of the main result 26
Appendix A. Geometric conjecture (by Zeyu Wang) 31
References 41

1. INTRODUCTION

In the seminal work [BSV24], Ben-Zvi, Sakellaridis and Venkatesh (BZSV for short) proposed
the well-known relative Langlands duality, which we may also call the BZSV duality. Let G be a
connected reductive group. The BZSV duality concerns the duality between certain G-Hamiltonian
variety M and G-Hamiltonian variety M , in the sense that the “period” attached to M on the
automorphic side (A-side) should match with the “L-function” attached to M on /t\he spectral side

(B-side). One of the key features of the BZSV duality is that the double dual M is expected to
coincide with M. Therefore, we may change the switch the A-side and B-side and expect that the
period associated to M should also match with the L-function associated to M.

In the case of the polarized hyperspherical varieties in the sense of [BSV24, §3], BZSV proposed a
conjectural description of the dual varieties [BSV24, §4]. The structure of a hyperspherical variety

is given by a quadruple A = (G, H, pg,t), Here G is a split reductive group; H is a reductive
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subgroup of G; pp is a symplectic representation of H; and ¢ is a homomorphism from SLy into G
whose image commutes with H. In [BSV24, §4], they proposed a combinatorial method to compute
the dual of a polarized hyperspherical Hamiltonian variety that is attached to a “dual quadruple”
A= (G H, pg,7).

The goal of this article is to verify some cases of the BZSV conjecture for the hyperspherical
GLayy1-variety T*(Spy,, \ GLap+1), or the quadruple (GLay+1, Spa,, 0,1). We show that its dual is
T*(GLy, x GLyp+1 \ GLoy+1), or attached to the quadruple (GLay, 41, GL,, X GLy,41,0, 1) as predicted
by [BSV24, §4]. The conjecture has various setting; we mainly concentrate on the global numerical
and the global geometric setting. We now describe them in detail.

1.1. Numerical Result. We briefly recall the BZSV conjecture in the numerical (also known as
the classical Langlands) setting (see also [MWZ24]). The map ¢ induces an adjoint action of H x SLy
on the Lie algebra g of G and we can decompose it as

g =P o ® Sym*
kel

where py, is some representation of H and I is a finite subset of Z>¢. Let I,qq denote the subset of
I containing all the odd numbers and let

PHu = PH D @ Pk
k€loaq

Let F denote a global field and let A = Ap. For a BZSV quadruple, py, is a symplectic anomaly-
free representation of H. Take a maximal isotropic subspace Y of pg,. For a Schwartz function ®
on Y (A), the previous condition ensures we can define the associated theta series ©(h, ®) on H(A).

For automorphic form ¢ on G(A), let P,(¢) denote the degenerate Fourier coefficient associated
to . We define the following period integral

PH,L,PH ((P, (I)) = () PL(SO)(h)@(h” (I))dh

whenever the integral is convergent. The following conjecture ([BSV24, §14], [MWZ24, §1.1]) is the

main conjecture regarding this period integral.

Conjecture 1.1.1. Let 7 be an irreducible automorphic representation of G(A). Then the period

integral Ppr, oy (¢) is nonzero only if the Arthur parameter of 7 factors through
i : H'(C) x SLy(C) — G(C).
If this is the case and 7 is lifting of a global tempered Arthur packet of H'(A), then we have
L< HpH,> HL< +1, Hpk>

2
’PHL,pH( )’ «__» kel . (111)

(@, ) L(1,11, Ad)?

Here (, ) denotes a certain version of L?-norm.




Remark 1.1.2. Note that in [MWZ24], the authors state the conjecture for only discrete =, in
which case (, ) denotes the standard L?*mnorm. However, it’s believed that the statement should
hold for general 7, as stated in the above conjecture.

If we consider the BZSV quadruple (GLaj, 41, GLy, X GLy41,0,1). In [FJ93], the authors verified
that the associated linear period vanishes for cuspidal automorphic representations of GLa,11(A).
Moreover, let 7 be a cuspidal automorphic representation of GLg,, (A) whose hypothetical Langlands
parameter factors through Sp,,(C) and let 1 denote the trivial representation of GL;. Then in
[FJ93, Theorem 5.1], the authors verified that if the automorphic representation of GLa,11(4A) is
mH 1, the regularized period integral defined in loc. cit. represents the standard L-function L(1, 7).
This coincides with the claimed identity in the previous conjecture. The results above suggest
the BZSV dual of (GLap+1,GLy, X GLy41,0, 1) should be (GL2y+41,Sps,,0,1), as is predicted by
[BSV24].

In this article, we switch the A-side and the B-side of the linear period mentioned above.
Consider the BZSV quadruple (GL2j41,Spay,,0,1), we verify that its dual quadruple should be
(GLap+1, GLy, X GL;41,0,1). More concretely, we prove the following result:

Theorem 1.1.3. Let m be an automorphic representation of GLayt1(AF), then

(1) If w is cuspidal, or w is of the form II; B Ila, where II; are cuspidal automorphic repre-
sentation of GLy, (Ar) with central character trivial on AOGOLR_ and n1 +ng = 2n + 1 with
1<n; <n—1. Then for any f € w, we have

/ F(h)dh = 0.
[Spay]

(2) If w is of the form I1,BI1, 1, where I1; is a cuspidal automorphic representation of GL;(Afp)
with central character trivial on A%OLi fori=nn+1. Let Il :=11,, X1, be the cuspidal
automorphic representation of GL,(Ar) X GLy1+1(AF), then for f = ®f, € m, we have

PO _ ¢F(1)¢3) - ¢(2n+1) L*(1,11, jo) H IPU
(fs f)pet C(2)---¢(2n) L*(1,11, Ad)?

(1.1.2)

The reader should note the formal resemblance of (1.1.2) with (1.1.1). We explain the terms in
(1.1.2) in some detail.

e Let P be the standard parabolic subgroup of GLg,,11 with Levi GL,,(A) x GL;,11(A). Then
by f € m we mean f is an Eisenstein series of the form E(g,y) := E(g,¥,0), where
Y€ IndG%Z;‘“(A) IT (see §2.4 for more details). We will show in §3 that

[Sp2n]

is absolutely convergent. And we put

(f, f)pet := (@, ©)Pet := / lo(x)|*dz.

[GL2n+41]Po

This explains the left hand side of (1.1.2).
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e Let ¢ = (r denote the completed Dedekind zeta function of F' and (*(1) denotes the residue
of (at s = 1.

e L*(1,II, Ad) denotes the leading term of the Laurant expansion of L*(s,II, Ad) at s = 1.
Similar for L*(1,1I, po). Note that in this case, we have

L*(1,10, po) = L*(1,1L,,, Ad) L*(1, L, 41, Ad) L(1, 1L, x TL,,41) L(1, IT,, x H,VZH),

and
L*(1,11,Ad) = L*(1,11,, Ad) L* (1, 11,41, Ad).

. 735( fy) and (fy, fu)? are local (normalized) version of the period and inner product respec-
tively. They are defined in §6.4 in terms of Whittaker model, with the properties that when
everything is unramified, then 775( fo) = {fo, fv>u =1.

1.2. Geometric result. A remarkable feature of conjectures in [BSV24] is their parallelity over
number fields and function fields, enabling predictions of results over number fields from paral-
lel but sometimes easier results over function fields. Over function fields, beyond the numerical
conjecture mentioned before, one can ask a matching between geometrizations of both sides of the
identities in theorem 1.1.3 under the conjectural geometric Langlands equivalence Shvyi, (Bung) =2
IndCohyip (Locg). We refer to [Ari+22b] for a precise formulation of this equivalence.

A precise conjecture in this direction is formulated in [BSV24, §12], which we briefly recall in the
case that M = T*X and X = G/H where H C G is a connected reductive subgroup making M
hyperspherical (i.e. we are considering quadruple (G, H,0,1)): On the A-side, one considers map
7 : Bunyg — Bung and defines the period sheaf

Px =mQ
(we work with constructible étale Q;-complexes), which induces a natural functor
evMI(Px ® —) 2 To(7*(—)) : Shvnip(Bung) — Vect

where evMI* : Shv(Bung)®2 — Vect is the evaluation map for the miraculous duality of Shv(Bung)
defined in [Ari+22a]. On the B-side, one can similarly define the L-sheaf

L7 € IndCoh(Locg)
using the dual G-Hamiltonian space M and similarly consider the functor
evserre(ﬁﬁ ® —) : IndCohnjyp(Locg) — Vect

where eySerre : IndCoh(Loca)®2 — Vect is the evaluation map for the Grothendieck-Serre duality on
Locg. The conjecture in [BSV24, §12] predicts an isomorphism between functors Shvy, (Bung) =
IndCohip (Locg) — Vect:

evMI(Py @ —) = evserre(ﬁﬁ ®c*(—))

where ¢ : Locgz — Locg is induced by the Cartan involution on G.
In the appendix, we verify the conjecture above for pairs of groups (G, H) = (GL2y+1, Spy,) and

(G, H) = (GLay, Spy,,) on the cuspidal part. More precisely, we prove the following:
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Theorem 1.2.1. For (G, H) as above, for any cuspidal automorphic sheaf F € Shv(Bung)cusp,
one has

(7" F) = 0.

Remark 1.2.2. Such type of geometric results in many other examples are considered in series
works of Lysenko (an incomplete list includes [Lys02][Lys08][Lys21]) and has their potential appli-
cations to arithmetic period conjectures as discusses in [LW25].

1.3. Structure of the article. After introducing notations and preliminaries in §2. We study the
the numerical conjecture in the main part of the article and geometric conjecture in the appendix.

In the main part of the article, we show that the periods of the Eisenstein series we considered
are absolutely convergent in §3 and prove the vanishing of cuspidal part in §4, and derive some
consequences. In §5, we do some linear algebra to classify Sp,, orbits on GLoy41 /Py nt1, where
Py, n41 is the maximal parabolic subgroup of GLay41 with type (n,n+1). In §6, we use the results
in §4 and §5 to prove our main numerical results.

In the appendix, we geometrize the results in 4 to get the geometric conjecture.

1.4. Acknowledgement. We are grateful to Chen Wan for the kind suggestion of this article and
for many helpful discussions. We thank Zeyu Wang for generously contributing the appendix to
our work and for carefully proofreading the manuscript. We thank Paul Boisseau, Dihua Jiang,
Yannis Sakellaridis, Yiyang Wang, Hang Xue, Wei Zhang for helpful discussions and suggestions.

2. PRELIMINARIES AND NOTATIONS

2.1. General notations. We list some general notations:

e For a matrix A, we write ‘A for the transpose of A.

e Let F be a global field and let v be a place of F', we write F,, for the completion of F' at
the place v. In general, if S is a finite set of places of F, we write Fg := [[,.q Fyy and A%
for the restricted product H;gs F,. We also write Fiy, := F ®q R.

e Let f,g be two positive functions on a set X, we write f < ¢ if there exists C' > 0 such

that f(z) < Cg(x) for any x € X.

veES

2.2. Algebraic groups and their adelic points. In this subsection, we let G be a connected
linear algebraic group over a global field F. We denote by A := Ar and [G] := G(F)\G(A) the
adelic quotient of G.

2.2.1. Tamagwa measure. We fix the Tamagawa measure dg on G(A), and thus on [G] as described
in [BCZ22, section 2.3]. To fix the notations, we briefly recall the definition. Fix an additive
character ¢ : F\Ap — C*. Write ¢ as ©» = [[¢,. For each place v of F, 1, determines the
self-dual measure on F,. Let w be an F-rational G-invariant top differential form on G. For each
place v, |w| gives a measure d*g, on G(F,). Moreover, according to the results of Gross [Gro97],
there exists a global Artin-Tate L-function Lg(s) such that

d*gv(G(Ov)) = LG,U (O)
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for almost all places v. We denote by
Agy = Lgo(0)

and let AF, denote the leading coefficient of the Laurent expansion of Lg(s) at s = 0. We then put
dgy := Agpd* g, and put the global Tamagawa measure by

dg = (85) " ] dg..

The measure is independent of the choice of w.

When G = GL,,, we can take w = (Adg;j)/(det g)" and we have Lg(s) = (p(s+1)---(r(s+n),
where (r denote the (completed) Dedekind zeta function of F'.

When G = Sp,,,, we have Lg(s) = (p(s+2)---(p(s+2n).

2.2.2. Parabolic subgroups. We assume that G is connected and reductive for the remainder of this
subsection. Fix a maximal split torus Ag of G and a minimal parabolic subgroup Py containing
Ag. A parabolic subgroup P of G is called standard if P D Py, and semi-standard if P D Ay. For a
semi-standard parabolic subgroup P, we denote by P = MpNp the standard Levi decomposition
of P.

We denote by F := FC the set of semi-standard parabolic subgroups of G. For a subgroup S of
G, we denote by F(S) = FE(S) the set of semi-standard parabolic subgroups containing S. For
example, F(Ap) (resp. F(Fp)) is the set of semi-standard (resp. standard) parabolic subgroups.

Recall that for any cocharacter A : G,, — Ag, the dynamical method associates a semi-standard

parabolic subgroup P(\) of G:
P\ :={geqG| %in% At)gA(t) ™! exists}, (2.2.1)
—

and all semi-standard parabolic subgroups are of the form P()\) for some A\ € X, (Ay).
Let W be the Weyl group of (G, Ap), that is, the quotient by My(F') of the normalizer of Ay in
G(F). For standard parabolic subgroups P, @), denote by

oWp:={weW | Mpnw 'Pyow=MpnP, MgnwPyw = Mgn Py}

It forms a representative of the double coset WR\W/WF. For w € oWp, Mp N w ™ Mow is
the Levi factor of the standard parabolic subgroup P, = (Mp N w ™ 'Qw)Np. In the same way,
Mgn wMpw~! is the Levi factor of the standard parabolic subgroup Q,, = (LN wail)NQ. We

have P, C P, Q, C @, moreover P, and @),, are associate. We then write
W(P;Q) = {w € gWp | Mp C w™*Mgw}.
For a semi-standard parabolic subgroup P of G, define
ap = X"(P)®zR, ap:=Homz(X*(P),R).

We endow ap with the Haar measure such that the lattice Hom(X*(P),Z) has covolume 1.
Let ap := ap, and afj := a*PO.
€p = (_1)dimap—dimaG.
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For any semi-standard parabolic P, let Tp be the characteristic function of a cone on ap defined
in [Art78, §5]

2.2.3. Norms. Now we assume that F' is a number field. We write goo for the Lie algebra of the
Lie group G(F) and write U(g~o) for the universal enveloping algebra of goo.
For a semi-standard parabolic subgroup P of G, we put

[Glp = Np(A)Mp(F)\G(A).
We fix a norm || - || on G(A) as in [Beu21, Appendix A]. It induces a norm on [G]p by

= inf .
lollp = inf gl

There is a notion of weight functions on [G]p described in [BCZ22, §2.4.3]. In particular, for any
a € afj, there is a weight dp, on [G]p.

2.2.4. The map Hp. We denote by A the neutral component of real points of the maximal split
central torus of Resp/gG. For a semi-standard parabolic subgroup P of G, let A = Aﬁp. We
also define Ag” := A% = Af; .

Let 0p : P(A) — R>( denote the modular function of P(A).

We fix a maximal compact subgroup K of G(A), which is in good position with Py. Hence, we
have the Iwasawa decomposition G(A) = P(A)K for all semi-standard parabolic subgroups P of
G. The map

Hp: P(A) = ap, p—= (x = log|x(9)]), x € X7(P),

extends to G(A), by requiring it trivial on K. The map Hp induces an isomorphism A¥ = ap, we
endow AY with the Haar measure such that this isomorphism is measure-preserving.
Let [G]po := N(A)M(F)ABZ\G(A). For a measurable function ¢ : [G]p — C such that ¢(ag) =
(5p(a)%cp(g), the integral
[ le@as
[Glpo

makes sense, and when it is finite, the integral

/ o(z)da
[Glp,o

makes sense.

2.2.5. Siegel sets. By a Siegel set s7 of [G]p we mean a subset of [G]p of the form

st =wofa € AZ | (o, Hyla) = T_) >0, a € AVVK,
where T_ € ag, and such that G(A) = P(F)s”. We assume that, for different parabolic subgroups
of G, their Siegel sets are defined by the same 7. In particular if P C @ then s D s9.

2.2.6. Truncation parameters. Fix a norm || - || on ag. We say T' € ag is sufficiently positive, if there
exists C' > 0 and € > 0 such that
inf (o, T) > max{C,¢||T|}.

aEAg
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2.2.7. Paley- Wiener spaces. For a semi-standard parabolic P, let PW(ia}) denote the space of
Paley-Wiener functions on ¢aj. More precisely, it consists of entire function f on ajp with the

following condition:

(2.2.2) There exists A > 0 such that for all integer N > 0,
[FO)] < (14 A~ NeAlRe

The Fourier transform:

PW(iah) 3 f f(X)= [ fN)eMXan

wap
defines a bijection between PW (ia},) and Cg°(ap).

2.3. Function spaces. Let F' be a number field and let G be an algebraic group over F. Let P
be a parabolic subgroup of G. There are various function spaces on [G]|p which we briefly recall
below. The reader may consult [BCZ22, §2.5] for more details.

A function f : G(A) — C is called smooth, if it is right J-invariant for some open compact
subgroup J C G(Ay) and for any g € G(Ay), the function goo — f(979s0) is C°. A function on
[G]p is called smooth if it pullbacks to a smooth function on G(A).

Let S([G]p) be the space of Schwartz functions on [G]p. It is the union of S([G]p, J) for open
compact subgroup J C G(Ay). Where S([G]p,J) is the space of smooth functions on [G]p which
are right J invariant and

I fllx.v == sup [R(X)f(x)|[lz]F < oo

z€[G]p
for any X € U(goo) and N > 0. The vector space S([G]p,J) is naturally a Fréchet space and
S([G]p) is naturally a strict LF space.
Let S°([G]p) be the space of measurable function f on [G]p such that
1 lloo,v = sup |f(2)[z]|F < o0 (2.3.1)
z€[Glp
for any N > 0. It is naturally a Fréchet space.

Let T ([G]p) be the function of uniform moderate growth on [G]p. It is the union of 7_n([G]p, J),
where N > 0 and J C G(Ay) is open compact subgroup. 7y ([G]p, J) consists of smooth functions
f on [G]p which are right J-invariant and

[fllx.-x = sup [R(X)f(@)l|#]p" < o
z€[G]p
for any X € U(goo). The vector space T_n([G]p,J) is naturally a Fréchet space and T (|G]p) then
carries the induces (non-strict) LF topology.
For P C @, we have the following constant term map

T(GlQ) > ¢ = ¢p = <g = /[N ]w(ng)dn) € T([Glp).

Let Teusp([Gq) be the closed subspace of T ([G]g) consists of ¢ such that ¢p = 0 for any P C Q.
It is well known that for ¢ € Teusp([G]), we have the following rapid decay property of cusp form:

(2.3.2) For any N > 0 and any X € U(g), we have supxe[GP\R(X)cp(a:)]”a:Hg < 0.
8



For standard parabolic subgroups P C @ , the pseudo-Eisenstein series E := Eg defines a map

E§:S(Glp) = S(Gla), ¢~ >, ¢(9)

YEP(F\Q(F)
If P, @ be two parabolic subgroups of G, for ¢ € Scusp([G]p), we have the formula [MW95, §11.1.7]
Eqlg,p)= Y. E%g M(w)yp), (2.3.3)

weW (P;Q)

where M (w) denotes the intertwining operator:

M(w) : S([G]p,) = S([GlQ.), M(w)e(g) = p(w ™ ng)dn.

/JVP (A)ﬁ’u}prfl(A)\pr (A)

w

2.4. Automorphic forms and Eisenstein series.

2.4.1. Automorphic forms. For a semi-standard parabolic subgroup P of G, we denote by Ap(G)
the automorphic forms on [G]p, it consists of Z(goo) elements in T ([G]p) in the number field case,
and Ap(G) = T([G]p) in the function field case. When P = G, we denote by A(G) := Ag(G).
Let Apcusp(G) := Ap(G) N Teusp([G]p) be the subspace of cusp forms. Then spaces Ap(G) and
Ap cusp(G) carry natural LF topologies as described in [BCZ22, §2.7.1].
By a cuspidal automorphic representation 7 of Mp(A), we mean a topologically irreducible
subrepresentation of Acusp(Mp). For A € a’l‘%C, let 7y be the space of functions

[Mp] > m 6<A’Hp(m)>g0(m), pET.

Let 7 be a cuspidal automorphic representation of Mp(A) such that the central character is
trivial on A%. We denote by Indggg the normalized smooth induction of m, realizes as a subspace
of Ap(G) consisting of elements ¢ € Ap(G) such that for any g € G(A),

[Mp] > m — el=PrHe(m) o (mg)
belongs to 7. Similarly, let Ap . be the subspace of ¢p(G) such that for any g € G(A),
[Mp] 3 m — e(—pP,Hp(m»SD(mg)

belongs to the 7-isotypic part of Acusp(Mp).
Let G = GLy, and P = P, p,.... n, be the standard parabolic with Levi [[}; GLy,. If a cuspidal
automorphic representation 7w of Mp (with central character trivial on A%) is of the form m X

mg - - - W 7, where 7; is a cuspidal automorphic representation of GL,,, (A), we will also write

2.4.2. Eisenstein series. Let P be a semi-standard parabolic subgroup of G. For any ¢ € Ap(G),
g € G(A) and X € ap ¢, the Eisenstein series is defined by

E(g,, M) = >, ¢a(v9),
YEP(F)\G(F)

where

oa(9) = p(g)eNirah,

9



By the result of [Lan06], [BL24], the sum defining E(g, , A) is convergent when Re(\) is suffi-
ciently positive, and admits meromorphic continuation to a}‘)y(c.

Let 7 be a cuspidal automorphic representation of Mp(A) with trivial central character on A%.
We say A is regular for 7, if E(g,, A) is holomorphic at A for every ¢ € Ap, and g € [G]. It is
known that for any such 7, any X\ € ia}, is regular for .

Let P,Q be two standard parabolic subgroups of G. For w € W(P,Q) and \ € a’j;’(c. The

intertwining operator is defined by

M(w,\) s Ap(F) 3 1> M(w,¢)(g) i= el Mot [ )
NQﬂwprfl(A)\NQ(A)

By the result of [Lan06], [BL24], the intertwining operator is convergent when Re(\) is sufficiently
positive and has meromorphic continuation to a*Pv(C.
For ¢ € Apcusp(G), we have the constant term formula analogous to (2.3.3):

Eqg,o,\) = > E%g, M(w)p,wh). (2.4.1)
weW (P;Q)

2.5. Spy,, C GLap41. Throughout the remaining part of the article, we fix an integer n and let
G = GLg,41 be the general linear group acting on F?"*1. Identify F?" with the subspace of F?"+1
with the last coordinate equal to 0. Then we can identify GLs, with a subgroup of G at the top-left
corner. Let J := J, denote the following matrix

We define an involution 6 on GLs, by

9(9):<J J) g™t (_J J), g € GLy, . (2.5.1)

Let H := Sp,,, denote the symplectic group, that is, the group of fixed points of . We will make

the following convention:
(2.5.2) For a subgroup S of G, we will always denote by S’ the intersection S N H.

Fix the standard maximal split diagonal torus Ay of G and Af, of H and fix upper triangular
Borel subgroups B’ of H and B of G respectively.

We will denote by F := F& (resp. F' := FH) be set of semi-standard parabolic subgroups of G
and H respectively.

For positive integers a1, - - - , ag, we write Py, ... 4, for the standard parabolic subgroup of GLg, +...4q,

of type (a1, - ,ag), that is, the parabolic subgroup with Levi subgroup GLg, X - -+ X GLg, .
10



3. ABSOLUTE CONVERGENCE

In this section, we show that cuspidal Eisenstein series associated to maximal parabolic subgroups
of GLa,41 are of rapid decay on Sps,,. Indeed they are compactly supported in the function field
case. In particular, their Spy,,-periods are absolutely convergent.

Recall that G := GLa,+1 and H := Sp,,. Recall that for a subgroup S of G, we denote by
S =SNH.

3.1. Function field case. Let C' be a smooth projective and geometrically connected curve over
Fy, let F' be the function field of C' and let Bung denotes the moduli stack of G bundles on C'.
For convenience, we work in the unramified setting. The modification to the ramified case is
obvious (replacing Bung by Bung,p for some divisor D).
We recall the Harder-Narasimhan filtration of a symplectic vector bundle. Let £ be a symplectic
vector bundle on C. By definition, the Harder-Narasimhan filtration of & is given by

0CWIC---CWy CWEC - CWE CE, (3.1.1)

where each W; is isotropic subbundle of £ with slopes of consecutive quotients are strictly decreas-
ing. (If Wy = Wji-, then we only count it once.)

Let Bun%apngg_Q(Fq) denote that set of symplectic vector bundles with all gaps in the slope
sequences are bounded by 2g — 2. Note that Bun%pngg*Q(Fq) is a finite set.

Proposition 3.1.1. Let f : Bung(F,) — C be a function such that the constant terms fp = 0
for any non-mazimal parabolic subgroup P of G. Then the restriction of f on Bung(F,) is finitely
supported.

Proof. We show that f vanishes outside Bun%™=*"%(F,). Let & ¢ Bun®™<*"%(F,). Assume
that Harder-Narasimhan filtration of & is given by (3.1.1).
The Harder-Narasimhan filtration of the vector bundle £ @ O is then given by

0CWIC - CWCWr @O G- CW 80 CE,
Therefore, the proposition follows from lemma 3.1.2 below. (|

Lemma 3.1.2. Let f : Bung(F,) — C satisfies the condition in proposition 3.1.1. Let £ €
Bung(Fy) such that in the slope sequence of € there are two gaps > 2g —2. Then f(£) = 0.

Proof. Suppose that the Harder-Narasimhan filtration of £ is given by 0 C Wy --- C W, C & with
slopes i := p(W,/W,_1) satisfies p; — pti—1 > 29 — 2, puj — prj—1 > 29 — 2.

Take a = rank Wj;, b = rank W;. Consider the parabolic subgroup P = P, . = MN of GLoj41.
For (V1,V2,Vs) € Buny(F,), we have

1
fr(V1,V2,V3) = Z mf(v) =0
F:=0CF1CF2CF3CVeBunp(Fy)
Fi/ Fi—122V;

Consider the case when Vi = W;, Vo = W;/W;, Ws = £/W;. Since for i = 1,2, p(V;) >
p(Vis1) +2g — 2, we have Ext!(Va, V1) = Ext!(V3,V3) = 0. Therefore fp(V1, Vo, V3) is a non-zero

multiple of f(€). This implies f(€) = 0. O
11



Note that cuspidal Eisenstein series associated to maximal parabolic subgroup satisfy the as-
sumption of the proposition 3.1.1, therefore we obtain.

Corollary 3.1.3. Let P be a mazimal parabolic subgroup of G, let ¢ € Apcusp(G) be a right
K = G(0) invariant function. Then the Fisenstein series E(-,p, \) is compactly supported on [H]

whenever X\ is regular.

Remark 3.1.4. As previously noted, the assumption that ¢ is unramified is only for sake of

convenience. The corollary holds without this assumption.

3.2. Number field case. In the number field case, we use Zydor’s truncation to replace the
Harder-Narasimhan argument in the function field. The reader can compare the approach here and
Lafforgue’s interpretation of Arthur truncation in the function field case [Laf97]. Let A : G,, — A
be a cocharacter, recall that we have a parabolic subgroup P(\) associated to A recalled in (2.2.1).
We denote by \¢ the cocharacter i o A\, where i : Ay — Ay is the natural embedding.

Proposition 3.2.1. The map
F(B") = F, P~ P\
18 a well-defined injection.

Proof. For X of the form
A(t) = diag(t™, - - % ¢t~ ... 7)),
where a1 > ag -+ > a, > 0 are integers. For n+1 < k < 2n, we put ag := —agp1-%. Then the Lie

algebra of P(A¥) consisting of roots e; — ej where 1 <i<j<2nora; =a;ora; =0,57=2n+1
or aj =0,i=2n+ 1. It is easily seen that these conditions only depends on P(\). O

We denote the image of the map by FH, and call its elements the H -relevant parabolic subgroups.

For P’ € F'(B') we denote by P the image of P’ in 7 in the map above. Note that PNH = P,
so this notation is compatible with our convention in (2.5.2)

We recall the Zydor’s construction of truncation operator in [Zyd19, §3.7] For ¢ € T([G]) and
h € [H], we define

Age(h)y= > ep Y. Fp(Hpi(vh) = Tp)pp(vh). (3.2.1)
P'eF  ~eP/(F)\H(F)

The following theorem is due to Zydor [Zyd19, theorem 3.9], for the reader’s convenience, we

include a proof here.

Theorem 3.2.2 (Zydor). For T sufficiently positive, ATp € S°([H]). More precisely, for any
N > 0, there exists a continuous semi-norm || - || (depending on N ) on T (|G]) such that

1A lloo,n < [l

Where we recall that || - ||co,n is the norm defined in (2.3.1).
12



Proof. Recall the function space T (H) in [BLX24, §4.9] (denoted by Tx(G) in loc. cit). It consists
of tuples of functions (prp) for each P’ € F'(B’), such that p¢' € T(P'(F)\H(A)) for any P’ and
P — Q€ SdIQ): (P'(F)\H(A)) for any P’ C Q' (see loc. cit. for the definition of d%). The space
T (H) carries a natural topology and by [BLX24, Proposition 4.27], it suffices to check that the
tuple (¢p)prer/(pry belongs to T(H) and the map

T(G]) = T(H), ¢+ (¢pr)

is continuous.
By the approximation by constant term [BCZ22, Proposition 2.5.14.1], it suffices to check that

P

deg: ~ dg on [H]ps. For a suitably chosen Siegel set, we have s " csP , therefore, it reduces to the

following claim:
(3.2.2) For P' C @', let a € X*(Ap) be a root in np N'mg, then a multiple of a|,, is a root
n nps M mQ/a

which one can easily check directly. ([l

We record a corollary of the theorem above.

Corollary 3.2.3. Let Q be a mazimal parabolic subgroup of G, and let ¢ € AQ cusp(G). Then for
A € apc such that the Eisenstein series E(g, o, A) is holomorphic, it is Schwartz on [H]. In other
words, h — E(h,p,\) € S([H]).

Proof. Note that for any P’ € F'(B’) such that P’ # G’, the corresponding element P in F¥ is not
a maximal parabolic subgroup of G. Hence by the constant term formula (2.4.1), Ep(h,p, \) = 0.
As a consequence, for any sufficiently regular T’ € af, AL E(h, p, \) = E(h, ¢, \). The corollary the
follows from theorem 3.2.2 (applied to R(X)E(-,,A) for any X € U(goo))- O

In particular, for any cuspidal Eisenstein series associated to maximal parabolic subgroup, the

period
/ E(h, ¢, \)dh
[H]

is absolutely convergent whenever A is regular.

4. VANISHING OF CERTAIN PERIOD

4.1. A lemma on Klingen-mirabolic period. Let P be the subgroup of GLg, of the following

form
1 * x

g x|, g€GLy_2.
1
We call it the Klingen-mirabolic subgroup of GLg,. Recall P" = PN H. We call it the Klingen-
mirabolic subgroup of H. Write the Levi decomposition of P = GLgn U, where U is the unipotent

radical and
1

GLan = g ) g e GL2n72 .

13



Then P’ = H'U’, where

1
Hb: h ’ hesan—2>
1
and
1 a b c
I, Jo_1tb
U = nl nlt , a,beF, 1,ceF.
In1 —Jp-1i'a
1

The form of U’ follows from the general computation that
I... XY Z
1, w
I, T
In—a
is an element of the symplectic group if and only if:
T=—-J'XJy0 W=JYJh o Zipoaq+W'IT—-TIW —J,_oZ =0.
Let P° be the Klingen-mirabolic subgroup of GLgn and let P’” be the Klingen-mirabolic subgroup
of H".
Note that
(4.1.1) U’ is a normal subgroup of U and U/U’ is abelian.
Let dp’ be the right Haar measure on P’(A). More concretely, we have

fhdp' = / f(u'h)du'dh.
[P (1] U]

We say a parabolic subgroup @ of GLa, is 8-stable, if 6(Q) = @, where we recall 8 is the involution
defined in (2.5.1). We say a smooth function f on [P] is #-cuspidal if, for all f-stable parabolic
subgroup @ of GLso,, the constant term

falp) == f(np)dn
[NQ]
vanishes. Note that Ng C P so the integration above makes sense. More concretely, we have the

following description:

(4.1.2) f is 0-cuspidal, if and only if fn, ,, o, , =0 forall k =1,2,--- n.

Lemma 4.1.1. Let f € S([P]) be a -cuspidal function on [P], then we have

|, s0 =0

Proof. For p € P(A), denote by fy the function defined by
forp) = [ flup)du.
[v’]

By (4.1.1), for any p € P(A), p — fur(up) defines a function on [U/U’].
14



Let 1), be the character on [U/U’] defined by

¢n(u) = ﬂ)(um + Unfl,n)v

where w12 and u,—1,, denote the (1,2) and (n — 1,n) entries of u respectively.
Note U/U’ is abelian, by Fourier expansion on [U/U’], we can write

fur) = furx (), (4.1.3)
X
where the Fourier coefficient fi/ , is defined by
fora®)i= [ forlup )
[U/U']

When ¢ = 1 is the trivial character, then fi 1(9) = fu(g) = 0 by the cuspidality assumption.
The nontrivial character on [UU/U’] can be written as u +— 1, (v~ 'uy), where v € H’(F). There-
fore, the equation (4.1.3) can be written as

fur(p) = > Jor (VD).

YEP'P(F)\H"(F)
Therefore by (4.1)
fohay = [ forn (W = [ s (PR pel.
[P’] P (F)\H"(A) P (A)\H*(A) J[P"?]
One check easily that fi ,, is a f-cuspidal function on P°. Therefore, by induction on n, we only

need to check the case when n = 1, in which case the proposition is trivial. U
4.2. Vanishing of symplectic period. For g € GLy,(A) and ® € S(A,), we put
1
©'(g,®) =|detglz > ®(vg).
07£’U€F2n
Recall the Epstein series

E(g,®,s) = / ©'(ag, ®)|det ag\‘s*%da, g € GLa,(A).

[es)
GLg,,

By [JS81, Lemma 4.2], the integral defining E(g, ®, s) is absolutely convergent when Re(s) > 1 and
the map s — E(-, ®,s) extends to a meromorphic function valued in 7 ([GLg,]) with simple poles
at s = 0,1 of respective residues ®(0) and ®(0).

Lemma 4.2.1. Let ¢ € Teusp([GLay]). Thus, for any s # {0,1}, we have
/ o(h)E(h,®,s) = 0. (4.2.1)
[Sp2n]

Proof. The integral is absolutely convergent because ¢ € S([Sps,])-

Recall that P’ denotes the Klingen-mirabolic subgroup of H = Spy,,. Let ea, = (0,---,0,1);
then P’ is the stabilizer of e, in Sps,.

For Re(s) > 1, we put

F(g,®,s) = |det g|5/ O (aeang)|det al’da.
Glan
15



The integral is absolutely convergent. Then for Re(s) > 1, we have

E(g,®,5)= Y. = F(y9,9,5).
’Yep/(F)\SPQH(F)

Therefore the integral (4.2.1) can be written as

/ o(h)F(h, ®,s)dh.
P'(F)\ Spy,, (&)

Note that for all p’ € P'(A) and h € H(A), we have F(p'h,®,s) = F(h,®,s). The integral above

is therefore equal to
/ | ewnFGo.saan
P’(A)\ Spy, (4) J[P]

which vanishes by lemma 4.1.1. Since the integral (4.2.1) is meromorphic in s, we see that it
vanishes for any s # {0,1}. O

Corollary 4.2.2. Let ¢ € Teusp([GLay]), then

/ o(h)dh = 0.
[Sp2n]

Proof. Take ® € S(A,,) such that ®(0) = 1. Then, taking residue of (4.2.1) at s = 0 suffices. O

Remark 4.2.3. The proposition is also proved in [JR92]; however, the proof applies to cuspidal
automorphic forms, and the proposition above can be applied to any cuspidal function.

4.3. Vanishing of certain Sp,,, C GLg,11-period. For any f € T(|G]), we define

Pulf) = [ fn)an
(H]
if the integral is convergent.

Proposition 4.3.1. We have Py (f) =0 if either
o [ € Teusp([G]), or

e f is a pseudo-Fisenstein series E(g, @) for ¢ € Scusp([Glg), where Q is a mazimal parabolic
subgroup not associated to Py 1.

Proof. By the formula for the constant term of pseudo-Eisenstein series (see (2.3.3)), in the first
case or the second case when @ is not of the type (1,2n) or (2n, 1), we have the Fourier expansion

flg) = > fo(r9),

YEP2y, (F)\ GL2n (F)

where Po,, denotes the mirabolic subgroup of GLs, fixing ez, and

folvg) = f(ug)™ (ugn)du,

[UM}

where the last column of u is given by ‘(ug, -, ugp, 1).
16



Note that under the right action of H(F) on Pa,(F')\ GL2,(F), there is only one orbit, and the
stabilizer of 1 is P’. Therefore, we can write

Pu(f) = / fo(h)dh.
P/(F)\H(A)

Using (2.3.3) again, the map [P] 3 p — fy(p) is a #-cuspidal function on [P]. Therefore, the
proposition follows from lemma 4.1.1.

We then treat the case when @ is of type (1,2n) or (2n,1). We prove the case when @ is of type
(2n,1), the case when @ is of type (1,2n) is the same.

By (2.3.3), we have

flg) = > fo(v9) + 2(9).
YEP2n (F)\ GLa2n (F)

The argument above shows that

/[H] > fu(yh)dh = 0,

YEPa2y (F)\ GLay (F)

/ o(h)dh = 0.
()

This follows from corollary 4.2.2. O

it remains to show

We observe that the above proof applies also for f € Scusp([Pan+1]), where Poy 41 denotes the
mirabolic subgroup of G = GLaj41.
Let » > 1 and k > 0, denote by Us.41 the subgroup of Na, 1 consisting of elements of the
form
I, 0 =«
1 0
I,
Identify Spy, with the subgroup of GLo,41 C My,41 1 at the top-left corner as usual.

Corollary 4.3.2. For any f € Scusp([GL2r+k+1]), we have

/ f(h)dh = 0.
[Spa, XU2p41,k]

Proof. For g € GLayyx11(A), denote by fy,, , , the function defined by

fUsri1 () = / f(ug)dg.

[Uar+1,k]

Then one checks easily that fu,, , , € Scusp([P2r+1]). By the previous remark, we have

/ f(h)dh = / fU2r+1,k(h)dh =0.
[Spa, XU2r41,k] [Spa,]
U

Remark 4.3.3. e In theorem 6.3.1, we will show that the same conclusion holds after we

replace the pseudo-FEisenstein series by the actual Eisenstein series.
17



e When f is a cuspidal automorphic form, the vanishing is also stated in [AGR93, Theo-
rem,(2)]. In loc. cit., the authors claim that for a generic representation 7 of GLaj,11(k)
over a local field k, we have Homg, (4)(m,1) = 0. This seems incorrect if one believes
the local conjecture for this BZSV quadruple. Moreover, the computations in §6.3 im-
ply that Homg,, (a) (IT,1) # 0 for certain global parabolic induction II; thus, we have
Homgy,, (r,)(ILy, 1) # 0 for each local place v.

5. ORBITS

Throughout §5 and §6, we let P := P, ,,4+1 be the maximal parabolic subgroup of type (n,n+ 1)
of GLopy1 and let P = M - N denote its Levi decompostion. So we do not follow the notations in
§4: we hope that it will cause no confusion.

5.1. Classification of the orbits of P(F)\G(F)/H(F). In this subsection, we give a complete
classification of the double cosets P(F)\G(F')/H (F'), or equivalently, the orbits of the H(F')-action
on P(F)\G(F). Let Vo = (e1, - ,eyn) be the standard n-dimensional subspace. Then the map
g + g1V, induces a bijection between P(F)\G(F) and the set Gr, := Gr(n,2n + 1)(F) of n-
dimensional subspaces of F?"*1. So the double coset P(F)\G(F)/H(F) can be identified with the
orbits of Gr,(F') under the action of Spy,(F'). The orbits can be grouped into 4 different types,
which we call type I, II, III, IV respectively. For each v € P(F)\G(F), we denote by H, the
stabilizer of v in H(F').

Recall that F'?" denotes the subspace of F?"t! with the last coordinate 0. Let p : F2n+1 — F2n
denote the projection to the first 2n coordinates. For a subspace V' C F?"*t! we denote by
i(V) := VN F? and denote by p(V) the image of V under p. Let W be a subspace of F?", we
denote by r(W) the Witt index of W.

(1) (Type I orbit) V' C F?", then by Witt’s theorem, the Witt index r := (V) is the only
invariant of the Spy, (F) orbit of V' in Gr,(F). In other words, if (V) = r(W) for W €
Gry,(F), then there exists h € Spy,(F) such that h~'V = W. It’s clear r € {0, 1,--- ,[%]}

(2) (Type II orbit) egn41 € V. Then by Witt’s theorem again, the Witt index r := r(i(V)) =
r(p(V)) is the only invariant of the Sp,,(F') orbit of V in Gr,(F). In this case, r €
{0717'” ’[nT_l]}

(3) (Type III and IV orbits) ez, 1 € V and V ¢ F?". In this case, we have dimp(V) =
dimi(V)+1. Type III and IV orbits correspond to whether r(p(V')) = r(i(V)) or r(p(V)) =
r(i(V)) + 1 respectively. Consider the flag 0 C (V) C p(V) C V, it is easy to apply the
next lemma to see that

e For V as above. The subspace V' with r(p(V)) = r(i(V)) = r form a single Sp,,, (F)
orbit. The possible values of r are the set {0,1,--- ,[”T_l]} We call this a type III

orbit.
e Similarly, for V' with r(p(V)) = r(i(V)) + 1 = r form a single Sp,,,(F) orbit. The
possible values of r are the set {1,2,---,[5]}. We call this a type IV orbit.

The following lemma is a basic fact in linear algebra, see e.g. [Shm94].
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Recall that a Darboux basis for a non-degenerate symplectic vector space of dimension 2n is a
basis <€1a o 76n7f17 to 7f’rL> such that <€i7ej> = <f27fk> =0 and <€Z,f]> = 51]

Lemma 5.1.1. Let V' be a symplectic space over a field F with char(F) #2. Let0 C Vi C -V}, C
V' be a flag of vector subspaces of V. Then there exists a Darboux basis B = {e1,--+ ,en, f1,-, fu}
such that each V; is generated by a subset of B.

5.2. Representatives and stabilizers. Throughout this section, we write an element h € H, as
a 2n X 2n-matrix to emphasize that it lies in the stabilizer under the action of H = Sp,,,. We write
the element vhy~! as a (2n + 1) x (2n + 1)-matrix to make it easy to see its factors in the Levi
decomposition of P.

5.2.1. Type I orbits. Consider type I orbits, for any 0 < r < [3], we choose a representative
V, = <617 T, 6n—2r,€n—r4l, 0 ,En, Entl, 7€n+r>7
and

Inf2r

InfrJrl
such that v~V = V.. Then v = v L.

(5.2.1) If » = 0, then it is clear that H, = P’, the Siegel parabolic subgroup fixing the maximal
isotropic subspace V. We call this orbit the main orbit.

If » > 0, consider the isotropic subspace (e; --- ,e,_2,) again and consider the associated para-
bolic subgroup Q. = M, - N,. Again we have

H, = (H,NM,)-N,.

Denote by U, the normal subgroup of N, consisting of elements of the following form

Ly o X Y A
I, JAY Jp_or
h= Ir
I,
I, —J'XJ, o
I
One can easily compute
Ln—or X Y Z
Iy,
P L Yo
I =T X Jn o
I o
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On the other hand, we have
My = GL({e1, -+ ,en—2r)) X Sp({€n—2r+1," ", €ns €nt1, " €nyor)).
It’s clear GL({e1,--- ,en—2r)) C H,. So we have
H,NM,=GL((e1, - ,en—2r)) X (Hy N Sp((€n—2r+41, " »Ensnt1, ** €ntar)))-

It’s clear Hy N Sp({€n—2r41," " s€n,s€ntl, - ,Ent2r)) stabilizes (€p—ry1, -+, €nsEnt1, -, Enir).
Then it follows

H’y N Sp(<en—2r+17 5, 6ny,Engl, a€n+2r>)
= Sp(<en—2r+1; 6y Cngrgl, 7en+2r>) X Sp(<en—7'+17 5, 6nyCngl, 7€n+r>)-
Denote the subgroup Sp({(eén—2r+41, ", €n—r;€ntr+1,° -+ ,€nt2r)) by Sy. Then S, is normal in

H, N M,. It’s easy to see S, normalizes U,; thus, S, - U, is a subgroup of H,. Also, by direct

computation, we can show that
Sy -Uy<tH,=(H,NM,)-N,.

Write elements of S, in the following form

I, o
A B
h— I, .
C D
I o

I
A B
hy~t =
Yy C D
n2r+1

5.2.2. Type II orbits. Consider type II orbits, for any 0 < r < ?1 we choose a representative

One can easily compute

V’Y = <€27 ,C6n—2ryCn—r4l, 6y By, 7en+7“762n+1>)

and

In—?r—l

Iy

1

such that v~ 'V = V,. Then v =~"1.
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If r > 0, denote by U, the normal subgroup of IV, consisting of elements of the following form

1
In72r71 X Y Z
I,
h = I, thYJn—2r—1
I’!‘ _thXJn—2r—1
I,
Inf2r71
1
One can easily compute
1
In72r71 Yy X A
Ir *thXJn72r71
7h7_1 = I, thYJn—Qr—l
I2r
In72r71
I
On the other hand, we have
M’y = GL(<€27 ce a€n72r>) X Sp(<617 €n—2r+1," " 1 €n,Ent+1, -, Ent2r, 62n>)-
It’s clear GL({e2,- - ,en—2r)) C H,. So we have

Hv N M'y = GL(<627 e 7en—27‘>) X (Hv N Sp(<€1, €n—2r+1," " ,€n,Ent1," ", Ent2r, 62n>))-

It’s clear vasp“ela €n—2r+1, """ ,€n,€ntl, " , Ent2r, e2n>) stabilizes <€n—r+17 Tty €nyEndl, 7€n+r>-
Then it follows

H’y N Sp(<€1, €n—2r+1," " 1y €n,y, Ent1," " 5 Ent2r, €2n>)
= Sp(<€n,7«+1, 5, €nyengd, ven+r>) X Sp(<617 En—2r+1," " yEn—r; Entr4+1," " 5 En42r, 6271)-
Denote the subgroup Sp({ep—r+1, - s€ns€nt1, - ,€ntr)) by Sy. Then we can show again

Sy -Uy<H,=(H,NM,)-N,.
Write elements of S, in the following form

Y -
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One can easily compute
In—2r
D C
hy !t =
Yy B A
In+1
If r =0, we let Sy =1 and U, = N,. Write elements in IV, in the following form

1 tyjnfl
h— x Ip Z Yy
In—l
—tZCJn_l 1
One can easily compute
1
11 VA Yy x
th’y_l = I
—tl‘Jn_l 1
tanfl 1
5.2.3. Type III orbits. Consider type III orbits, for any 0 < r < [”T_l], we choose a representative
V'y = <€1 + €2n+1,€2," * y€n—2r, i1, " yCnyCril, e 7€n+r>7
and
1
Inf2r71
I,
vi= I
I,
I
1 1
such that v~V = V. Then
1
Inf2r71
I,
Y= Ir
I,
In
-1 1
Consider the isotropic subspace (es- -, e,—2,) again and consider the associated parabolic sub-

group Q = M, - N,. Again we have

H, = (H,NM,)-N,.
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If r > 0, denote by U, the normal subgroup of IV, consisting of elements of the following form

In72r71 X Y Z
I
h = I thYJn—Qr—l
Ir _thXJn72r71
I
In—2r—1
1
One can easily compute
1
In—27’—1 Y X A
Ir _thXJnf2r71
7h7_1 = I, thYJn—2r—1
I2r
In—2r—1
I
On the other hand, we have
M’y = GL(<627 o 7€n—2r>) X Sp(<617 €n—2r+1, """ ,€n,€nt1," ", Ent2r, €2n>>-
It’s clear GL({e2,- - ,en—2r)) C H,. So we have

H’y N M’y = GL(<€27 o 7€n—2r>) X (H’y N Sp(<€17 €n—2r+1," " 1€n,Entl, ", Ent2r, 62n>))'

Note the subgroup Hy NSp({€1, €n—2r+1, " »€n,€nt1,- -, Ent2r, €2,)) stabilizes the subspace (e1 +

€2n+41s €n—rtls " 5CnyCntl,  * ,Entr). Lhen it alsostabilizes (€,—ry1,--+ ,€n,€nt1, -, €ntr), which

is the intersection of (e1 + €2,11,€n—ri1, " »€ns€nil, " »enir) with F2. By similar arguments,

we can show

H, N Sp({e1, en—2r4+1," " s€ns€ntl, " Ent2r,€2n))

= Sp(<en—r+17 5y €ny Endl, 7en+7‘>) X (H'y N SP(<€1, €n—2r+1," " s €n—r, €niri+l, ", Ent2r, eZn))'

,entr)) by Sy. Then S, is normal in H, N M,.
It’s easy to see S, normalizes U,; thus, S, - U, is a subgroup of H,. Also, by direct computation,

Denote the subgroup Sp({€p—r+1,° " ,€n, €nti,- -

we can show that
Sy -Uy<<H,=(H,NM,)-N,.
Write elements of .S, in the following form

Y -
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One computes easily

In—2’r
D C
hy~t =
Yy B A
In+1

If r = 0, denote by U, the normal subgroup of IV, consisting elements of the following form

1 tan—l

One computes easily

Again, one obtains
H,NM,=GL((e2,- - ,en)) x (Hy N Sp((e1, e2n))).
This implies the subgroup Sy = H, N Sp((e1, €2p)) is normal in H, N M,. And we have again
S, Uy <t Hy = (Hy N M,) - N,.

Write elements of S, in the following form
h = Iop—2

One computes easily

5.2.4. Type IV orbits. Consider type IV orbits, for any 1 < r < [3], we choose a representative

V == <€11 L, En—2ry,Cn—r41y° 3 €nyEnptl + €n+1,° " a€n+7‘>7
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and

In—27"
I,
I,
v = 1
Ir—l
In—r
1 1
such that v~V = V.. Then
In—ZT
1
Irfl
Y= I,
I,
I,
-1 1
Consider the isotropic subspace (ej - -- ,e,_2,) again and consider the associated parabolic sub-
group ), = M, - N,. Again we have
Hy = (Hy N My) - Ny,

Denote by U, the normal subgroup of N, consisting of elements of the following form

I, 90, X Y Z
Ir JTtYJn727“
h = Ir
I,
Ir _thXJn—%“
In72r
. One computes easily
1o X Y Z
IQT
-1 Ir thYJn72r
Yhy T = ¢
Ir *Jr XJn727“
In—or
1
On the other hand, we have
M'y = GL(<617 T 7€n—27‘>) X Sp(<en—2r+17 5y €ny Endtd, 7en+2r>)-
It’s clear GL({e1,--- ,en—2r)) C H,. So we have
H“{ N M'y = GL(<617 Tt 7€n—2r>) X (H’y N Sp(<en—2r+1; 6y Cngl, 7€n+2r>))-
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Similarly, Hy N Sp((én—2r+1, " »€nsEnt1," " ,€ntar)) stabilizes (€p—ri1, -, €nsentl,  + ,Entr),

which is the projection of (e, 41, ,€n, €nt1 + €2n41,"+ ,€nir) to F?". Then it follows
H’Y N Sp(<en—27‘+17 Tt 6nyentl, 7en+2r>)
= Sp(<en—2r+17 6y Cndgrgl, 7€n+27‘) X (HW N Sp(<en—7’+la 5, CnyCngd, 767’L+’!’>))'
This implies the subgroup Sy = Sp({en—2/41, " , €n—rs €ntrt1," - ;€nt2r)) is normal in H,NM,.

Again, we have
Sy -Uy<tH,=(H,NM,)-N,.

Write elements of S, in the following form

Inf2r
A B
h = I>,
C D
In72r
One computes easily
I,
— A B
vhy Tt = I
In—2r+1

6. PROOF OF THE MAIN RESULT

In this section, we prove our main results (theorem 6.3.1) concerning Sp,,,-periods of cusp forms
and cuspidal Eisenstein series attached to maximal parabolic subgroups. For convenience, we only
treat the number field case; the function field case follows from a similar (indeed easier) argument.
Recall that P = P, 41 is the maximal parabolic subgroup of type (n,n + 1) of GLay41.

6.1. Intertwining period. For ¢ € T([G]p) and A € a} ¢, if convergent, we define the intertwin-
ing period of ¢ as
e = [ metHran,
[H] pr
We put J(¢) := J(p,0).

Lemma 6.1.1. If ¢ € Teusp([G]p), then integral defining J(p, ) is absolutely convergent for any
A€ adpe.

Proof. Replacing o(h) by ¢ - eMPO) | we can assume A = 0. Since ¢ € Teusp([G]p), olim,. €
S([H]pr) (see (2.3.2)) the result follows. O

We can also relate the intertwining period to Whittaker functions. Denote the upper triangular
unipotent subgroups of GL; by Nj;. Let ¢, 41 be the character on [N,] X [Ny,1] defined by

Y1) =P(ur2+ - 4+ Un—1n + Untint2 + - + U2n2n+1)-
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For ¢ € T([G]p), we define

Wo(g) = / ©(ug)nmnt1(u)du.
[N] % [N 1]

By the usual expansion into Whittaker functions, recall that Nj, | := Na,11 N H, we can write

Jtm~1J
J(p,A) = / / WR(h)e m |det m[T1FNHP () qmdp
PI(A\H(A) 7 N (A)\ GLn (A) 1
_ / W, (e,
N1 (A\H (A)
(6.1.1)
when Re(sy) > 0, where s) € C is determined by
Jtm~LJ
exp | (\, Hp m ) | = |det m|**.

6.2. Period of pseudo-Eisenstein series.

Proposition 6.2.1. Let ¢ € S([G]p) and let E(-, ) be the pseudo-FEisenstein series. Then

E(h,p)dh = J(p)
[H]
Proof. Since ¢ € S([G]p), we have |¢| € S([G]p). Hence the expression
|p(yh)|dh
YEP(F)\G(F)

is finite. Let [P(F)\G(F')/H(F')] denote an arbitrary representative of the double coset P(F)\G(F')/H (F).
Therefore

[H]

E(h, )dh = >

YE[P(F\G(F)/H(F

= > / / o(vhy ™ yg)dhdg
Hy (M\H(4) J[H]

YE[P(F\G(F)/H (F)]

o(yh)dh

[H] ) /Hw(F)\H(A)

Note that yhy~! € P. In § 5.2, we give a complete list of one choice of [P(F)\G(F)/H(F)]. When
the orbit is not the main orbit (see (5.2.1)), we list a normal subgroup S, - U, and compute the
explicit form of yhy~! for h in S, or U, respectively. Using cuspidality or corollary 4.3.2, the
integral on this normal subgroup already vanishes. Therefore, only the main orbit contributes,

/ o(h)dh = J(g).
P/(F)\H(A)
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6.3. Period of cuspidal Eisenstein series. In this subsection, we prove the main theorem.

Theorem 6.3.1. Let Q be a mazimal parabolic subgroup of G and let ¢ € AQ cusp(G). Then

(1) If Q is not associate to P, then Pu(E(-,p,A)) =0 for any X such that E(-, ¢, \) is regular.
(2) If Q@ = P, then for any A such that E(-, ¢, \) is regular,

PH(E(7 P, )‘)) = J(‘Pv )‘)

Proof. By meromorphicity, we only need to check both (1) and (2) within the convergence domain
of the Eisenstein series.
For ¢ € Apcusp(G) and B € PW(iap) (see (2.2.2)). Let

Flg)= [ MO 5)p(g)dN
iap
Then ¢’ € Scusp([G]p). Moreover, for \g € a}, sufficiently positive, we have
E(¢',9) = / E(g, ¢, A)B(A)dA.
)\0+Z'Cl};

Note that E(h,, \) forms a bounded set in 7 ([G]) as A varies in A\g + ¢a}. By theorem 3.2.2
and lemma 6.1.1, both the integrals

/ / E(h, 0, \)B(O\)|dAdh.
[H] J Xo+ia}

[ lemslete e anay
Xo+ial, J[H]pr

are convergent. By proposition 6.2.1, we then see that

/ / E(h, o, \)B(NAA = (g, \) = / J(p, NBOV)AA,
Xo+ia} J[H] Ao+iap

and

Since f is arbitrary, (2) holds. The proof of (1) is similar (and indeed easier). O

6.4. Proof of Theorem 1.1.3. By lemma 6.1.1, let Il = II,, ® 1,11 be a cuspidal automorphic
representation of GLy(A) X GLy41(A) with central character trivial on Ay x Agy, ., if ¢ € Apm,
by theorem 6.3.1 and (6.1.1), we have

Pu(E(, 0, \) = / W, (h)eNHerM) dp, (6.4.1)
N1 (A\H (A)
for A € aj such that Re(sy) > 0.

Fix a decomposition II = /I, ¥ = ®,1, and assume ¢ = ®p, is a pure tensor. Here
each ¢, lies in the local parabolic induction Indggzg IL,. Note the additive character v, 41 we
defined before can be decomposed as [[, ¥nn+1,0, Where each 9y, n11, is the additive character on
Np(Fy) X Npy1(Fy). Let W(IL,, 1,) denote the Whittaker model of the generic representation ¢,
with respect to ¥y, nt1,,. We regard the parabolic induction Indggzg W(Il,,v,) as the spaces of

functions f : G(F,) — C such that for any g € G(F,),

557 (m) f(mg), m € M(F,) = GLn(Fy) X GLy11(F,)
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lies in W(II,, ) as a function on GLy,(F,) X GL,41(F,). Due to the uniqueness of the Whittaker

model, we have

WSO(Q) = HW v(gv)a g= (gv) (6'4'2)

where W, denotes the vector in Indggl{:z; W(IL,, ¢,) associated to ¢,. For any local place v and

Py € Indggzg IT,, we define the local period integral

PH,U((PQM A) = / WSD'U (hv)€<A’HP(hv)>dhv
N1 (Fo)\H (Fy)

By (6.4.1) and (6.4.2), we have

PH(E(v ®, A)) = AI_Jl H,PH,’U(QOU, )‘)

Unfold the local period integral, and we can see

Jtm 1T

(%

PHw (0, A) = /

/ WR(hv)tpv my
P/ (Fy)\H (Fy) / Nn(Fy)\ GLn ()

1

| det mv]"+1+s*e<’\’HP(h”)>dmvdhv.

This integral converges absolutely for A such that Re(sy) > 0, and extends meromorphically to all
A€ ape.
Let W (py,) denote the vector in W(IL,, v,,) defined by
1
~3

W(pp)(m) =0p*(m)We,(m), m € GLy(Fy) x GLpy1(Fy).

Then we have

We, m, | = W) (J'my (m 1)>\detmvr—2”f
1

and we can write

PH’”(%’A):/ / W (R(hv)ev) (JtmglJ, (m ))
P! (Fy)\H(Fy) J Nn(Fy)\ GLn (Fy) 1

|det my |2 T2 e HP (1) dim d .

Using Iwasawa decomposition, we have

PH,U(%,A)—/ / W(R(ky)po) | Jtmpta [ |det my,| 2T dmy, dk,
KH,’U n(Fv)\GLn(Fv) 1

for a suitable Haar measure on Kp,. Moreover, when 1, is unramified, vol(Kp,) = 1. Assume

gg?:g I, such that Wy (1) = 1.

Then, by the unramified computation of the local Rankin-Selberg integral, we have

IT, is unramified and let ¢; be the unique spherical vector in Ind

Pro(pp, A) = L(sx + 1,10 , X Tny,).
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If we define the local normalized period integral by

PH,’U(SO’U? )\)
S\ + 1,1_[%71) X Hn—i—l,v)?

i _
PH’v(SO’U'))\) - L(
then for any A € ap ¢, we have
P (B, 0) = (Aj) ™ Llsa + LIL x ) [ Py (0 V).

In particular, setting A = 0 gives

Pr(E(,¢) = (A5) " LOLIL) x W) [T Pl (00). (6.4.3)

Here we put Pjht[v(@v) = Pﬁiv(apv,O). Since II,, and II,4; are both unitary, L(1,IIY x II,41) =
L(1,1I, x I/, ;). Taking conjugate of (6.4.3), we have

Pr(E( ) = (A3) 'L, T, x L7, ) [ Pl (e0),
therefore

Pa(E(,0)* = (A3) 2L, % 1) L(L T, x I1Y ) [T 125 (00) . (6.4.4)

We define the Petterson norm of ¢ by

<S07S0>Pet=/ go(x)|2da::/ / lo(mg)|dp(m)~tdmdg.
[Glpo PANG(A) J[M]o

Let P, and P41 denote the mirabolic subgroups of GL,, and GL, 1 respectively. We define the
following local inner product

(o) = [ / W (R(g0)60) (M0 mz0) Pd*my o d*ma, o dge.
P(Fy)\G(Fy) J Nn(Fo) X Nyt 1 (Fo)\Pr (Fo) X Prt1(Fv)
And we consider the normalization

AGan7'UAGan+1,’u <<10U’ ()O'U>
17 Hn,va Ad)L<17 Hn+1,v7 Ad) .

<S01)7 90U>h = L(
Then according to [JS81, §4], we have

(0, @hpet = (M%) L* (1T, Ad)L* (1, 1, Ad) [ [0 )" (6.4.5)

v

Note that
L*(1,11, B 11,41, Ad) = L*(1,11,,Ad)L* (1, 11,41, Ad) L(1, HX X I 41) L(1, 10, % H){H),

and
L*(1,1L, Ad) = L*(1, 1., Ad)L*(1, 41, Ad).
We devide (6.4.4) by (6.4.5), then we can write

Pu(EC,)?  Af L*(LHnaannH,Ad)H|PE[,U<%>P

(p,o)pet (A% L*(1,IL,Ad)? (v, o)t
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Note the BZSV dual of (GLay+1,Sps,,0,1) should be (GLay+t1, GLy, X GLyj41,0,1). This implies
that po is the adjoint representation of GL, x GLyp41 on gly, ;. So we can write L*(1,1I, pg) for
L*(1,11, B 11,41, Ad), and then

Pu(EC )P Ay  L*(1IL po) L %
(0, ) pet (Ap)? L* 1 ILAd)2 L (0, 0)

APPENDIX A. GEOMETRIC CONJECTURE (BY ZEYU WANG)

In the appendix, we introduce the geometric analogues of various symplectic periods considered
in this paper and formulate their cuspidal vanishing results.

A.1. Conventions. We work with a connected smooth projective curve C over base field K = Fq.
We use to denote the constructible etale sheaf theory with coefficient k = Q for any prime number
| # char(K) as developed in [LZ17]. For each (higher) Artin stack X, we consider Shv(X) which
is the category of ind-constructible étale Q;-complexes over X. We have Shv(pt) = Vect which is
the category of complexes of vector spaces over k. For the purpose of this article, one can either
regard the categories as triangulated categories or co-categories.

The theory Shv enjoys a full six-functor formalism which we briefly recall as follows. For any
map f : X — Y between Artin stacks, one has associated adjoint pair of functors (f*, f.) where
f*:Shv(Y) — Shv(X) and f, : Shv(X) — Shv(Y). When the map f is locally of finite type, one
has adjoint pair (fi, f') where fi : Shv(X) — Shv(Y) and f' : Shv(Y) — Shv(X). One also has
an adjoint pair (®,Hom). These functors enjoy many compatibilities and we refer to [LZ17] for a
complete list. We set ', = fj and ' = f, for f: X — pt where X is any Artin stack.

We use AS € Shv(A!) to denote the Artin-Schreier sheaf (which depends on a choice of additive
character ¢ : F)* — k and we always fix such a choice). Denote AS_ := [~1]*AS where [-1] : Al —
Al is the map [~1](z) = —=z.

For any algebraic group G over C', we use Bung to denote the moduli stack of G-torsors over C.
We abbreviate Bun,, = Bungy,,. For any subgroup P C GLa,, we denote P’ := P N Sp,,,.

A.2. Geometric symplectic periods. Consider mo,41 : Bungp, ~— Bung,i; induced by the
natural inclusion Sp,,, C GLap41, we define

/ : Shv(Bungy, 1) — Vect
Sp2n

via

F :=T¢(m3,,1F) € Vect, F € Shv(Bung,,41).

Sp2n

Theorem A.2.1. For any F € Shv(Bung,{1)cusp, we have fsp2 F=0.

Remark A.2.2. The relation between theorem A.2.1 and [BSV24, Conjecture 12.1.1] can be seen

as follows: After restricting to Shvyip,(Bungy,41) which is the category consisting of sheaves with
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nilpotent singular support, by [Ari+22a, Theorem 3.4.6] we have natural isomorphisms of functors

/ ~ T (= ® Px) = ev(— @ PL).
Sp2n

Here Px is the period sheaf for X = GLa, 1 /Spg, introduced in [BSV24, §10.3]. The map

ev ! ShVNilp (Bun2n+1)®2

— Vect is the counit for the miraculous duality on Shvyiy,(Bung,1).
The object Py € Shvni,(Bung,41) is the right spectral projection of Px introduced in [BSV24,
§12.4]. Therefore, theorem A.2.1 restricted to Shvyiy,(Buna,41) is a consequence of [BSV24, Con-
jecture12.1.1] since the corresponding L-sheaf is supported on the reducible locus of Locs. In
particular, theorem A.2.1 verifies [BSV24, Conjecture 12.1.1] for X = GLg,,11 / Spy,, on the cuspi-
dal part (i.e. irreducible locus).

. A2"
Consider also 72, : Bung,, — Bung, and 7z 2y, : Bunsr‘f2 for any £ € Bun;(K), where the later

is the moduli of (&5, : £ — &£5,) in which &5, € Bungp, . Define also

/ : Shv(Bung,) — Vect
San

via
F :=T(m3,F)
Sp2n
and
/ : Shv(Bung,) — Vect

AZVxSP2n GLay,
such that

/ F = FC(WZ,%}").

AZr % SP2n GLagp

We have

Theorem A.2.3. For any F € Shv(Buns,)cusp, we have fsp2 F=0.

F=0.

szn(}L2n

Theorem A.2.4. For any F € Shv(Bungy,)cusp, we have [,on,,
L

A.3. Geometric Klingen-mirabolic period. Now we introduce a geometric analogue of Klingen-
mirabolic period and formulate its cuspidal vanishing result. This result will imply theorems A.2.1,
A.2.3, and A.2.4. Consider the correspondence

T1,2n,1
Bumpllﬁzn’1 —— Bunp,,,

bl,2n,1J’ (A.3.1)
Bun,

where we recall that
Bunp = {(&1C &)}
and the maps are defined by
bion1(&1 C E5,) =& € Buny.

TrLQTL,l(gl - 52871) = (51 C gll C Sgn) € BunP1,2n,1'
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Here we use &, (later we will also use &;,) to denote an arbitrary choice of vector bundle of rank n.
We use &} to denote an arbitrary choice of a symplectic vector bundle of rank n. We use &, C &
to denote an arbitrary choice of bundle inclusion (i.e. &, should be saturated in &).

We define f1,2n,1 : Shv(Bunp, ,,,) — Shv(Buni) by

/ F = b172n71’!7ri2n’1 € Shv(Buny ), F € Shv(Bunp, ,, ,)-
1,2n,1

For any a,b € Z>( such that 2a 4+ b = 2n, consider the correspondence

Pa,b,a
[ A
BunPl,a,b,a,l BunPl,Qn,l

qa,b,al (A.3.2)

Bunp, , x Buny X Bunp, , .
We define the functor CT, 4 : Shv(Bunp, ,, ;) — Shv(Bunp, , x Buny x Bunp, ;) by

CTa,b,a(Jr) = Qa,b,a,!p;b,a-/—:-

We define Shv(Bunp, ,, ;)o—cusp C Shv(Bunp, ,,,) to be the full-subcategory such that F €
ShV(Bunpm”’l)g_cusp if
CTapa(F) =0
for all a,b as above.
We have the following vanishing result for the geometric Klingen-mirabolic period:

Lemma A.3.1. For any n € Z>o and F € Shv(Bunp, ,, ,)o—cusp, we have [, , | F =0.
A.4. Proofs.

Proof of A.2.1 assuming lemma A.3.1. In this section, we give proofs to the results stated before.
The proofs are mostly direct translations of their classical counterparts.
Consider the diagram

V,o
d2n,1
S2n,1
J2n,1 A 1 q2n,1 P2n,1
o) 7, n, n, n,
Ponn & Spm1 — Buny, X Buny <—— Bunp,,, —— Bung, 1
~— (A.4.1)
San,1

Bunsp2n

Here, the maps are defined as
Ton1(Esp) = (E3, O)
@2n,1(E2n C Eant1) = (E2n, Eont1/E2n)
P2n,1(E2n C E2nv1) = Eant1
and g3, 1 : Sp,,, — Bung, x Bun; is the underlying classical stack of the (derived) dual vector
bundle of go,, 1 : Bunp,, ; — Bung, x Bun;. The maps s2,,1 and sgn’l are the zero-section maps.
Note that

SPQn,l = {(517€2m Qo &1 ® w_1 — €2n)}.
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The open substack Sp, | C Sp,,, is cut out by the condition such that az, # 0.
We use FTa,1 : Shv(Bunp,,,) — Shv(Sp,, ) to denote the (derived) Fourier transformation
functor introduced in [FYZ23, §6.1]. Now we recall its definition as follows. Consider the following

diagram
oy
S B LN
Psy,.1 X Bung, xBuny DUNP,, 4 unp,, 4

la2n,l - lIJsz (A.4.2)

Vv
o1
SPyn 1 > Buns,, x Bun;

Al €Van,1

where the map evs, 1 is the natural evaluation map between dual vector bundles. We have the

(derived) Fourier transformation functor
FTQnJ : ShV(BuIIPQnyl) — ShV(SPQHJ)

defined by
FTo,1(F) = azn,l,!(azvﬁﬁf ® eV, 1AS[dan 1])-

The inverse of this functor is given by
E‘Tz_nl’1 : Shv(Sp,, ;) — Shv(Bunp,, ;)

given by

FTQ_nl,l(g) = a%/n,l,!(@;n,lg ® evy, 1AS_[don1])-
Here we use day,1 to denote the relative (virtual) dimension of the vector bundle go, 1 : Bunp,, ;, —
Buny,, X Bun; (which varies on different connected components of Bung,, x Buny).

Lemma A.4.1. For any F € Shv(Bung,1)cusp, we have Sg/,leTQn,l(p;nJF) =0.

Proof. This follows directly as

SgﬁleTzn,l(p3n71]:) = @2n,1105n 1 F [d2n,1] = CTan,1(F)[d2n,1] = 0.
OJ

Consider the stack May, 1 := Bungp,, XBun,, xBun; Sl%%’l X Buny, xBun; Bunp,, ;, which has moduli
description
~Y _1
MZn,l = {(gésn C g2n+17 anJrl/g;n = O7w — gésn)}
There is a natural map
: 1
f2n,1 = <p2n71 o pI‘3) X (ev2n71 o (7T2n X ld) o pI‘LQ) : M2n,1 — Bun2n+1 X A",

We have

* * *
F= Fc(ﬂzn,lszn,lpmlf)

Sp2n
~ * * —1 *
= FC(ﬂ-Qn,lSQn,lFT2n,l © FTQﬂ,l(an,lf))
= Fc(ﬂ-2n,1q2n,17!FT2n71(an,l]:))[dQn,l]
2 To(755 1001 1030, F T2n,1 (P31 F)) [dan 1]
= Te(f3,,1(F X AS))[2dap 1]
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Consider the moduli stack
Mon1 = {(&1 C &5, C Eonr1, Eans1/E5, = O,w™ " = &)}
There is a natural map 2,1 : Mzml — Moy 1 given by
L(E1 CES, C Eomit, Eoni1/Esy, = O, w5 &) = (E5, C Eany1, Eoni1/E5, 2O, wt — E C E3).
Note that the map 2,1 is a bijection on points and induces a stratification of Ms, 1. Denote
Jén,l = fon10ton1: Mgml — Bung,+1 X Al

We are reduced to show
Lo fan 1 (FRAS)) = 0. (A.4.4)

Consider the moduli stack
NQn,l = {(&1 C Eam—1 C & C Eant1, Eant1/Eon = O, 800 /Eon—1 — w)}.

We have a diagram

fzn,l
—~ TM,2n,1 ~ fN,2n,1 1
Moy 1 Nop 1 ———— Bung,4q1 x A
2
lQJW,Qn,l lQNQn,l (A.4.5)
T,2n—2,1
BunPl’gn_z1 Bunp, ,,_,,

where the maps are given by
Taron1(E1 C &5, C Eani1, Eant1/Esy = O 0™ = &)
= (&1 CEF CES, C Eanats Eant1/ESy = 0,65, [Ean 1 ZEF — w)
qm2n1(E1 C &5, C Eong1, Eamg1/E5, = 0,85, /Eon—1 = w) = (&1 C &)
an2n1(E1 C Ean—1 C Ean C Eont1, Eant1/En = O, 9,/ Eon—1 — w) = (&1 C Eap—1 C Eap).
Note that the square in (A.4.5) is Cartesian, and fgml = fN.2n,1 © T 2n,1, We get

To(fan 1 (FRAS)) = To(m} op_01aN 20,11 f 3 21 (F BIAS)). (A.4.6)

Lemma A.4.2. Consider the diagram

p1,2n—2,1,1><(%1
Bunp, ,,_,,, — Bung,+1 X Bunp,

lql,zm,l,l (A.4.7)

Bunpm”_Z1
where the maps are
P1,2n—2,1,1(E1 C Ean—1 C E2n C Eang1) = Eant1
q11(E1 C Ean1 C Ean C Eanr1) = (E2n/E2n1 C Eany1/Eon—1)

q1.2n—2,1,1(E1 C Eapn—1 C Ean C Eant1) = (&1 C Ean—1 C Ean).
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Then for any F € Shv(Bung,i1)ecusp, G € Shv(Bunp, ), we have
q12n—2,1,1,1(P1,2n-21,1 X q1 1) (F ¥ G) € Shv(Bunp, ,, ,,)o—cusp-

Proof of lemma A.4.2. For any a,b € Z>( such that 2a 4+ b = 2n — 2, consider the diagram

Bunp, 5, 5, Bunp, o, 51, Bungp 41 X Bunp, ,
[ -] [
Bunp, ,, ., Bunp, ;.11 Bunp,,,, .., X Bunp, ,

| L |
Bunp, , x Buny x Bunp,, <— Bunp, , X Buny X Bunp, ,, — Bungi; x Bun, x Bung42 X Bunp, ,
(A.4.8)
where the maps are the obvious ones. Note that the functor

/ *
CTapaoqr2n-21,11(P12n-211 %X q11)

is given by transformation along the top and left correspondences. Since the left-upper and right-
lower squares are Cartesian, the functor above is also given by the composition of transformations
along the bottom and right correspondences. Note that the right correspondence transforms FX G

to zero since F € Shv(Bungy41)cusp, and we are done. O

Now we apply lemma A.4.2 to conclude the proof. By lemma A.3.1, we only need to show

qN 20,11 [N 201 (F K AS) € Shv(Bunp, ,, , )g—cusp- (A.4.9)
Consider the diagram
Nijp —2s Al
lqm,l (A.4.10)
Bunp, ,

where we define
N1,1 = {(51 C 52,52/81 = 0,51 — w)}
qN,Ll(El C 52,52/81 = 0,81 — OJ) = (51 C 52)

Then one easily sees that

AN 2011 [N 201 (F RAS) 2 q1 95 2111(p11 X @ 9n-2,1,1) (F X G)

for G = gn1,10ev] | AS. Then the desired cuspidality (A.4.9) follows from lemma A.4.2.
O

Proof of lemma A.3.1. The proof follows the same ideas as the proof of theorem A.2.1. We proceed
by induction on n. The case n = 0 is trivial. From now on, we assume n > 1. Consider the quotient
group Pion1 := Pi2,1/G, and Pll,Qn,l = P{,2n,1/Gav where the subgroup G, C P2, identifies
with

* * ok ok
C * %k
*
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and similarly for Ga C P[5, ;-
Consider diagram

T1,2n,1

T

i2n s 2n
— — o
BunP{,zn,l BunP1,2n,1 BunP1,2n,1
|
lr’ rs Ton
2n 2n
52" S E2n
Bun ——— Bun$ —— > Bunp
1,2n,1 Py an,1 1,2n,1
!
q1,2n,1

pr Ton XA _
Bun; ¢+——— Bung,, X Bun; —— Bung,, x Bun; x Bun; .
Pan

A
q1,2n,1 s,V
q1.2n,1
-

~

A~

v
41,2n,1
—V
h
S 5 2 » Sp
Piona Y Pi2n1 1,2n,1
2n
A AN
o .
J1,2n,1 J1,2n,1
—V,o
S,0 h2n N o
Pi2n,1 Pi2on

(A.4.11)

We now explain the definition of stacks involved in the diagram. The stacks in the forth row are
defined as underlying classical stacks of the derived dual vector bundles of the stacks in the second
row. The stacks in the bottom row are obtained from the vector bundles in the forth row the
complements of zero sections. The stacks in the right most column are clear as written. The stacks
in the middle column are defined to make the four squares on the right Cartesian. The stacks in
the left most columns are also clear as written. The map 42, is defined such that hoy 0i2, = 1 20,1-
The map E;/n is the dual map of 79,. In terms of moduli stacks, we have

Bun— = {(gl - g2n+17 ggnv 5577, = 82”+1/€1)}

Piona

S

Bunp1 o1 {(81 C 82TL+17 gégn - gén—&—lv 52714-1/51 = €§n7 gik = gén—f—l/g;n)}

Sp.  ={(E,8, & ow = &,)}

Piona

5%1,271,1 ={(&,&on,00: 6 ® W= E3n)}

We have moduli description of the maps
ign (&1 C Eant1, €3, €3y = Eany1/E1) = (&1 C Eant1, €5 C E3py, Eantn [E1 = €5, ET = E5,141/E5,)
%;/n(gl,ggn;al,ag S Qw5 )= (6,8 a1 —ap: E QW = &5 ).
A_(&) = (&1,&7).
Consider the derived Fourier transformations

FTi9n, : Shv(Bunp, , ) = Shv(Sp , )

)

FT&,Q’I’L,l . ShV(Bunﬁll’zn’l) — ShV(S/ﬁlﬂn,l)'
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Lemma A.4.3. For any F € Shv(Bunp, ,,,)o—cusp, the sheaf FT12,1(r2n)F) € Shv(Sp

P1,2n,l) is

supported on the open substack S%mm C Sﬁl,Qn,l'
The proof is similar to the proof of lemma A.4.1.
We use da;, to denote the (virtual) relative dimension of the vector bundle g; 251 : Bung ,  —
Buny,, x Bun; x Buny, and dj, to denote the (virtual) relative dimension of ¢} 5, ; : Buny
41, 1,2n,1
Bung,, x Bun;.

Consider the stack

S,0
M172n,1 = (Bunsp2n X Bunl) XSF’

jal X Buna, X Bun; x Bun; BunPl,QnJ .
1,2n,1 1,2n,1

It has moduli description
M172n,1 = {(51 - 52n+1 - 52n+2a 52871’ 82571 = 52n+1/51a gik = 52n+2/52n+1, & ® w = 52877,)}

It is equipped with canonical maps

._ . 1
fi,2n,1 = (Pr3,evion10pra3) : My, — Bunp,,, , x A

C1,2n,1 1= Pry o pry : My 2,1 — Bung.
Here evy 9y,1 : S50 X Bung,, xBun; xBun, BULP, 5 | — Al is given by the restriction of the evaluation

Pi2n1

map between dual vector bundles g1 25,1 : Bunﬁl’zny1 — Bunsy,, x Bun; x Bun; and q¥,2n,1 : S5

—
Pion

Buny,, x Bun; x Bunj.
Now we can compute for any F € Shv(Bunp, ,, ,)o—cusp:

~ / / ok *
F= pr?,!q1,2n,1,!r2n,!7’2nh2nf
1,2n,1

= pr?,!qi,Qn,l,!g;nE;nr'hn,!f

= pr?,!qa,Qn,l,!E;nE;nFTi%n,l ° FT172n,1(7'2n,!~7:)

= p1“2,1qa,Qn,l,!g;nFTiEﬁJ(E;/ﬁ*Flen,l(ﬁn,!f))

= pr2,!q/1,2n,l,!FT/1T2ln,1(g\Q/n,!E;/;L*FTLQn,l(TQn,!]: )d2n — da,)
= PT2,1Sﬁv,éz,ﬁgn,!ﬁgé*Flen,l(7“ on 1 F)[dan — 2d3,,]

= c120,11f1 20,1 (F X AS)[2d2, — 2dy,,]

(A.4.12)

N
where the map sy, ; : Bungp, x Bun; — Sy

1,2n,1

: : Voo
is the zero section of the vector bundle ¢1%,, ; :

Sﬁmm — Bungp, X Bun;.

Consider the moduli stack
Mian1 = {(E1 C Eant1 C Eant2, & C E5py Esn = Eoni1 /€1, EF = Enna/Eoni1, E1 @ w ™! = EDY.
It is equipped with a natural map
11,2n,1 : M1,2n,1 — M1 20,1
112n,1(E1 C Eant1 C Eania, & C EsyE5 22 Eani1/E1,EF = Eanra/Eoni1,E1 @ w ! = &)

= (&1 C Eont1 C Eons2,E50, Exy = Eony1/E1, EF = Eonya/Eoni1,E1 @w ™t = & C &5).
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This map is a bijection on points and induces a stratification on Mj 2, 1. Consider the commutative

diagram

My 201

ant 7 L - (A.4.13)

C1,2n,1 f1,2n,1
Bun1 (*n M172n71 *n> Bunp1 om.1 X Al

We are reduced to prove
C12n, 11 f o0 (F HAS) =0

for any F € Shv(Bunp, ,, ;)o—cusp-
Consider the moduli stack

Niong = {(E1 C & C Ean C Enny1 C Eonpo, &1 QW™ = £/}
Then we have a natural map 1,201 : Ml,gml — ngn,l
71201 (E1 C Eany1 C Eanra, & C E5,E5 =2 Ean1/E1,E1 = Eanra/Eony1,E1 @ W™t = &)
= (1 C & CEL CEapy1 CEopyn,E1Qw 1 = & 2 E/&)

where &, £ are the preimages of &, £F under a1 — 5,
Consider the diagram in which the square is Cartesian

TM,1,2n,1 IN1,2n,1

N ~ 1
M1 201 > N1on1 Bunp, ,,, x A
|

lQM,l,Qn,l qu,l,Qn,l

X X
Bunpll’zn_m><Bum}rmT>1XA}Suan%fQ’1 Bun; x Bung

lprz

Bun;

(A.4.14)

where the maps are defined as

qma2n1(E1 C Eony1 C Eony2, &) C E5py E5 =2 Eoni1 /&1, EF = Eanta)Eoni1,E1 @ W T — &)
= (& C &t C& )

qN1201(E1 C & C Eap C Eant1 C Eanpa, E1@w™ ! = £/61)

= (&2/&1 C Em/Er C Eont1/E1, €1, Eanta/Eont1)

A_(&1) = (&1,€7)
fN12n1(E1 C & C Ean C Eanr1 C Eanra, E1@w ! > £2/E1)
= (€1 C Ean1 C Eang2,ev(E1 C &, &1 @w ™! = £/E1))

Note that fn 1201 © 71,201 = f1,20,1, P2 © qM,1,20,1 = C1,2n,1. We only need to show

pro (m12n,1 X A_) qN1,20,1,0fN 1,201 (F K AS) = 0.

This follows from the following lemma and induction hypothesis:
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Lemma A.4.4. Consider the diagram

P1,1,2n—2,1,1 XG5, _oXq5, _o
Bunp, ; 5, 514 Eunﬂ ana X Bunp, ; X Bunp,

lQI,1,2n72,1,1

Bunpl,Qn_Q,1
where the maps are
P1,1,2n—2,1,1(E1 C E2 C Eap C Eany1 C Eant2) = (€1 C Eany1 C Eang2)
Qop—2(E1 C E C Eap C Eapy1 C Eang2) = (€1 C &)
Gon—2(E1 C &2 C Ean C Eant1 C Eanta) = (Eanv1/Ean C Eanta/Eon)
q1,1,2n21,1(E1 C &2 C Eap C Eanr1 C Eanya) = (E2/&1 C Ean/E1 C Eany1/En).
For any F € Shv(Bunp, ,, ,)o—cusp and G € Shv(Buny 1 x Bunp, ), we have
41,1,2n-2,1,1,1(P1,1,20-2,11 X @92 X Qo _2)"(F R G) € Shv(Bunp, ,, 5, )o—cusp-

The proof of the lemma A.4.4 is the same as the proof of A.4.2 so we omit.
O

Now we come to the proof of theorems A.2.3 and A.2.4. We have the following immediate
consequence of lemma A.3.1:

Corollary A.4.5. For any L € Buny(K), consider the open substack BunS‘ M0} C Bun ;: defined

as the non-vanishing locus of the map o : L — &5,. Consider

g\{}

Tron : : Bungj — Buny,.

We have
r (71'2*2”]:) =0
for any F € Shv(Bunay,)cusp-

Proof. One only needs to note that pull-back along p1 2,1 : Bunp, ,, ,, — Bung, sends cuspidal
objects to #-cuspidal objects. O

Proof of theorem A.2.3. Consider diagram

Bun’E )

b

Bung,, | LN Bunsy,

We fix a cuspidal object F € Shv(Bungy,). By the cuspidality, we know that F is supported on
a quasi-compact open substack of Buns, which has bounded Harder-Narasimhan slopes on each

connected component. Therefore, for any integer m € Zx, one can find £ € Bun; such that g is a
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vector bundle of rank m’ > m with zero section removed over the support of 73, F (the support is
denoted U C Bungp, ). One has the distinguished triangle

EU[_].] — g!kg—l(U) — EU[—m/] —
for some local system Ly € Shv(U)Y (we are using the naive t-structure). From this, we get a
distinguished triangle
Te(Ly @ w3, F)[=1] = Te(mpy, F) = Te(m3, F)[=m'] — .
By corollary A.4.5, we get I'c(75, F)[—m/] =2 T'o(Ly @75, F). Since the integer m’ can be arbitrarily
large, we know that I'c(73, F) is infinitely connective, hence must be zero. This concludes the proof.

O

. ) . Az A2\ {0}
Proof of theorem A.2.4. Using stratification BunSp2 = BunSp2 UBungy, , one can conclude the
proof by combining theorem A.2.3 and corollary A.4.5. g
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