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Abstract. We study some aspects of the geometric side of the Jacquet-Rallis relative trace for-
mula. Globally, we compute each geometric term of the Jacquet-Rallis relative trace formula on
the general linear group for regular supported test functions. We prove that it can be described
by the regular orbital integral. Locally, we show that the regular orbital integral can be compared
with the semisimple orbital integral on the unitary group.
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1. Introduction

The global Gan–Gross–Prasad(GGP) conjecture [GGP12] relates the non-vanishing of period
integral on classical groups to the non-vanishing of the central value of certain L-functions. In
[JR11], Jacquet and Rallis proposed a relative trace formula(RTF) approach to the GGP conjecture
for the Bessel periods on U(n)×U(n+1). In [Zha14a], Zhang solved the smooth transfer conjecture
and proved the global Gan-Gross-Prasad conjecture for U(n)×U(n+1) under some local conditions
as a consequence.

We briefly review the Jacquet-Rallis RTF on the general linear group here. Let E/F be a
quadratic extension of number fields. For k ∈ Z≥1, let

G′
k := ResE/F GLk,E .

Let G′ = G′
n ×G′

n+1. G′ has two subgroups H1,H2, where

(1.1) H1 = (h,

(
h

1

)
)(h ∈ G′

n), H2 = GLn,F ×GLn+1,F .

Let A = AF , the adèle ring of F and [G′] := G′(F )\G′(A). We write η for the quadratic character
on A× associated with E/F . By an abuse of notation, we also write η for the character on H2(A)
defined by

η(h2,n, h2,n+1) = η(h2,n)
n+1η(h2,n+1)

n.
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Let f ∈ S(G′(A)) be a Schwartz function and let Kf (x, y) be its automorphic kernel function:

Kf (x, y) =
∑

γ∈G′(F )

f(x−1γy), (x, y) ∈ [G′]× [G′].

Consider the distribution

(1.2) I(f) =

∫
[H1]

∫
[H2]

Kf (h1, h2)η(h2)dh1dh2.

Under some conditions on f , this integral is absolutely convergent and has a geometric and spectral
expansion.

In [Zyd20], Zydor defined a regularization of the integral (1.2) for all compactly supported
smooth functions f ∈ C∞

c (G′(A)), hence (1.2) makes sense for such f , and it has geometric
and spectral expansion. The regularization and geometric/spectral expansions were extended by
Beuzart-Plessis, Chaudouard, and Zydor in [BPCZ22] and [CZ21] for general Schwartz functions,
hence a full coarse Jacquet-Rallis RTF is established. Together with other techniques developed
in [Yun11],[BP21a], [Xue19],[CZ21], [BPLZZ21], the endoscopic case of the global GGP conjecture
for U(n) × U(n + 1) was proved in [BPCZ22]. It was extended to certain Eisenstein series and
higher corank cases by Beuzart-Plessis–Chaudouard [BPC23]. In this article, we will study some
aspects of the geometric side of the Jacquet–Rallis relative trace formula.

1.1. Global Results. Let B = H1\G′/H2 be the GIT quotient and let q : G′ → B be the quotient
map, for any b ∈ B(F ), we write G′

b for the fiber of b under the quotient map. Then there is a
b-part of the distribution I, denoted by Ib, which is a regularization of the integral

∫
[H1]

∫
[H2]

 ∑
γ∈G′

b(F )

f(h−1
1 γh2)

 η(h2)dh1dh2.

The geometric expansion of I is then the identity

I(f) =
∑

b∈B(F )

Ib(f).

If b is regular semi-simple, pick any γ ∈ G′(F ) with image b, the distribution Ib can be computed
via the orbital integral

Ib(f) =

∫
H1(A)

∫
H2(A)

f(h−1
1 γh2)η(h2)dh1dh2.

But for general b ∈ B(F ), there is no easy interpretation of Ib. One of the main goals of this
paper is to compute Ib(f), for general b ∈ B(F ), under the assumption that there is a place v of
F such that f = fvf

v, where fv ∈ S(G′(Av)), fv ∈ S(G′(Fv)) and fv is supported in the regular
subset G′

reg(Fv) of G′(Fv), where G′
reg is the Zariski open subset of G′ consisting of elements whose

stabilizer under the H1 ×H2 action is trivial.
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Let γ ∈ G′
reg(F ) be a regular element and f ∈ S(G′(A)) (with no support condition), in Subsec-

tion 6.1, we will define a distribution Iγ(f), which can be written formally as

(1.3) Iγ(f) =

∫
H1(A)

∫
H2(A)

f(h−1
1 γh2)η(h2)dh1dh2,

note that this integral is not convergent in general, therefore some regularization is needed. Once
the distribution Iγ is defined, our main theorem can be summarized as follows:

Theorem 1.1 (See Theorem 6.1). If f ∈ S(G′(A)) is of the form fvf
v, and fv is regular supported,

then for any b ∈ B(F )

Ib(f) =
∑
γ

Iγ(f),

where in the summation, γ runs through any representative of H1(F ) × H2(F ) orbits of regular
elements in G′

b(F ).

In Subsection 2.6, we will describe the regular orbits of G′
b(F ) explicitly. In particular, we will

see that the sum above is a finite sum.
There is a Zariski open subset G′

+ of G′ such that G′
+ ⊂ G′

reg (see Subsection 2.4). When fv is
supported in G′

+(Fv), we will have a better description of Iγ(f) as follows:

Theorem 1.2 (See Theorem 4.2). If f ∈ S(G′(A)) is of the form fvf
v, and fv is supported in

G′
+(Fv). Let γ ∈ G′

+(F ), then we have the following assertions:

(1) For s ∈ C with Re(s) sufficiently negative, the integral∫
H1(A)

∫
H2(A)

f(h−1
1 γh2)η(h2)|deth1|sdh1dh2

is absolutely convergent, and has a meromorphic continuation to C which is holomorphic at
0. The value at s = 0 coincides with Iγ(f).

(2) For each b ∈ B(F ), there is a unique H1(F ) × H2(F ) regular orbit inside G′
b(F ) ∩ G′

+(F ).
Choose any γ in this orbit, then

Ib(f) = Iγ(f).

In fact, we will first prove Theorem 1.2 and a Lie algebra version of it in Section 4, and then
deduce Theorem 1.1 from it in Section 6.

1.2. Local Results. Let γ ∈ G′(F ) be a regular element, our regularization of the integral (1.3)
will make the distribution Iγ(f) Eulerian. In fact, to define Iγ(f), we first study a local analogue
of it in Section 5. Let v be a place of F , and let f ∈ S(G′(Fv)) (with no support condition), we
will prove the following result in Section 5.

Proposition 1.3. [See Subsection 5.3 and Proposition 5.12] Let γ ∈ G′
reg(Fv), then there is a map

S(G′(Fv)) −→ {meromorphic functions on C}, f 7−→ Iγ(f, s)
4



which is a regularization of the integral

(1.4)
∫
H1(Fv)

∫
H2(Fv)

f(h−1
1 γh2)|deth1|sη(h2)dh1dh2.

with the following properties:

(1) Iγ(f, s) only depends on the value of f on the orbit of γ.
(2) For x ∈ H1(Fv) and y ∈ H2(Fv), let fx,y(γ) = f(xγy−1) ∈ S(G′(Fv)), then

Iγ(f
x,y, s) = |detx|sη(y)Iγ(f, s).

(3) If γ ∈ G′
+(Fv), then the integral (1.4) is absolutely convergent for Re(s) sufficiently negative,

and coincides with Iγ(f, s) when convergent. In particular, this holds when γ is regular
semisimple.

(4) There is an abelian L-function Lγ(s) such that I♮γ(f, s) := Iγ(f, s)/Lγ(s) is entire for any
f , and when f = 1G′(O) and everything is unramified, Iγ(f, s) = Lγ(s).

When γ is regular semisimple, the orbital integral Iγ(f, s) has been studied in depth. One key
step towards the proof of the global GGP conjecture is to show that regular semisimple orbital
integral Iγ(f, 0) can be compared with similarly defined regular semisimple orbital on the unitary
groups.

Let Hv be the isometric classes of n-dimensional non-degenerate Ev/Fv Hermitian spaces. For
V ∈ Hv, let V ′ be the n + 1-dimensional Hermitian space V ⊕ Eve0, the Hermitian form on V ′ is
defined by orthogonal direct sum of V ⊕ h0 where h0(e0, e0) = 1. We put GV = U(V )×U(V ′) and
HV := U(V ) as a diagonal subgroup of GV . Let fV ∈ S(GV (Fv)) and let γ ∈ GV (Fv) be a regular
semisimple element, the orbital integral Jγ(f) is defined by

Jγ(f) =

∫
HV (Fv)×HV (Fv)

f(x−1γy)dxdy.

Let f ∈ G′(Fv) and for each V ∈ Hv let fV ∈ S(GV (Fv)), there is a notion of matching between
f and fV (See Subsection 7.2), which means f and fV have the “same” regular semisimple orbital
integrals. In Section 7, we will prove a version of “local singular transfer”, which shows that for
f and (fV )V ∈Hv , if their regular semisimple orbital integrals match (i.e., they are matching), then
the more singular terms, i.e. the regular orbital integral I♮γ(f, 0) and the semisimple orbital integral
of fV also match.

Theorem 1.4. (See Theorem 7.9) Suppose that f and (fV )V ∈Hv match, let γ ∈ G′
reg(Fv), then we

have

I♮γ(f, 0) =
∑
(V,O)

cγ,OJO(f
V ),

where the summation runs through the set {(V,O) | V ∈ Hv,O is a semisimple orbit corresponds to γ},
and cγ,O are some explicit constants independent of f and fV .

5



This result can be regarded as a local analogue of the singular transfer theorem of Chaudouard–
Zydor in [CZ21, Théorème 1.1.6.1].

1.3. Remarks. In [Zha12], Zhang proposed an RTF approach to the arithmetic Gan–Gross–Prasad
(̃AGGP) conjecture. In [DZ23], a p-adic version of the AGGP conjecture is proved. One key
difficulty in [DZ23] is caused by the use of a very specific test function at some split places, and
these functions have regular support but not regular semisimple support, in order to p-adically
interpolate the orbital integral. The result in this article could be applied to loc.cit..

Liu [Liu14] proposed an RTF to attack the global GGP conjecture for the Fourier-Jacobi period
on unitary groups, and using this RTF, Xue [Xue14] proved the global GGP conjectures for Fourier-
Jacobi period under some local conditions. Some of the local conditions were removed in [Xue19],
and a full coarse RTF was established by Boisseau, Xue, and the author [BLX24]. Using the coarse
RTF, the global GGP conjectures for the Fourier-Jacobi period, together with the Eisenstein and
higher corank case, are proved in loc.cit.. We will also consider the Fourier-Jacobi analogue of the
main results in Section 8.

We give an outline of this article. After some preliminaries in Section 2, in Section 3, we extend
the coarse Jacquet-Rallis RTF on the general linear group and its Lie algebra by allowing for a
general character on H1. In Section 4, we will prove Theorem 1.2. In Section 5, we will define the
local regular orbital integral and study its properties, and in Section 6 we use it to define the global
regular orbital integral and prove Theorem 1.1. In Section 7 we prove the local singular transfer
theorem. In Section 8, we give a Fourier-Jacobi analogue of the results. In the appendix, we extend
the asymptotic of the modified kernel in [BPCZ22, Theorem 3.3.7.1] to general parabolic subgroups
and its Levi subgroups.
Acknowledgement. The author would like to thank Wei Zhang for the suggestion of this problem
and helpful discussion on many parts of this article, he is also very grateful to Daniel Disegni, Ziqi
Guo, Linli Shi, Yiyang Wang, Hang Xue, Hongfeng Zhang, and Zhiyu Zhang for helpful comments
and discussions.

2. Preliminaries

2.1. General notation.

• We fix an integer n > 0 throughout this article.
• For a matrix A, we write At for the transpose of A.
• Let F be a number field and let v be place of F , we write Fv for the completion of F at the

place v. In general, if S is a finite set of places of F , we write FS :=
∏
v∈S Fv and AS

F for
the restricted product

∏′
v ̸∈S Fv. We also write F∞ : F ⊗Q R. If E/F is a finite extension,

we put ES := E ⊗F FS.
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• Let f and g be positive functions on a set X, we write f � g if there exists C > 0 such
that f(x) ≤ Cg(x) for all x ∈ X. We write f �c1,··· ,cr g if the constant C depends on the
parameters c1, · · · , cr.
• Let r be a real number. We denote by H<r (resp. H>r) the left half plane {z ∈ C | Re(s) <
r} (resp. right half plane {z ∈ C | Re(s) > r}).
• For a vector space V over a field k, we write V ∗ := Homk(V, F ) for the dual space of V .

We denote by kn and kn the n dimensional column/row vectors respectively.
• Let G be a reductive group over a field k of characteristic 0, and assume that G acts on

a finite type affine k-scheme X. Let X/G be the GIT quotient and let b ∈ (X/G)(k), we
denote the fiber of b under the quotient map X → X/G by Xb, which is a closed subscheme
of X.
• Let R be a ring and assume that we have a homomorphism χ from R to some abelian group
A. By an abuse of notation, we also denote the homomorphism χ ◦ det from GLn(R) to A
by χ.

2.2. Algebraic groups. In this subsection, we follow the notations in [BPCZ22] where the reader
can find more details there. Let F be a number field and let G be an algebraic group over F , we
write g∞ for the Lie algebra of the Lie group G(F∞), and let U(g∞) be the universal enveloping
algebra of g∞. Let [G] := G(F )\G(A) denote the adèlic quotient of G. We fix the Tamagawa
measure dg on G(A) as described in [BPCZ22, Section 2.3].

For the remainder of this subsection, we assume that G is connected and reductive. Fix a
maximal split torus A0 of G and a minimal parabolic subgroup P0 containing A0. A parabolic
subgroup P of G is called standard if P ⊃ P0, and it is called semi-standard if P ⊃ A0. Let P be a
semi-standard parabolic subgroup of G, then P has a unique Levi decomposition P =MPNP such
that MP ⊃ A0, this is called the standard Levi decomposition. When we say Levi decomposition
of a semi-standard parabolic subgroup, we will always mean the standard Levi decomposition.

Let W be the Weyl group of (G,A0), that is the quotient by M0(F ) of the normalizer of A0 in
G(F ).

For a semi-standard parabolic subgroup P of G, define

a∗P := X∗(P )⊗Z R, aP := HomZ(X
∗(P ),R).

We endow aP with the Haar measure such that the lattice X∗(P ) has covolume 1.
Let a0 := aP0 and a∗0 := a∗P0

. For P ⊂ Q, there is a natural direct sum decomposition

aP = aQP ⊕ aQ, a
∗
P = aQ,∗P ⊕ a∗Q.

In particular, we will view aP (resp. a∗P ) as a subspace of a0 (resp. a∗0). For P ⊂ Q, we put

εQP := (−1)dim aP−dim aQ .

If Q = G, we put aQP = aP .
7



Let P ′
0 be a semi-standard minimal parabolic subgroup containing P , we denote by ∆P

P ′
0

the set
of simple roots under the A0 action, relative to P ′

0, on the Lie algebra of NP . We put ∆P ′
0
:= ∆G

P ′
0
.

For semi-standard parabolic subgroups P ⊂ Q, define ∆Q
P to be the image of ∆Q

P ′
0
\ ∆P

P ′
0

by the
projection map a∗0 → a∗P . We also have a set of coroots ∆Q,∨

P , the set of weights ∆̂Q
P , and the set of

coweights ∆̂Q,∨
P . Let ρP ∈ a∗P be the half of the sum of the roots of the action of AP on NP .

For any semi-standard parabolic subgroup P , and for any T ∈ a0, we define a point TP ∈ aP ,
such that for any w ∈ W such that wP0w

−1 ⊂ P , the point TP is the projection of w · T on aP

under the projection map a0 → aP .
Let τQP be the characteristic function of

{X ∈ a0 | 〈α,X〉 > 0, for all α ∈ ∆Q
P },

and put a+0 := {X ∈ a0 | τGP0
(X) = 1}. We also write τ̂QP for the characteristic function of

{X ∈ a0 | 〈$,X〉 > 0, for all $ ∈ ∆̂Q
P }.

For a semi-standard parabolic subgroup P of G, we put

[G]P := NP (A)MP (F )\G(A).

We fix a norm ‖ · ‖ on G(A) as in [BP21b, Appendix A]. It induces a norm on [G]P by

‖g‖P := inf
γ∈NP (A)MP (F )

‖γg‖.

There is a notion of weight functions on [G]P as in [BPCZ22, Subsection 2.4.3]. In particular, for
any α ∈ a∗0, there is a weight dP,α on [G]P .

We denote by A∞
G the neutral component of real points of the maximal split central torus of

ResF/QG. For a semi-standard parabolic subgroup P of G, let A∞
P := A∞

MP
. We also define

A∞
0 := A∞

P0
= A∞

M0
.

We fix a maximal compact subgroup K of G(A), which is in good position with P0. Hence we
have the Iwasawa decomposition G(A) = P (A)K for all semi-standard parabolic subgroup P of G.
The map

HP : P (A) −→ aP , p 7−→ (χ 7−→ log|χ(g)|)

extends to G(A), by requiring it trivial on K. The map HP induces an isomorphism A∞
P
∼= aP , we

endow A∞
P with the Haar measure such that this isomorphism is measure-preserving. Let G(A)1P

denote the preimage of 0 under HP . G(A)1 := G(A)1G is a subgroup of G(A). For general P , the
product in G(A) induces a direct product decomposition (of sets)

G(A) = G(A)1P ×A∞
P .

The subset G(A)1P descends to a subset of [G]P , we denote this by [G]1P .
8



Let X(G) be the set of cuspidal datum of G, see [BPCZ22, Section 2.9]. Let P be a semi-standard
parabolic subgroup, we have the following Langlands decomposition of the L2 space:

(2.1) L2([G]P ) =
⊕

χ∈X(G)

L2
χ([G]P ).

Fix a norm ‖ · ‖ on a0. We say T ∈ a0 is sufficiently positive, if there exists C > 0 and ε > 0

such that
inf
α∈∆0

〈α, T 〉 ≥ max{C, ε‖T‖}.

For T ∈ a0 and a semi-standard parabolic subgroup P of G, let FP (·, T ) be the function on [G]P

introduced in [BPC23, Subsubsection 2.3.3]. It is a characteristic function of a subset of [G]P , and
this subset is compact modulo center.

2.3. Function spaces. Let F be a number field and let G be an algebraic group over F . We say
a function f : G(A)→ C is smooth, if there exists a compact open subgroup J ⊂ G(Af ) such that
f is invariant under the right translation by J , and for all gf ∈ G(Af ), the function g∞ 7→ f(gfg∞)

is smooth on Lie group G(F∞). We say that the function on [G]P is smooth if it pulls back to a
smooth function on G(A).

Let C be a compact subset ofG(Af ) and let J ⊂ G(Af ) be a compact subgroup. Let S(G(A), C, J)
be the space of smooth functions f : G(A)→ C which are biinvariant by J , supported in the subset
C ×G(F∞) and such that

‖f‖N,X,Y = sup
g∈G(A)

|(R(X)L(Y )f)(g)| <∞

for any N > 1 and X,Y ∈ U(g∞). Let S(G(A)) be a union of all S(G(A), C, J), it carries a natural
strict LF topology. In particular, if V is a vector space over F , we have a space S(V (A)) of Schwartz
function on V (A).

Let G be a reductive group over F , and let P be a semi-standard parabolic subgroup of G. We
denote S0([G]P ) by the space of the rapidly decreasing measurable functions on [G]P . In general,
let X ⊂ [G]P be a measurable subset, let S0(X) denote the set of measurable functions f on X

such that
‖f‖∞,N := sup

x∈X
‖x‖NP |f(x)|

is finite for all N . Equipped with the semi-norms ‖ · ‖∞,N , S0(X) is a Frechét space.
We denote by T 0([G]P ) the space of complex Radon measure ϕ on [G]P such that there exists

N > 0 making the integral ∫
[G]P

‖x‖−NP |ϕ(x)|

finite. It carries a natural LF topology.
Let w be a weight on [G]P , we write Sw([G]P ) for the LF space of weighted Schwartz functions

on [G]P . It consists of smooth functions f on [G]P such that there exists N > 0, such that for all
9



X ∈ U(g∞) and r > 0,

‖f‖∞,X,r,N := sup
x∈[G]P

|R(X)f(x)|w(x)r‖x‖−NP <∞.

In particular, if w = ‖ · ‖P , Sw([G]P ) := S([G]P ) is the space of Schwartz functions on [G]P , and
if w = 1, Sw([G]P ) := T ([G]P ) is the space of functions of uniform moderate growth on [G]P . For
more details on these global function spaces, see [BPCZ22, Section 2.5].

Now let F be a local field of characteristic 0, and let G be an algebraic group over F , fix a norm
‖·‖ on G(F ) as in [Kot05, Section 18]. We denote by S(G(F )) the space of Schwartz function on F .
If F is non-archimedean, S(G(F )) consists of compactly supported and locally constant function,
if F is archimedean, it consists of smooth functions f on G(F ) such that for any X ∈ U(g∞) and
N ≥ 0

‖f‖X,N := sup
g∈G(F )

‖x‖N |R(X)f(x)| <∞.

The space S(G(F )) carries a natural Fréchet topology when F is archimedean, and we endow
S(G(F )) with the finest locally convex topology if F is non-Archimedean.

2.4. The symmetric space S and its variants. From now on until the end of Section 2, we fix
a field F of characteristic 0 and let E be a quadratic étale algebra over F . Let c be the unique
nontrivial evolution of E that fixes F . For an F algebra R, we will write a 7→ ac for the involution
on R⊗F E induced by c. For k ≥ 1, write GLn := GLn,F .

Let S be the algebraic variety over F such that

S(R) = {x ∈ GLn+1(R⊗ E) | xxc = 1},

where 1 stands for the identity matrix of size (n+ 1)× (n+ 1).

We regard the group GLn as a subgroup of GLn+1 via the embedding g 7→
(
g

1

)
. The group

GLn has a right action on S by
x · g = g−1xg.

There is a GLn-equivariant isomorphism

ν : ResE/F GLn+1,E /GLn+1
∼= S, g 7−→ gg−1,c

where GLn acts on ResE/F GLn+1,E /GLn+1 by left translation. Let B := S/GLn be the GIT
quotient.

Note that there is a natural identification G′/H1×H2,n+1
∼= ResE/F GLn+1,E /GLn+1,F induced

by the map (gn, gn+1) 7→ g−1
n gn+1, therefore B can also be identified with the GIT quotient G′/H1×

H2. More concretely, the map

(2.2) α : G′ −→ S, (gn, gn+1) 7−→ ν(g−1
n gn+1)

identifies G′/H1 ×H2 with B.
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Let σ ∈ E× with σσc = 1, and let Sσ be the Zariski open subset of S consisting of x ∈ S such
that the matrix x− σ · 1 is invertible.

We write gln+1 := gln+1,F for the vector space of (n + 1) × (n + 1) matrices with coefficient in
F . The group GLn has a right action on gln+1 given by

A · g := g−1Ag.

Let B := gln+1 /GLn be the GIT quotient. From [Zha14a, Lemma 3.1], we see that B is isomorphic
to the affine space A2n+1 of dimension 2n+ 1.

Fix τ ∈ E such that τc = −τ , let glτn+1 be the Zariski open subset of gln+1 consists of Y ∈ gln+1

such that the matrix Y − τ · 1 is invertible.
The Cayley map

(2.3) cσ : glτn+1 −→ Sσ, Y 7−→ −σ1 + τ−1Y

1− τ−1Y

defines a GLn-equivariant isomorphism between glτn+1 and Sσ. The open subsets glτn+1 and Sσ is
GLn invariant and descends to open subsets of Bτ of B and Bσ of B respectively, and cσ induces
an isomorphism Bτ → Bσ which we will still denote by cσ.

Write an element x of S as

x =

(
A b

c d

)
,

where A, b, c, d has size n× n, n× 1, 1× n, 1× 1 respectively. We put

(2.4) ∆+(x) = det(b, Ab,A2b, · · · , An−1b), ∆−(x) = det


c

cA

· · ·
cAn−1

 .

Let S+ (resp. S−) be the Zariski open subset of S where ∆+ (resp. ∆−) is non vanishing, and
let G′

+ and G′
− be the preimage of S+ and S− under the map α (see (2.2)) respectively. Let en+1

be the column vector (0, · · · , 0, 1)t of size (n+ 1)× 1, we can directly check that

(2.5) ∆+(x) = (−1)n det(x, xen+1, · · · , xnen+1), ∆−(x) = (−1)n det

 etn+1

· · ·
etn+1x

n

 .

Similarly, for X =

(
A v

u d

)
∈ gln+1 with A ∈ gln, v ∈ Fn, u ∈ Fn, d ∈ F , define

δ+(X) = det(v,Av, · · · , An−1v), δ−(X) = det


u

uA

· · ·
uAn−1

 .
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Let gln+1,+ (resp. gln+1,−) be the Zariski open subset of gln+1 where δ+ (resp. δ−) is non-vanishing.
We have

(2.6) δ+(X) = (−1)n det(en+1, · · · , Xnen+1), δ−(X) = (−1)n det


etn+1

etn+1X

· · ·
etn+1X

n

 .

Direct computation shows that for X ∈ glτn+1(F ), we have

(2.7) ∆+(cσ(X)) = (−2στ−1)
n(n+1)

2 det(1− τ−1Y )−nδ+(X).

and

(2.8) ∆−(cσ(X)) = (−2στ−1)
n(n+1)

2 det(1− τ−1Y )−nδ−(X).

As a consequence, for any Y ∈ glτn+1(F ), we have

(2.9) ∆+(cσ(Y )) (resp. ∆−(cσ(Y ))) 6= 0 ⇐⇒ δ+(Y ) (resp. δ−(Y )) 6= 0

For a vector space V over F , put g̃lV := gl(V )× V × V ∗, it carries a right action by GL(F ):

(A, v, u) · g = (g−1Ag, g−1v, ug).

We write g̃ln := g̃lFn . Note that we have a GLn-equivariant isomorphism

(2.10) gln+1
∼= g̃ln × F,

(
A v

u d

)
7−→ ((A, v, u), d)

where F is endowed with the trivial action of GLn. Thus, we can view g̃ln as a variant of gln+1

under the GLn-action.
Let AV = g̃lV /GL(V ) be the GIT quotient. We put A := AFn , by (2.10), we have an identifica-

tion B ∼= A× F . If dimV = d, AV can be identified with the affine space A2d, where the quotient
map q : g̃lV → AV is given by

(2.11) (A, u, v) 7−→
(
(Trace ∧i A)1≤i≤d, (uAiv)0≤i≤d−1

)
.

We see from this description that when dimV1 = dimV2, AV1 and AV2 are canonically identified.
For X = (A, v, u) ∈ g̃ln, we put

δ+(X) = det(v,Av,A2v, · · · , An−1v), δ−(X) = det(u, uA, uA2, · · · , uAn−1).

Note that the definition of δ± depends on the choice of basis of Fn, so there is no canonical
definition of δ± on g̃lV for a general vector space V . Let g̃lV ,+ (resp. g̃lV ,−) be the Zariski open
subset of g̃lV where {v,Av, · · · , An−1v} form a basis of V (resp. {u, uA, · · · , uAn−1} form a basis
of V ∗). If V = Fn, this is the open subset of g̃ln where δ+ (resp. δ−) is non-vanishing.

Under the map (2.10), we have

gln+1,+ = g̃ln,+ × F, gln+1,− = g̃ln,− × F.
12



Recall that if we have a reductive group G over F acting on a finite-type F -scheme X, then
x ∈ X(F ) is called regular if its stabilizer Gx has minimal dimension, and x ∈ X(F ) is called
semisimple if its (scheme-theoretic) orbit is Zariski closed. We denote by Xreg (resp. Xrs) the
Zariski open subset of X consisting of regular (resp. regular semisimple) elements. In this article,
we are mainly interested in the following four cases of X and G.

(2.12)

X = G′, G = H1 ×H2;

X = S, G = GLn;

X = gln+1, G = GLn;

X = g̃ln, G = GLn .

In these cases, a rational point is regular if and only if its stabilizer is trivial, and it is known that
(see e.g. [Zha14a]) Xrs = X+ ∩X−.

For g ∈ GLn, and x ∈ S(F ) (resp. Y ∈ gln+1(F ) or Y ∈ g̃ln(F )), note that ∆±(x · g) =

det g ·∆±(x) (resp. δ±(Y · g) = det g · δ±(Y )). Therefore for X and G in these four cases (2.12),
we have X+ ∪X− ⊂ Xreg. We remark that for n ≥ 2, this inclusion is strict.

2.5. Descent on g̃ln. Let zV := {(λ · id, 0, 0) | λ ∈ F} ⊂ g̃lV . Then zV is the center of g̃lV under
the GL(V ) action (i.e. the set of fixed points). The composition zV ↪→ g̃ln → A induces a closed
embedding zV ↪→ A. We call the image of this embedding the center of A, an element lying in the
center will be called central.

We now recall the descent construction on g̃ln, cf. [Zha14a, Section 3.2] or [CZ21, Section 3.4].
It allows us to approximate any element a ∈ A(F ) by regular semisimple elements and central
elements in smaller GIT quotients. The construction consists of two steps: first approximate a by
(a0, a

0) where a0 is regular semisimple and a0 is close to being central, and then approximate a0

by central elements (a1, · · · , ak). We now describe them in detail.
Step 1. For any vector space V over F , We have a stratification of AV as described in [CZ21,
Paragraph 3.1.4]. For an integer r with 1 ≤ r ≤ dimV , and X = (A, v, u) ∈ g̃lV (F ), let

(2.13) dr(X) = det(uAi+j−2v)1≤i,j≤r.

Let g̃lV
(r)

be the locally closed subscheme of g̃lV such that dr 6= 0 but ds = 0 for s > r. The
subscheme g̃lV

(r)
is GL(V )-invariant and descends to a locally closed subscheme A(r)

V of AV . Note
that A(dimV )

V is the open subset AV,rs consisting of regular semisimple elements.
Choose an isomorphism i : Fn ∼= F r ⊕ Fn−r, it determines an embedding

ι : g̃lr
(r)
× g̃ln−r ↪→ g̃ln,

(A1, v1, u1), (A2, v2, u2) 7−→

((
A1 v′u2

v2u
′ A2

)
, v1, u1

)(2.14)
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where u′ ∈ Fr satisfies

u′Ai1v1 =

0 if 0 ≤ i < r − 1

1 if i = r − 1.

and v′ ∈ F r satisfies

u1A
i
1v

′ =

0 if 0 ≤ i < r − 1

1 if i = r − 1.

The map (2.14) descends to an isomorphism of varieties

(2.15) ι : A(r)
F r ×AFn−r

∼= A(≥r)

where A(≥r) := ∪k≥rA(k) is an open subset of A. The isomorphism ι is independent of the choice
of i and restricts to an isomorphism

(2.16) A(r)
F r ×A(s)

Fn−r
∼= A(r+s).

In particular, for a ∈ A(r)(F ), there exists unique (a0, a
0) ∈ A(r)

F r×A(0)
Fn−r such that ι(a0, a0) = a.

Note that a0 is regular semisimple in AF r(F ).
Step 2. Fix a ∈ A(r)(F ). As we discussed in Step 1, a can be uniquely written as ι(a0, a0). Assume
that a0is represented by (A, v, u) ∈ g̃lFn−r(F ), then uAiv = 0 for any i ≥ 0 (see [CZ21, 3.1.4.1]). We
therefore see that a0 is determined by the characteristic polynomial P of A. Assume P decomposes
in the polynomial ring F [x] as P = Pn1

1 · · ·P
nk
k , where Pi are distinct and irreducible. For 1 ≤ i ≤ k,

put Fi = F [x]/Pi(x), which is a finite extension of F . Put

(2.17) Hi = ResFi/F GLni,Fi , H0 =

k∏
i=1

Hi, h̃i = ResFi/F g̃lFni
i
, h̃0 =

k∏
i=1

h̃i.

Let AH0 be the GIT quotient h̃0/H0, which can be identified with
∏k
i=1Ai with

Ai = ResFi/F (g̃lF i/GLni,Fi).

Choose an isomorphism i0 :
⊕k

i=1ResFi/FF
ni
i
∼= Fn−r. Then we get the embedding

(2.18) ιH0 : H0 ↪→ GLn−r, (gi) 7−→ ⊕gi

and

(2.19) ιh0 : h̃0 ↪→ g̃lFn−r , (Ai, vi, ui) 7−→ (⊕Ai,⊕vi,⊕ui),

where we have used the identification.

HomFi(F
ni
i , Fi)

∼−→ HomF (F
ni
i , F ), f 7−→ (v 7−→ trFi/F f(v))

The embedding (2.19) induces a natural map AH0 → AFn−r and this map is independent of the
choice of i0.

Let h̃0
′

denote the open subset of h̃0 consisting of (Ai, ui, vi) such that detQi(Aj) 6= 0, where Qi
is the characteristic polynomial of Ai over F . h̃0

′
descends to an open subset A′

H0 of AH0 .
14



We put

H0 = GLr, H = H0 ×H0, h̃0 = g̃lF r , h̃ = h̃0 × h̃0.

The GIT quotient AH := h̃/H can be identified with AF r × AH0 . The isomorphisms i and i0

determine the maps ιh0 in (2.19) and ι in (2.14), and in terms gives a map ιh : h̃0
(r)
× h̃0 → g̃ln.

Let h̃′ = h̃0
(r)
× h̃0

′
. Then h̃′ is an open subset of h̃, and descends to an open subset A′

H of AH .
The map ιh restricts to a map h̃′ → g̃lV , and descends to a map ιA : A′

H → A. The map ιA is
independent of the isomorphisms i and i0 and by [Zha14a, Appendix B] (see also [CZ21, Subsection
6.4]), the map ιA is étale.

Denote αi be the image of T in Fi = F [T ]/(Pi), and let ai be the image of (αi · id, 0, 0) under
the quotient map g̃lVi → Ai. Let aH := (a0, a1, · · · , ak) ∈ AH . From the definition, we see that
ιA(aH) = a.

By [Zha14a, Appendix B] (see also [CZ21, Subsection 6.4]), we have a Cartesian diagram

(2.20)
h̃′ ×H GLn g̃ln

A′
H A

where

• The right vertical map is the quotient map, and the left vertical map is induced by the
quotient map h̃′ → AH , trivial on the second component.
• The bottom horizontal map is ιA, the top horizontal map sends (X, g) to ιh(X) · g.

By the vanishing of Galois cohomology, we have

(2.21) (h̃′ ×H GLn)(F ) = h̃′(F )×H(F ) GLn(F ).

Hence the map ιh induces a natural bijection between the H(F )-orbit of h̃aH and the GLn(F )-orbit
of g̃ln,a.

We finally remark that the above construction is compatible with base change. More precisely,
if K/F is a field extension (not necessarily algebraic) and for a ∈ AV (F ), the above procedure
gives H, h̃ and the diagram (2.20). If we regard a as an element of AV (K) = AV⊗FK(K), assume
that the above procedure gives HK , h̃K and the diagram (2.20) over K. Then one check easily that
HK = H ×F K is the base change of F , and the diagram (2.20) over K is also a base change of
the corresponding diagram over F . We will use this fact for F is a number field and K = Fv for a
place v of F .

2.6. Classification of regular orbits. In either of the four cases in (2.12), let X/G be the GIT
quotient, and q : X → X/G be the quotient map. For b ∈ X/G(F ), we denote by Xb the fiber of
b (see Subsection 2.1). We now use the results in Subsection 2.5 to classify the regular orbits. Let
us first begin with some special regular orbits.
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Lemma 2.1. In either of the four cases in (2.12), for any b ∈ X/G(F ), G(F ) acts simply transitively
on Xb(F ) ∩X+(F ) and Xb(F ) ∩X−(F ). In other words, there exists a unique orbit O+(b) (resp.
O−(b)) of G(F ) action on Xb(F ) such that this orbit is contained in X+(F ) (resp. X−(F )).

Proof. We prove the result for X+, and the proof for X− is then similar.
When X = g̃ln, the lemma follows from [Zha14b, Proposition 6.3] 1. By (2.10), it holds for

X = gln+1. For X = S, take σ ∈ E such that NmE/F (σ) = 1 and b ∈ Bσ(F ). By (2.9), as a
set with GLn(F ) action, Sb(F )∩ S+(F ) is isomorphic to gln+1,c−1

σ (b)(F )∩ gln+1,+(F ), therefore the
lemma holds for X = S. Finally, since G′/H1 × H2,n+1 is isomorphic as a GLn-variety to S, the
lemma holds for X = G′. □

If b ∈ (X/G)(F ) is regular semisimple, then O+(b) = O−(b) = Xb (see [Zha12]). We also have
the following result

Lemma 2.2. For X = g̃ln and G = GLn, and a ∈ A(F ) is central, then O+(a) and O−(a) are the
only regular orbits of in g̃ln,a.

Proof. Let a be the image of (λ · id, 0, 0) ∈ g̃ln(F ). If λ = 0, then this is proved in [Zha14b, Lemma
6.1]. For general λ, we only need to note that A 7→ (A−λ · id, 0, 0) gives a GLn equivariant bijection
between g̃ln,a and g̃ln,0. □

If a ∈ A(F ) is central, the orbit O+(a) and O−(a) can be described explicitly. If a is the image
of (λ · id, 0, 0) then O+(a) is the orbit of

(2.22) Z+
λ :=





λ 1 0 · · · 0

0 λ 1 · · · 0

0 0 λ · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · λ


,



0

0

0

· · ·
1


, 0


.

And O−(a) is the orbit of

(2.23) Z−
λ :=





λ 0 · · · 0 0

1 λ · · · 0 0

0 1 · · · 0 0

· · · · · · · · · · · · · · ·
0 0 · · · 1 λ


, 0, (0, · · · , 0, 1)


.

Now we classify general regular orbits. We first consider the case where X = g̃ln and G = GLn.
Let a ∈ A(F ), we use our notation in Subsection 2.5. We have field extensions Fi(1 ≤ i ≤ k) of F
and after choosing the isomorphism i and i0, we associate a ∈ A(F ) with a map ιh : h̃→ g̃ln.

Let E denote the set of maps from the set {1, 2, · · · , k} to {+,−}. For ε ∈ E , denote εi := ε(i).
1In [Zha14b, Proposition 6.3] such result is only stated for local field, but the proof works for any field of charac-

teristic 0.
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Proposition 2.3. Pick any X0 ∈ h̃0,a0(F ). Then a complete set of representative of orbit of
GLn(F ) action on g̃ln,a(F ) ∩ g̃ln,reg(F ) is given by

(2.24)
{
ιh(X0, Z

ε1
α1
, · · · , Zεkαk

) | ε ∈ E
}
,

where ε runs through every element in E and we recall that αi is the image of T in Fi = F [T ]/(Pi).
Moreover

(1) For each ε ∈ E, the orbit of ιh(X0, Z
ε1
α1
, · · · , Zεkαk

) is independent of X0 and the choice of the
isomorphisms i and i0.

(2) The orbit of ιh(X0, Z
+
α1
, · · · , Z+

αk
) (resp. ιh(X0, Z

−
α1
, · · · , Z−

αk
)) is O+(a) (resp. O−(a)).

Proof. By the diagram (2.20) and the equality (2.21), the map ιh induces a GLn(F )-equivariant
bijection

h̃aH (F )×
H(F ) GLn(F ) −→ g̃ln,a(F ),

therefore, ιh induces a bijection between the H(F ) orbit on h̃aH (F ) and GLn(F ) orbit on g̃lna
(F ),

and regular orbits corresponds to regular orbit. Since each component ai of aH is either regular
semi-simple (i = 0) or central (i > 0), Lemma 2.2 implies that the regular orbits in g̃ln,a(F ) are
given by (2.24). Different choices of i and i0 will yield ιh composed with an GLn(F ) action on g̃ln(F ),
which certainly does not affect the orbit, therefore (1) is proved. Part (2) follows from [CZ21, Proof
of Lemme 3.2.2.2 and Lemme 3.4.1.1]. □

For ε ∈ E , we call a regular orbit in g̃ln,a(F ) of type ε, if it is the orbit of ιh(X0, Z
ε1
α1
, · · · , Zεkαk

).

Corollary 2.4. In each of the cases in (2.12), for b ∈ X/G(F ), there are finitely many regular
orbits of G(F )-action on Xb(F ). Indeed, the number of orbits is a power of 2.

Proof. The case when X = g̃ln is proved in Proposition 2.3, the other cases are reduced to this case
(see the proof Lemma 2.1). □

3. Coarse relative trace formulae

3.1. Preliminaries. In this section, we denote by E/F a quadratic extension of number fields.
Let c be the non-trivial element in the Galois group Gal(E/F ). For an F -algebra R, c will induce
an involution on R⊗F E, we denote this by a 7→ ac. Let A := AF and AE be the ring of adèles of
F and E respectively.

Let k ≥ 1 be an integer, we write GLk := GLk,F for the general linear group of rank k over
F . Let G′

k := ResE/F GLk,E and let G′ := G′
n × G′

n+1. G′ has two subgroups H1 and H2 as
in (1.1). We put H2,n = GLn,H2,n+1 = GLn+1, they are both regarded as subgroups of H2. For an
element h2 ∈ H2, we write h2,n and h2,n+1 for its corresponding components. Let K1 and K2 be
the standard maximal compact subgroup of H1(A) and H2(A) respectively.

For k ≥ 1, let Bk be the upper triangular Borel subgroup of G′
k. We choose Bk as our fixed

minimal parabolic subgroup of G′
k, and we choose Bn × Bn+1 as our fixed minimal parabolic
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subgroup of G′. We put ak := aBk
. Let Bk,F := Bk ∩GLn be the upper triangular Borel subgroup

of GLn.
Let k, a, b be integers such that k ≥ 1 and 0 ≤ a < b ≤ k, let e1, · · · , ek be the standard basis of

Ek and let Ea,b denote the subspace of Ek generated by ea+1, · · · , eb.
Let FRS be the set of Rankin-Selberg parabolic subgroup of G′ introduced in [BPCZ22, Subsec-

tion 3.1]. It consists of semi-standard parabolic subgroups of G′ of the form Pn × Pn+1, such that
Pn is standard and Pn+1 ∩G′

n = Pn. When Pn is the stabilizer of the flag

(3.1) 0 = V0 ⊂ V1 ⊂ · · · ⊂ Vr = En

with Vi = E0,ai , then there are 2r + 1 possible choices such that Pn × Pn+1 ∈ FRS. It is either the
stabilizer of the flag

(3.2) 0 = V0 ⊂ · · · ⊂ Vk ⊂ Vk+1 ⊕ Een+1 ⊂ · · · ⊂ Vr ⊕ Een+1 = En+1

with 0 ≤ k ≤ r − 1 or the stabilizer of the flag

(3.3) 0 = V0 ⊂ · · · ⊂ Vk ⊂ Vk ⊕ Een+1 ⊂ · · · ⊂ Vr ⊕ Een+1 = En+1

with 0 ≤ k ≤ r.
In the case when Pn+1 stabilizes the flag (3.2), the standard Levi subgroup MPn+1 of Pn+1 can

be identified with ∏
0≤i≤r−1
i ̸=k

GL(Eai,ai+1)×GL(Eak,ak+1 + Een+1).

Let MPn+1(A)1 be the subgroup of MPn+1(A) consisting of elements∏
0≤i≤r−1
i ̸=k

GL(Eai,ai+1)(A)1 ×GL(Eak,ak+1 + Een+1)(A)

under the above identification. We denote by G′
n+1(A)1Pn+1

the product MPn+1(A)1NPn+1(A).
In the case when Pn+1 stabilizes the flag (3.3), MPn+1 can be identified with∏

0≤i≤r
GL(Eai,ai+1)×GL(Een+1).

Let MPn+1(A)1 be the subgroup of MPn+1(A) consisting of elements∏
0≤i≤r

GL(Eai,ai+1)(A)1 ×GL(Een+1)(A)

under the identification above and we also set G′
n+1(A)1Pn+1

=M1

Pn+1
NPn+1(A).

For P ∈ FRS, we write PH1 := P ∩ H1
∼= Pn and PH2 = P ∩ H2. Let FRS,F be the set of

semi-standard parabolic subgroups of H2 of the form Pn × Pn+1, such that Pn is standard and
Pn+1 ∩GLn = Pn. The map P 7→ P ∩H2 induces a bijection between FRS and FRS,F
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The natural map G′
n ↪→ G′

n+1 induces a map an ↪→ an+1. For P ∈ FRS, it induces an embedding
aPn ↪→ aPn+1 . Denote

aP,H1 := aPn ∩ aPn+1
∼= aPH1

∩ aP .

The natural map ι : aP,H1 → a
G′

n+1

Pn+1
induced by aP,H1 ↪→ aPn+1 ↠ a

G′
n+1

Pn+1
is an isomorphism.

The subspace aP,H1 is the Lie algebra of A∞
P,H1

:= A∞
Pn
∩A∞

Pn+1
∼= A∞

PH1
∩A∞

P . Note that we have
the decomposition

MPn+1(A) =M1

Pn+1
(A)×A∞

P,H1
, G′

n+1(A) = G′
n+1(A)1Pn+1

×A∞
P,H1

.

For s ∈ C, define s det ∈ a∗P,H1,C by requiring the expression

〈s det,HPn(a)〉 = |det a|s

holds for all A∞
Q,H1

⊂ G′
n(A). Define ρPn (resp. ρPn+1) ∈ a∗P,H1

be the element pulling back from
ρPn ∈ a

G′
n,∗

Pn
(resp. ρPn+1 ∈ a

G′
n+1,∗

Pn+1
). Let ρ

P,s
be the element in a∗P,H1,C defined by

ρ
P,s

:= ρPn+1 − ρPn + s det .

We also regard ρ
P,s

as an element of aG
′
n+1

Pn+1,C via the isomorphism ι. Write cP ∈ R for the Jacobian
of ι.

Let V be a finite dimensional vector space over R, define V ∗
C := HomR(V,C). An exponential

polynomial function on V is a function of the form

p(x) =

r∑
i=1

Pi(x)e
⟨λi,x⟩, x ∈ V,

where λi ∈ V ∗
C and Pi are non-zero polynomial functions on V . If λi are distinct, then Pi are

uniquely determined. The term corresponding to λi = 0 is called the pure polynomial term. The
complex numbers λi are called exponents of p.

Let ηE/F : A× → {±1} be the quadratic character associated to E/F . By an abuse of notation,
we define a character η on H2(A) by

η(h2,n, h2,n+1) = ηE/F (h2,n)
n+1ηE/F (h2,n)

n.

3.2. Coarse Jacquet-Rallis RTF. For f ∈ S(G′(A)) and P ∈ FRS, the right translation action
R(f) on L2([G′]P ) is given by the kernel function

Kf,P (x, y) =
∑

m∈MP (F )

∫
NP (A)

f(x−1mny)dn,

where x, y ∈ [G′]P . For χ ∈ X(G′), let Kf,P,χ(x, y) be the kernel function of the operator pχ ◦
R(f) on L2([G′]P ), where pχ denotes the projection to χ-component in the Langlands spectral
decomposition (2.1). For (h1, h2) ∈ [H1]PH1

× [H2]PH2
we put

Kf,P,b(h1, h2) =
∑

m∈MP (F )∩G′
b(F )

∫
NP (A)

f(h−1
1 mnh2),
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where we recall that G′
b is the fiber of b (see Subsection 2.1).

For each • ∈ X(G′) t B(F ) and T ∈ a0, the modified kernel is defined as

KT
f,•(h1, h2) =

∑
P∈FRS

εP
∑

γ∈PH1
(F )\H1(F )

δ∈PH2
(F )\H2(F )

τ̂Pn+1(HPn+1(δnh2,n)− TPn+1)Kf,P,•(γh1, δh2),

where (h1, h2) ∈ [H1]× [H2]. More generally, for Q ∈ FRS and • ∈ X(G′) t B(F ), we put

KQ,T
f,• (h1, h2) =

∑
P∈FRS

εQP

∑
γ∈PH1

(F )\QH1
(F )

δ∈PH2
(F )\QH2

(F )

τ̂
Qn+1

Pn+1
(HPn+1(δnh2,n)− TPn+1)Kf,P,•(γh1, δh2),

where (h1, h2) ∈ [H1]QH1
× [H2]QH2

.
We have the following asymptotic of modified kernel in [BPCZ22, Theorem 3.3.7.1]: for any

N > 0, there exists a continuous semi-norm ‖ · ‖ on S(G′(A)) such that

(3.4)
∑

χ∈X(G′)

∣∣KT
f,χ(h1, h2)− FGLn+1(h2,n, T )Kf,χ(h1, h2)

∣∣ ≤ e−N∥T∥‖h1‖−NH1
‖h2‖−NH2

‖f‖

holds for all f ∈ S(G′(A)), (h1, h2) ∈ [H1]× [H2] and T ∈ an+1 sufficiently positive.
In Proposition A.1, we generalize the result to any KQ,T

f,χ , we showed that for every Q ∈ FRS and
N > 0, there exists a continuous semi-norm ‖ · ‖ on S(G′(A)) such that

(3.5)
∑

χ∈X(G′)

|KQ,T
f,χ (h1, h2)− FQn+1(h2,n, TQn+1)Kf,Q,χ(h1, h2)| ≤ e−N∥T∥‖h1‖−NQH1

‖h2‖−NQH2
‖f‖.

holds for f ∈ S(G′(A)), (h1, h2) ∈ [H1]QH1
× [H2]

1

QH2
and T ∈ an+1 sufficiently positive.

We also showed in Proposition A.3 that for any f ∈ S(G′(A)) and N > 0, we have

(3.6)
∑

b∈B(F )

|KQ,T
f,b (h1, h2)− FQn+1(h2,n, TQn+1)Kf,Q,b(h1, h2)| � e−N∥T∥‖h1‖−NQH1

‖h2‖−NQH2
.

We say that an idèle class character ξ : A×
E → C× is strictly unitary if it is trivial on the subgroup

A∞
Gm
⊂ A×

E . Note that any idèle class character can be uniquely written as ξ · | · |s, where ξ is strictly
unitary and s ∈ C.

The next theorem slightly generalizes the result in [BPCZ22, Section 3] by allowing a general
character on H1(A).

Theorem 3.1. Let ξ be a strictly unitary character of A×
E.

(1) For any f ∈ S(G′(A)), s ∈ C and T sufficiently positive, we have

(3.7)
∑

χ∈X(G′)

∫
[H1]

∫
[H2]
|KT

f,χ(h1, h2)||deth1|Re(s)dh1dh2 <∞

and

(3.8)
∑

b∈B(F )

∫
[H1]

∫
[H2]
|KT

f,b(h1, h2)||deth1|Re(s)dh1dh2 <∞.
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(2) For • ∈ X(G′) t B(F ), as a function of T , the integral

IT• (f, ξ, s) :=

∫
[H1]

∫
[H2]

KT
f,•(h1, h2)ξ(h1)|deth1|sη(h2)dh1dh2

is an exponential polynomial. If s 6∈ {−1, 1}, then the pure polynomial term is a constant,
we denoted it by I•(f, ξ, s). For a fixed f and ξ, I•(f, ξ, s) is meromorphic on C \ {−1, 1}.
We write I•(f, ξ) := I•(f, ξ, 0).

(3) For each χ ∈ X(G′) and s 6∈ {−1, 1}, the distribution Iχ(·, ξ, s) is continuous and the sum

I(f, ξ, s) :=
∑

χ∈X(G′)

Iχ(f, ξ, s)

is absolutely convergent and defines a continuous distribution I(·, ξ, s) on S(G′(A)).
(4) For each b ∈ B(F ) and s 6∈ {−1, 1}, the distribution Ib(·, ξ, s) is continuous on S(G′(A))

and
I(f, ξ, s) =

∑
b∈B(F )

Ib(f, ξ, s).

Where the sum on the right-hand side is absolutely convergent.

The proof is similar to [BPCZ22, Section 3], for later use, we briefly sketch the proof here.

Proof of Part (1). Since |h1|Re(s) � ‖h1‖|Re(s)|
H1

. By [BP21b, Theorem A.1.1(vi)], forN large enough∫
[H1]

∫
[H2]

e−N∥T∥‖h1‖−NH1
‖h2‖−NH2

| deth1|sdh1dh2

is finite and defines continuous semi-norm on S(G′(A)).
By [BPCZ22, (3.2.3.2)] for any f ∈ S(G′(A)) and any (h1, h2) ∈ [H1]× [H2], we have,∑

χ∈X(G′)

|Kf,χ(h1, h2)| | deth1|Re(s) � ‖h2,n‖NGLn
‖h2,n+1‖−NGLn+1

‖h1‖−N+|Re(s)|
H1

.

Since FGLn+1(·, T ) is compactly supported as a function on [GLn], we see that∫
[H1]

∫
[H2]

∑
χ∈X(G′)

FGLn+1(h2,n, T ) |Kf,χ(h1, h2)| dh1dh2

is finite. Combining with (3.4) ,we see that the integral (3.7) is finite. Using the estimate (3.6),
the finiteness of (3.8) is proved in a similar way. □

For each Q ∈ FRS, let Γ′
Qn+1

be the function on a
G′

n+1

Qn+1
× a

G′
n+1

Qn+1
defined in [Art81, Section 2]. It

is compactly supported in the first variable when the second variable stays in a compact subset.
By [Zyd20, Lemme 3.5], for any Q ∈ FRS, the function

pQ,s : X 7−→
∫
a
G′
n+1

Qn+1

e
⟨ρ

Q,s
,H⟩

Γ′
Qn+1

(H,X)dH, X ∈ an+1

is an exponential polynomial function and when s 6∈ {−1, 1}, the pure polynomial term is constant.
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Proof of Part(2)-(4). For Q ∈ FRS and (h1, h2) ∈ [H1]QH1
× [H2]QH2

, we have the following equality

KT
f,•(h1, h2) =

∑
Q∈FRS

∑
γ∈QH1

(F )\H1(F )

δ∈QH2
(F )\H2(F )

Γ′
Qn+1

(HQn+1(δnh2,n)− T ′
Qn+1

, TQn+1 − T ′
Qn+1

)KQ,T
f,• (γh1, δh2).

We hence see that IT• (f, ξ, s) is equal to∑
Q∈FRS

∫
[H1]QH1

∫
[H2]QH2

Γ′
Qn+1

(
HQn+1(h2,n)− T ′

Qn+1
, TQn+1 − T ′

Qn+1

)
KQ,T
f,• (h1, h2)ξ(h1)|deth1|sη(h2)dh1dh2.

Using Iwasawa decomposition, the summand corresponding to Q is∫
[MQH1

]

∫
[MQH2

]

∫
K1×K2

e
⟨−2ρQH1

,HQH1
(m1)⟩e

⟨−2ρQH2
,HQH2

(m2)⟩Γ′
Qn+1

(
HQn+1(m2,n)− T ′

Qn+1
, TQn+1 − T ′

Qn+1

)
KQ,T
f,• (m1k1,m2k2)ξ(m1k1)|detm1|sη(m2k2)dm1dm2dk1dk2.

Define fQ ∈ S(MQ(A))) by

fQ(m) = e⟨ρQ,HQ(m)⟩
∫
K1×K2

∫
NQ(A)

f(k−1
1 mnk2)ξ(k1)η(k2)dk1dk2dn.

Then one readily check that for all (m1,m2) ∈ [MQH1
]× [MQH2

], we have∫
K1

∫
K2

KQ,T
f,• (m1k1,m2k2)ξ(k1)η(k2)dk1dk2 = e⟨ρQ,HQ(m1)+HQ(m2)⟩K

MQ,T
fQ,• (m1,m2).

Let M1 :=MQH1
and M2 :=MQH2

. We obtain
(3.9)

IT• (f, ξ, s) =
∑
Q

∫
[M1]

∫
[M2]

e
⟨ρ

Q
,HQH1

(m1)⟩Γ′
Qn+1

(
HQn+1(m2,n)− T ′

Qn+1
, TQn+1 − T ′

Qn+1

)
K
MQ,T

′

fQ
(m1,m2)ξ(m1)|m1|sη(m2)dm1dm2

=
∑

Q∈FRS

cQpQ,s(TQn+1 − T ′
Qn+1

)

∫
A∞

Q,H1
\[M1]×[M2]

e
⟨ρ

Q,s
,−HQn+1

(m2,n)+T ′
Qn+1

⟩

K
MQ,T

′

fQ
(m1,m2)ξ(m1)|m1|sη(m2)dm1dm2.

Using Proposition A.4, the last integral in (3.9) is finite as the same argument of part (1), hence
(2) is proved. Part (3) and (4) then follow from the expression of IT• (f, ξ, s) in (3.9). □

3.3. Coarse infinitesimal Jacquet-Rallis RTF. There is also a Lie algebra version of the
Jacquet-Rallis relative trace formula formulated by Zydor in [Zyd18]. Let P = MN ∈ FRS,F ,
we put p (resp. m, n) be the Lie algebra of Pn+1 (resp. MPn+1 , NPn+1). They are Lie subalgebras
of gln+1. For ϕ ∈ S(gln+1(A)) and P ∈ FRS, we put a kernel function Kφ,P on [GLn+1]Pn+1 by

(3.10) Kφ,P (g) =
∑

M∈m(F )

∫
n(A)

ϕ((M +N) · g)dN, g ∈ [GLn+1]Pn+1
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For a ∈ B(F ), we put

Kφ,P,a(g) =
∑

M∈m(F )∩gln+1,a(F )

∫
n(A)

ϕ((M +N) · g)dN, g ∈ [GLn+1]Pn+1 .

For T ∈ a0 and a ∈ B(F ), we define a modified kernel by

KT
φ,a(g) =

∑
P∈FRS

εP
∑

γ∈Pn(F )\GLn(F )

τ̂Pn+1(HPn+1(γg)− TPn+1)Kφ,P (γg), g ∈ [GLn]

More generally, for Q ∈ FRS,F we put

KT,Q
φ,a (g) =

∑
P∈F

εQP

∑
γ∈Pn(F )\Qn(F )

τ̃
Qn+1

Pn+1
(HPn+1(γg)− TPn+1)Kφ,P,a(γg), g ∈ [GLn]Qn .

The following result is a slight generalization of the main theorem in [Zyd18].

Theorem 3.2 (Zydor). Let ξ be a strictly unitary character of A×
E.

(1) For any ϕ ∈ S(gln+1(A)), s ∈ C and T ∈ a0 sufficiently positive, we have∑
a∈B(F )

∫
[GLn]

|KT
φ,a(g)||det g|sdg <∞.

(2) For any a ∈ B(F ), as a function of T , the integral

ITa (f, ξ, s) :=

∫
[GLn]

KT
φ,a(g)ξ(g)η(g)|det g|sdg

is an exponential polynomial. If s 6∈ {−1, 1}, then the pure polynomial term is a constant,
denoted by Ia(ϕ, ξ, s). For a fixed ϕ and ξ, Ia(ϕ, ξ, s) is meromorphic on C \ {−1, 1}. We
put Ia(ϕ, ξ) := I(ϕ, ξ, 0).

(3) For each a ∈ B(F ) and s 6∈ {−1, 1} the distribution Ia(·, ξ, s) on S(gln+1(A)) is continuous
and the sum

I(ϕ, ξ, s) :=
∑

a∈B(F )

Ia(ϕ, ξ, s)

is absolutely convergent and defines a continuous distribution I(·, ξ, s) on S(gln+1(A)).

Proof. We proved in Appendix A the asymptotic of the modified kernel in the Lie algebra case.
(See Proposition A.5). Using this, the proof is identical to the proof of Theorem 3.1. □

Remark 3.3. There is also a version of infinitesimal Jacquet-Rallis RTF on g̃ln. Let P = MN ∈
FRS,F , we let m̃ and ñ be the intersection of m and n with g̃ln under the identification (2.10). Then
for ϕ ∈ S(g̃ln(A)), we can define Kφ,P in the same way as (3.10) replacing m, n by m̃ and ñ. We
then define modified kernels KT

φ,a for any a ∈ A(F ) using the same formula; analogs of Theorem 3.2
hold in this setting.

The theorem also directly generalizes to products of g̃ln.
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4. Global Theory I-The case of G′
±-supported test functions

In this section, we keep the notations in Section 3.

4.1. Explicit computation of exponents. For P ∈ FRS or FRS,F , we say that P is standard, if
Pn+1 is standard, more concretely, if Pn stabilizes the flag (3.1), then Pn+1 stabilizes the flag (3.2)
with k = r − 1 or the flag (3.3) with k = r. We say that P is antistandard, if Pn+1 stabilizes the
flag (3.2) with k = 0 or the flag (3.3) with k = 0. Let F st

RS be the set of standard Rankin-Selberg
parabolic subgroups, and let Fast

RS be the set of antistandard Rankin-Selberg parabolic subgroups

Proposition 4.1. Let P ∈ FRS or FRS,F

(1) If P is standard and Re(s) < −1, then for all $∨ ∈ ∆̂∨
Pn+1

, Re〈ρ
P,s
, $∨〉 < 0.

(2) If P is antistandard and Re(s) > 1, then for all $∨ ∈ ∆̂∨
Pn+1

, Re〈ρ
P,s
, $∨〉 < 0.

Proof. By the computation in [Zyd18, Proof of Lemma 4.2], if P is standard, then for all $∨ ∈
∆̂∨
Pn+1

, there exists positive integer i > 0 such that 〈ρ
P,s
, $∨〉 = i(1 + s), hence (1) holds. If P is

antistandard, then for all $∨ ∈ ∆̂∨
Pn+1

, there exists positive integer i > 0 such that 〈ρ
P,s
, $∨〉 =

i(1− s), hence (2) holds. □

4.2. Geometric distribution for the Jacquet-Rallis RTF. Now we state a theorem that com-
putes the geometric term Ib under some assumptions on the support of the test function.

Theorem 4.2. Let f ∈ S(G′(A)). If there exists a place v of F such that f is of the form fvf
v,

with fv ∈ S(G′(Fv)), f
v ∈ S(G′(Av)) and supp(fv) ⊂ G′

+(Fv) (resp. G′
−(Fv)), then

(1) for s ∈ H<−1 (resp. s ∈ H>1), we have∑
b∈B(F )

∫
[H1]

∫
[H2]
|Kf,γ(h1, h2)||deth1|Re(s)dh1dh2 <∞.

(2) For b ∈ B(F ), and s ∈ H<−1 (resp. H>1) the integral

(4.1)
∫
[H1]

∫
[H2]

Kf,b(h1, h2)|deth1|sξ(h1)η(h2)dh1dh2

(which is absolutely convergent by (1)) equals to Ib(f, ξ, s). In particular, as a function of s,
the integral (4.1) is holomorphic on H<−1 (resp. H>1) and has a meromorphic continuation
to C, which is holomorphic on C \ {−1, 1}, and equals to Ib(f, ξ) at s = 0.

(3) Pick any γ ∈ O+(b) (resp. γ ∈ O−(b)), then the integral

(4.2)
∫
H1(A)

∫
H2(A)

f(h−1
1 γh2)|deth1|sξ(h1)η(h2)dh1dh2

is absolutely convergent on H<−1 (resp. H>1) and equals to Ib(f, ξ, s).
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Proof of (1). We stick to the case where supp(fv) ⊂ G′
+(Fv), the case supp(fv) ⊂ G′

−(Fv) follows
from the same argument. Let P ∈ FRS and P be not standard. Then, for any m ∈ MP (F ) and
n ∈ NP (A), we have

α(mn) =

(
A b

c d

)
∈ Pn+1(A) ∩ S(A).

Where the map α is defined in (2.2). Since P is not standard, there is an integer k > 0 such that
the last k coordinates of b are 0. Hence

det(b, Ab, · · · , Anb) = 0.

This implies f(h−1
1 mnh2) = 0. Therefore, for b ∈ B(F ) we have

Kf,P,b(h1, h2) =
∑

m∈MP (F )∩G′
b(F )

∫
NP (A)

f(h−1
1 mnh2) = 0

Similar to the calculation as we have done in the proof of part (2) of Theorem 3.1, we can write

KT
f,b(h1, h2) =

∑
P∈Fst

RS

εP
∑

γ∈PH1
(F )\H1(F )

δ∈PH2
(F )\H2(F )

τPn+1(HPn+1(δnh2,n)− TPn+1)Kf,P,b(γh1, δh2)

=
∑

Q∈Fst
RS

∑
γ∈QH1

(F )\H1(F )

δ∈QH2
(F )\H2(F )

Γ′
Qn+1

(HQn+1(δnh2,n)− T ′
Qn+1

, TQn+1 − T ′
Qn+1

)KQ,T
f,b (γh1, δh2).

Pick T ′ ∈ an+1 such that T − T ′ ∈ a+n+1, so for all Q ∈ FRS, the values of

Γ′
Qn+1

(·, TQn+1 − T ′
Qn+1

)

are 0 or 1. Then we have∫
[H1]

∫
[H2]

∑
b∈B(F )

|KT
f,b(h1, h2)||deth1|Re(s)dh1dh2

≤
∑

Q∈Fst
RS

∫
[H1]QH1

×[H2]QH2

Γ′
Qn+1

(HQn+1(h2,n)− T ′
Qn+1

, TQn+1 − T ′
Qn+1

)×

 ∑
b∈B(F )

|KQ,T
f,b (h1, h2)|

 |deth1|Re(s)dh1dh2

By the Iwasawa decomposition, and the fact that for a ∈ A∞
Q ,

KQ,T
f,b (ax, ay) = e⟨2ρQ,HQ(a)⟩KQ,T

f,b (x, y),
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the the summand corresponds to Q in the above expression equals to∫
[M1]

∫
[M2]

∫
K1×K2

e
⟨−2ρQH1

,HQH1
(m1)⟩e

⟨−2ρQH2
,HQH2

(m2)⟩Γ′
Qn+1

(
HQn+1(m2,n)− T ′

Qn+1
, TQn+1 − T ′

Qn+1

)
 ∑
b∈B(F )

|KQ,T
f,b (m1k1,m2k2)|

 |detm1|Re(s)dm1dm2dk1dk2

=

∫
K1×K2

∫
A∞

Q,H1
\([M1]×[M2])

cQpQ,Re(s)(TQn+1 − T ′
Qn+1

)e
⟨ρ

Q,s
,−HQn+1

(m2,n)+T ′
Qn+1

⟩
e
−⟨2ρQH1

,HQH1
(m1)⟩

e
−⟨2ρQH2

,HQH2
(m2)⟩

 ∑
b∈B(F )

|KQ,T
f,b (m1k1,m2k2)|

 |detm1|Re(s)dm1dm2dk1dk2.

Note that the natural map [M1] × [M2]
1 → A∞

Q,H1
\([M1] × [M2]) is a bijection and is measure-

preserving up to a constant CQ, hence the expression above can be written as

cQCQpQ,Re(s)(TQn+1 − T ′
Qn+1

)e
⟨ρ

Q,Re(s)
,T ′

Qn+1
⟩
∫
K1×K2

∫
[M1]×[M2]1

e
−⟨2ρQH1

,HQH1
(m1)⟩

 ∑
b∈B(F )

|KQ,T
f,b (m1k1,m2k2)|

 |detm1|Re(s)dm1dm2dk1dk2.

(4.3)

By (3.6), for (m1,m2) ∈ [M1]× [M2]
1 and (k1, k2) ∈ K1 ×K2, we have∑

b∈B(F )

|KQ,T
f,b (m1k1,m2k2)− FQn+1(m2,n, TQn+1)Kf,Q,b(m1k1,m2k2)| � e−N∥T∥‖m1‖−NM1

‖m2‖−NM2
.

Using the same argument of the proof of Theorem 3.1 (1), we see that the integral in (4.3) is finite.
To conclude, the expression

(4.4)
∫
[H1]

∫
[H2]

∑
b∈B(F )

|KT
f,b(h1, h2)||deth1|Re(s)dh1dh2

is bounded by a constant multiple of∑
Q∈Fst

RS

pQ(TQn+1 − T ′
Qn+1

),

which is of the form ∑
Q∈Fst

RS

aQPQ(T )e
⟨ρ

Q,Re(s)
,TQn+1

⟩

with aQ ∈ C, PQ is a polynomial on an+1.
When T is sufficiently positive, TQn+1 is of the form

TQn+1 =
∑

ϖ∨∈∆̂∨
Q

Tϖ∨$∨

where each Tϖ∨ is a sufficiently positive real number. Therefore, by Proposition 4.1, the expres-
sion (4.4) is bounded as T varies (and is sufficiently positive).

26



By (3.6), this implies∫
[H1]

∫
[H2]

FG′
n+1(h2,n, T )

 ∑
b∈B(F )

|Kf,b(h1, h2)|

 dh1dh2

is bounded as T varies. As T →∞ (i.e. 〈α, T 〉 → ∞ for any α ∈ ∆0), FG′
n+1(·, T )→ 1. Thus part

(1) follows from the dominated convergence theorem. □

Proof of (2). Let f ∈ S(G′(A)) and let T ∈ an+1 be sufficiently positive. For N > 0 large enough,
by applying (3.6) to Q = G′, we have∫

[H1]

∫
[H2]
|FG′

n+1(h2,n, T )Kf,b(h1, h2)−KT
f,b(h1, h2)|| deth1|sξ(h1)η(h2)dh1dh2 � e−N∥T∥.

When T →∞, the integral∫
[H1]

∫
[H2]

FG′
n+1(h2,n, T )Kf,b(h1, h2)| deth1|sξ(h1)η(h2)dh1dh2

has a limit ∫
[H1]

∫
[H2]

Kf,b(h1, h2)| deth1|sξ(h1)η(h2)dh1dh2.

Similar to the computation in part (1) of the proof, the integral∫
[H1]

∫
[H2]

KT
f,b(h1, h2)| deth1|sξ(h1)η(h2)dh1dh2

is of the form
Ib(f, ξ, s) +

∑
Q ̸=G∈Fst

RS

PQ(T )e
⟨ρ

Q,s
,T ⟩

where PQ is polynomial, hence as T → ∞, it has the limit Ib(f, ξ, s). Combining these, (2) is
proved. □

Proof of (3). Since supp(fv) ⊂ G′
+(Fv), by the definition of Kf,b(h1, h2) and Lemma 2.1, we see

that
Kf,b(h1, h2) =

∑
(δ1,δ2)∈H1(F )×H2(F )

f(δ−1
1 γδ2).

Therefore, the absolute convergence follows from (1), and the remaining part follows from (2). □

The integral (4.2) is Eulerian, we will then study the local version of it in the next section.

4.3. An infinitesimal variant. The results in Theorem 4.2 have their infinitesimal analogues.

Theorem 4.3. Let g = gn+1 or g̃ln. Let ϕ ∈ S(g(A)). If there exists a place v of F such that ϕ is
of the form ϕvϕ

v, with ϕv ∈ S(g(Fv)), fv ∈ S(g(Av)) and supp(ϕv) ⊂ g+(Fv) (resp. g−(Fv)), then

(1) for s ∈ H<−1 (resp. s ∈ H>1), we have∑
a∈B(F )

∫
[GLn]

|Kφ,a(g)||det g|Re(s) <∞.
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(2) For a ∈ (g/GLn)(F ), and s ∈ H<−1 (resp. H>1) the integral

(4.5)
∫
[GLn]

Kφ,a(g)|det g|sξ(g)η(g)dg

equals to Ia(ϕ, ξ, s). In particular, as a function of s, the integral (4.1) is holomorphic
on H<−1 (resp. H>1) and has a meromorphic continuation to C which is holomorphic on
C \ {−1, 1}, and equals to Ia(ϕ, ξ) at s = 0.

(3) Pick any γ ∈ O+(a) (resp. γ ∈ O−(a)), then the integral

(4.6)
∫
GLn(A)

ϕ(γ · g)|det g|sξ(g)η(g)dg

is absolutely convergent on H<−1 (resp. H>1) and equals to (4.5).

Proof. The proof is identical to the proof of Theorem 4.2, where we use the asymptotic properties
in Proposition A.5 instead. □

5. Local Theory I: Normalized orbital integral

Throughout this section, we let F be a local field of characteristic zero. Let γ ∈ G′
reg(F ),

f ∈ S(G′(F )) and ξ : F× → C× be a unitary character. We will define a meromorphic function
Iγ(f, ξ, s) in this section and study its properties in Subsection 5.3. The function Iγ(f, ξ, s) is a
regularization of the following integral∫

H1(F )×H2(F )
f(h−1

1 γh2)ξ(h1)|h1|sη(h2)dh1dh2.

This integral is divergent in general for any s ∈ C, so how to regularize it will be the main part of
this section. We will first study the infinitesimal version IX(ϕ, ξ, s) in Subsection 5.1 and 5.2, and
the group version in Subsection 5.3.

5.0.1. Notations and Measures. We fix some notation and Haar measures throughout this section
as follows: we fix an additive character ψ of F . If F ′/F is a finite extension, we always choose
ψ′ := ψ ◦TrF ′/F as a fixed additive character on F ′. We endow F ′ with the self-dual Haar measure
with respect to ψ′.

We fix the Haar measure on GLn(F ) defined by the differential form ζF (1) · · · ζF (n)(det gij)−n ∧
dgij . Let K denote the standard maximal compact subgroup of GLn(F ). If F is non-Archimedean,
then K = GLn(OF ) and vol(K) = vol(OF )n

2 .
We also denote by An (resp. Nn) the diagonal subgroup (resp. upper triangular unipotent

subgroup) of GLn, and we endowAn(F ) (resp. Nn(F )) with the Haar measure defined by differential
form ζF (1)

n
∏
dai/ai (resp.

∏
dxij). If F is non-Archimedean, one has vol(An(OF )) = vol(OF )n

(resp. vol(Nn(OF )) = vol(OF )
n(n−1)

2 ). Iwasawa decomposition yields the integration formula

(5.1)
∫
GLn(F )

f(g)dg = C

∫
An(F )

∫
Nn(F )

∫
K
f(ank)dadndk,
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where C ∈ R>0 is a constant. When F is non-Archimedean, then C = 1

vol(OF )
n(n+1)

2

.

Write Bn for the upper triangular Borel subgroup, and let δBn be the modulus character on
Bn(F ), for a = diag(a1, · · · , an) ∈ An(F ), we have δBn(a) = |a1|n−1 · · · |an|1−n.

Let 〈·, ·〉 be the GLn(F )-invariant bilinear pairing on g̃ln(F ) defined by

(5.2) 〈(X1, v1, u1), (X2, v2, u2)〉 = Trace(X1X2) + u1v2 + u2v1.

For ϕ ∈ S(g̃ln(F )), we define its Fourier transform by

Fϕ(Y ) =

∫
g̃ln(F )

ϕ(X)ψ(〈X,Y 〉)dX.

We then endow g̃ln(F ) with the self-dual measure, one check directly that this measure coincides
with the product of measure on Fn

2 × Fn × Fn when we use standard coordinates on g̃ln(F ).
Let nn and bn be the Lie algebra of Nn and Bn respectively, and let n′n be the space of matrices

(aij) such that aij = 0 unless j − i ≥ 2. We define

ñn = {(A, v, u) ∈ g̃ln | A ∈ nn, v ∈ Fn−1, u = 0}, ñ′n = {(A, v, u) ∈ g̃ln | A ∈ n′n, v ∈ Fn−2, u = 0},

where Fn−1 (resp. Fn−2) stands for the subspace of Fn with the last (resp. last two) coordinate
0.

We write b̃n := {(A, v, u) ∈ g̃ln | A ∈ bn, u = 0}. All the vector spaces nn, bn, ñn, ñ′n, b̃n has
a natural basis and can be identified with Fm for some m ≥ 0. We then transport the product
measure on Fm to the Haar measure on these vector spaces via this identification.

Recall the regular element Z+
λ defined in (2.22). By [Zha14b, Lemma 6.8] (also see [BP21c,

Lemma 5.7.4]), the map

(5.3) Nn(F ) −→ Z+
λ + ñ′n, n 7−→ Z+

λ · n

is a bijection and is measure-preserving. By [BP21c, (5,7,8)], we have the integration formula

(5.4)
∫
g̃ln(F )

f(Y )dY =
1

ζn

∫
Nn(F )\GLn(F )

∫
b̃n(F )

f((Z−
0 + Y ) · h)dY dh.

where f ∈ S(g̃ln(F )) and
ζn = ζF (1) · · · ζF (n).

5.1. Orbital integrals on the Lie algebra: central and regular semisimple elements.
Recall that we have a GIT quotient A := g̃ln/GLn and the corresponding quotient map q : g̃ln → A.
Let a ∈ A(F ) be a central element, by Lemma 2.2, in the fiber g̃ln,a of a, there are two regular
orbits O+(a) and O−(a).

We define the L-factors associated to the orbits O+(a) and O−(a) to be

L+
a (s, ξ) =

n∏
i=1

L(−is− i+ 1, (ξ · η)−i), L−
a (s, ξ) =

n∏
i=1

L(is− i+ 1, (ξ · η)i).
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For a regular element X in g̃ln,a(F ). We put

LX(s, ξ) =

L+
a (s, ξ) if X ∈ O+(a),

L−
a (s, ξ) if X ∈ O−(a).

Let χ : F× → C× be a character. We say that ϕ ∈ S(g̃ln(F )) is χ-unstable, if for all regular
semisimple element X ∈ g̃ln(F ), we have∫

GLn(F )
ϕ(X · g)χ(g)dg = 0.

We call a continuous functional (i.e. a distribution) I : S(g̃ln(F )) → C is χ-stable, if for any
χ-unstable function ϕ ∈ S(g̃ln(F )), we have I(ϕ) = 0.

For g ∈ GLn(F ) and ϕ ∈ S(g̃ln(F )), we let R(g)ϕ denote the right translation given by
R(g)ϕ(X) = ϕ(X · g). Note that if I is a χ-stable distribution, then for any ϕ ∈ S(g̃ln(F ))
and g ∈ GLn(F ), we have

I(R(g)ϕ) = χ−1(g)I(ϕ).

Proposition 5.1. Let a ∈ A(F ) be a central element and X ∈ g̃ln,a(F ) be a regular element. Let
ϕ ∈ S(g̃ln(F )) and s ∈ C. Consider the integral

IX(ϕ, ξ, s) :=

∫
GLn(F )

ϕ(X · g)ξ(g)η(g)|det g|sdg.

Then we have the following statements:
(1) If X ∈ O+(a) (resp. X ∈ O−(a)), IX(ϕ, ξ, s) is absolutely convergent on H<−1+ 1

n
(resp.

H>1− 1
n

) and has meromorphic continuation to C, with poles contained in the poles of
LX(s, ξ).

(2) For s ∈ C which is not a pole of LX(s, ξ), the resulting linear map

S(g̃ln(F )) −→ C, ϕ 7−→ IX(ϕ, ξ, s).

is continuous.
(3) As a function of s

I♮X(ϕ, ξ, s) :=
IX(ϕ, ξ, s)

LX(s, ξ)

is entire for any ϕ ∈ S(g̃ln(F )), and we can choose ϕ such that it equals to 1.
(4) If F is non-Archimedean with ring of integer O, suppose that ϕ = 1

g̃l(O)
, ξ and η are

unramified, vol(OF ) = 1, X ∈ g̃ln,±(O), then

IX(ϕ, s, ξ) = LX(s, ξ).

(5) For any s which is not a pole of LX(s, ξ), the distribution IX(·, ξ, s) satisfies the following
two properties:
• IX(·, ξ, s) is a ξη|·|s-stable distribution.
• IX(·, ξ, s) is supported on the closure of GLn(F )-orbit of X.
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Proof. We prove the case where X ∈ O+(a), and the case X ∈ O−(a) follows from the same
argument. Assume a is the image of (λ · id, 0, 0) ∈ g̃ln(F ).

We first prove this proposition when X = Z+
λ . We denote χ = ξ · η. By Iwasawa decomposi-

tion (5.1) and the fact that the map (5.3) is measure preserving, the integral defining IX(ϕ, ξ, s)
can be written as ∫

Nn(F )\GLn(F )

∫
ñ′n(F )

ϕ((Z+
λ +N) · g)χ(g)|det g|sdNdg

= C

∫
An(F )

∫
K

∫
ñ′n(F )

δBn(a)
−1ϕ((Z+

λ +N) · ak)χ(ak)|det a|sdNdadk,

(5.5)

where C is the constant appearing in (5.1). Let fφ be the Schwartz function on Fn defined by

fφ(x1, · · · , xn) = C

∫
ñ′n(F )

∫
K
ϕ ((Xλ(x1, · · · , xn) +N) · k)χ(k)dNdk,

where

Xλ(x1, · · · , xn) =





λ x1 0 · · · 0

0 λ x2 · · · 0

0 0 λ · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · λ


,



0

0

0

· · ·
xn


, 0


Then the integral (5.5) reduces to∫

An(F )
fφ

(
a2
a1
, · · · , an

an−1
,
1

an

)
|a2 · · · an||det a|sda.

Let bi = ai+1/ai for 1 ≤ i ≤ n− 1 and bn = 1/an, the integral above equals to

(5.6)
∫
(F×)n

fφ(b1, b2, · · · , bn)
n∏
i=1

χ(bi)
−i|bi|−is−i+1db1 · · · dbn.

Note that ϕ ∈ S(g̃ln(F )) 7→ fφ ∈ S(Fn) is continuous, part (1)–(3) also follows from Tate thesis.
For part (4), we compute directly that fφ = 1On , by the unramified computation in Tate’s thesis,
IZ+

λ
(ϕ, s, ξ) = LZ+

λ
(s, ξ).

We finally show part (5). The support of IX(·, ξ, s) lies in the closure of orbit of X follows from
the definition, to show stability, following the calculation in [BP21a, Subsection 5.7], Let Z−

0 be
the element in (2.23). Consider the following iterated integral

(5.7) I1λ(ϕ, ξ, s) :=

∫
Nn(F )\GLn(F )

(∫
ñn(F )

ϕ(Z+
λ · g)ψ(〈Z

−
0 , X〉)dX

)
χ(g)|det g|sdg.

Using Iwasawa decomposition, the above integral is equal to∫
An(F )

∫
Fn

fφ(x1, · · · , xn)ψ
(
a1
a2
x1 + · · ·+

an−1

an
xn−1 + anxn

)
|a1 · · · an|s+1χ(a)dxda.
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Let bi = ai/ai+1 for 1 ≤ i ≤ n− 1 and bn = an, this can be written as∫
(F×)n

f̂φ(b1, · · · , bn)
n∏
i=1

|bi|i(s+1)χ(bi)
idb1 · · · dbn.

We thus see that the integral defining I1λ(ϕ, ξ, s) is convergent when Re(s) > −1 and by the
functional equation for local Tate’s zeta integral, we have

I1λ(ϕ, ξ, s) = γ+ξ (s)IZ+
λ
(ϕ, ξ, s),

where

γ+ξ (s) =
n∏
i=1

γ(−is− i+ 1, (ξ · η)−i, ψ).

In other words, when Re(s) > −1, the meromorphic continuation of IX(ϕ, ξ, s) is given explicitly
by

(5.8) IZ+
λ
(ϕ, ξ, s) = γ+ξ (s)

−1I1(ϕ, ξ, s),

Denote ω−
ξ,s be the function on g̃ln(F ) defined by

ω−
ξ,s(X) = χ(δ−(X))|δ−(X)|s.

Put ϕλ(X) = ϕ(X + (λ, 0, 0)).
Direct computation shows that for Y ∈ b̃n(F ), we have

ω−
ξ,s((Z

−
0 + Y ) · g) = χ(g)|det g|sωξ,s(Z−

0 ).

By Fourier inversion, we can write

I1λ(ϕ, ξ, s) =

∫
Nn(F )\GLn(F )

∫
b̃n(F )

Fϕλ((Z−
0 + Y ) · g)χ(g)|det g|sdY dg.

By (5.4), we then see that

I1λ(ϕ, ξ, s) = ζnω
−
ξ,s(Z

−
0 )−1

∫
g̃ln(F )

Fϕλ(X)ω−
ξ,s(X)dX.

By [Cha19, Corollary 3.1.8.2], if ϕ is ξη|·|s-unstable, then so is Fϕ. (Indeed, in loc.cit only proves
the case when ξ is trivial and s = 0, but the same proof works in general). Therefore

I1λ(ϕ, ξ, s) = ζnω
−
ξ,s(Z

−
0 )−1

∫
Ars(F )

∫
GLn(F )

Fϕλ(X · g)χ(g)|det g|sω−
ξ,s(X)dgdX = 0.

Together with (5.8), we see that the distribution IX(·, ξ, s) is ξη|·|s-stable. This finishes the proof
when X = Z+

λ .
Now let X ∈ O+(a) be a general element, then it can be written of the form Z+

λ · g in (2.22). By
a change of variable, we see that when convergent, we have

(5.9) IZ+
λ
(ϕ, ξ, s) = ξ(g)η(g)|det g|s · IX(ϕ, ξ, s).
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Part (1),(2), and (5) of the proposition directly follows from this. In the Tate integral (5.6), for any
a ∈ F we can choose fφ such that the integral gives |a|s ·LZ+

λ
(s), therefore part (3) holds. Part (4)

follows from the fact that if X ∈ g̃ln,+(O) then g ∈ GLn(OF ) (see [Zha14b, Proposition 6.3]). □

According (5.8) in the proof above, for Re(s) > −1, we have the following expression

(5.10) IZ+
λ
(ϕ, ξ, s) = ζnω

−
ξ,s(Z

−
0 )−1γ+ξ (s)

−1

∫
g̃ln(F )

Fϕλ(X)ω−
ξ,s(X)dX.

By the same computation, if we denote ω+
ξ,s the function on g̃ln(F ) defined by

ω+
ξ,s(X) = ξ−1(δ+(X))η(δ+(X))|δ+(X)|−s.

Then for Re(s) < 1, we then have

(5.11) IZ−
λ
(ϕ, ξ, s) = ζnω

+
ξ,s(Z

+
0 )−1γ−ξ (s)

−1

∫
g̃ln(F )

Fϕλ(X)ω+
ξ,s(X)dX.

where

γ−ξ (s) =

n∏
i=1

γ(is− i+ 1, (ξ · η)i, ψ).

Now we switch to the case when a ∈ A(F ) is a regular semisimple element. In this case, the
fiber g̃ln,a(F ) forms a single GLn(F ) orbit, any element in this orbit is regular. For X ∈ g̃ln,a(F ),
we put

LX(s, ξ) = 1.

The following proposition is analogous to (and easier than) Proposition 5.1

Proposition 5.2. Let a ∈ A(F ) be a regular semisimple element and X ∈ g̃ln,a(F ). Let ϕ ∈
S(g̃ln(F )). Consider the integral

IX(ϕ, ξ, s) :=

∫
GLn(F )

ϕ(X · g)ξ(g)η(g)|det g|sdg.

Then we have the following statements:

(1) The integral IX(ϕ, ξ, s) is absolutely convergent for any s ∈ C and defines an entire function
on C.

(2) For any s ∈ C, the resulting map

S(g̃ln(F )) −→ C, ϕ 7−→ IX(ϕ, ξ, ·)

is continuous.
(3) As a function of s

I♮X(ϕ, ξ, s) :=
IX(ϕ, ξ, s)

LX(s, ξ)
= IX(ϕ, ξ, s)

is entire for any ϕ ∈ S(g̃ln(F )),and we can choose ϕ such that it equals to 1.
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(4) If F is non-archimedean with ring of integer O, suppose that ϕ = 1
g̃l(O)

, X ∈ g̃ln,rs(O), ξ
and η are unramified and vol(OF ) = 1, then

IX(ϕ, s, ξ) = LX(s, ξ).

(5) For any s ∈ C, the distribution IX(·, ξ, s) satisfies the following two properties:
• IX(·, ξ, s) is a ξη|·|s-stable distribution.
• IX(·, ξ, s) is supported on the orbit of X.

Proof. Since X is regular semisimple, its orbit is closed, and as a function of g, g 7→ ϕs(X · g)
is then compactly supported. The integral defining IX(ϕs, ξ, s) is therefore absolutely convergent
and entire for s ∈ C. This proves (1) and (2), for (3), the orbit of X is a closed subset in the
non-archimedean case and a closed Nash submanifold in the archimedean case. Take a Schwartz
function ϕ′ on the orbit of X such that∫

GLn(F )
ϕ′(X · g)ξ(g)η(g)|det g|sdg = 1.

we can then extend ϕ′ to a Schwartz function ϕ on g̃ln(F ). (For Archimedean case, see [AG08],
Theorem 4.6.1). The function ϕ satisfies the requirement of (3).

For part (4), We show that ϕ(X · g) = 1 if and only if g ∈ GLn(OF ). In fact, X = (A, v, u) ∈
g̃ln,rs(O) implies that v,Av, · · · , An−1v is a O-basis of On, and u, uA, · · · , uAn−1 is a O-basis of On.
Therefore, if X · g ∈ gln(O), then g−1(v,Av, · · · , An−1v) ∈ gln(O), hence g−1 ∈ gln(O), similarly
(u, uA, · · · , uAn−1)g ∈ gln(O) implies g ∈ gln(O), hence g ∈ GLn(O). Therefore, the integral
I+a (ϕ, s, ξ) is just the volume of GLn(OF ), which is 1. Finally, since a is regular semisimple, part
(5) is trivial in this case. □

5.2. Orbital Integral on the Lie algebra: general element. Let a ∈ A(F ) be a general
element, we use the notation in descent construction in Subsection 2.5. From the element a, we
have an associated embedding ιh : h̃′ → g̃ln, where the induced map ιA : A′

H → A sending aH to
a and each component ai(0 ≤ i ≤ k) of aH is either regular semisimple (for i = 0) or central (for
i > 0).

By Lemma 2.2, there are 2k regular orbits for the action of H(F ) on h̃aH (F ). Let E be the set of
functions from {1, · · · , k} to {+,−}. For each ε ∈ E , there is a regular orbit Oε(a) in h̃aH defined
by

Oε(aH) := h̃0,a0(F )×
∏

1≤k≤i
Oεi(ai),

For each 1 ≤ i ≤ k, we put

ξi = ξ ◦NmFi/F , ηi = η(Fi⊗FE)/Fi
= η ◦NmFi/F ,
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both are unitary characters of F×
i . By an abuse of notation, we also use ξ and η to denote a

character on H(F ) defined by

ξ(h) :=

k∏
i=0

ξi(dethi), η(h) :=

k∏
i=0

ηi(dethi).

We then define

L+
ai(ξ, s) =

ni∏
j=1

L(−js− j + 1, (ξi · ηi)−j), L−
ai(ξ, s) =

ni∏
j=1

L(js− j + 1, (ξi · ηi)j).

For ε ∈ E , we define an L-factor by

(5.12) LεaH (ξ, s) =
k∏
i=1

Lεiai(s, ξ).

Let X ∈ h̃aH (F ) be a regular element, suppose that X ∈ Oε(aH), we then put

(5.13) LX(s, ξ) = LεaH (s, ξ),

By Proposition 5.1 and Proposition 5.2, for each 0 ≤ i ≤ k and any s ∈ C which is not a pole of
LεaH (s, ξ), there exists a continuous linear map

S(h̃i(F )) −→ C, ϕ 7−→ IXi(ϕ, ξ, s).

Identifying S(h̃(F )) with
⊗̂k

i=0S(h̃i(F )), for any regular element X ∈ h̃aH (F ) and s ∈ C which is
not a pole of LX(s, ξ), we define the distribution IX(·, ξ, s) as the tensor product of those IXi(, ξ, s).
If ϕ is factorizable in the sense that

ϕ(X0, · · · , Xk) =
k∏
i=0

ϕi(Xi)

where ϕi ∈ S(h̃i(F )), then we have

IX(ϕ, ξ, s) =

k∏
i=0

IXi(ϕi, ξi, s).

Combining Proposition 5.1 and 5.2, we have following result

Corollary 5.3. Let aH ∈ AH(F ) as above and let ϕ ∈ S(h̃(F )), and X be a regular element in
h̃aH (F ). We then have the following assertions

(1) As a function of s, IX(ϕ, ξ, s) is meromorphic on C, and the pole is contained in the pole
of LX(s, ξ).

(2) For s ∈ C which is not a pole of LX(s, ξ), the resulting linear map

S(h̃(F )) −→ C, ϕ 7−→ IX(ϕ, ξ, s).

is continuous.
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(3) As a function of s
I♮X(ϕ, ξ, s) :=

IX(ϕ, ξ, s)

LX(s, ξ)

is entire for any ϕ ∈ S(g̃ln(F )), and we can choose ϕ such that it equals to 1.
(4) If F is non-archimedean with ring of integer O, suppose that ϕ = 1

h̃(O)
, ξ and η are

unramified, each Fi is unramified over F , vol(OF ) = 1 and X ∈ h0,rs(O)× h̃ε(O), then

IX(ϕ, s, ξ) = LX(s, ξ).

(5) For any s which is not a pole of LX(s, ξ), the distribution IX(·, ξ, s) satisfies the following
two properties:
• IX(·, ξ, s) is a ξη|·|s-stable distribution.
• IX(·, ξ, s) is supported on the closure of the GLn(F ) orbit of X.

The notion of stable distribution on h̃(F ) is defined in the same way as in the beginning of
Subsection 5.1.

Now let X ∈ g̃ln,a(F ) be a regular element. Assume that X is of type ε (see Proposition 2.3),
thus there exists XH ∈ Oε(aH) and g ∈ GLn(F ) such that ιh(XH) = X · g, we set

(5.14) LX(s, ξ) := LXH
(s, ξ).

For any s ∈ C which is not a pole of LX(x, ξ), we will now construct a map

S(g̃ln(F )) −→ C, ϕ 7−→ IX(ϕ, ξ, ·),

the construction will consist of several steps.
First of all, since ιA : A′

H → A is étale and sends aH to a, we can choose an open neighbourhood
ωH of aH in A′

H(F ) and an open neighbourhood ω of a in A(F ) such that
• If F is archimedean, both ω and ωH are semi-algebraic [BCR98, Proposition 8.1.2].
• ιA induces a bijection ωH → ω, which is an isomorphism of Nash manifolds if F is

archimedean, and isomorphism of analytic manifolds if F is non-archimedean,
Let Ω := q−1(ω) and ΩH := q−1

H (ωH). Then the top horizontal map in diagram (2.20) induces an
isomorphism

(5.15) ΩH ×H(F ) GLn(F ) −→ Ω, (Y, g) 7−→ ιh(Y ) · g

of Nash manifolds when F is archimedean and analytic manifolds if F is non-archimedean.
Given ϕ ∈ S(Ω). Let ϕ′ ∈ S(ΩH ×GLn(F )) such that for any (Y, g) ∈ ΩH ×GLn(F ) we have

(5.16) ϕ(ιh(Y ) · g) =
∫
H(F )

ϕ′(Y · h, h−1g)dh.

The existence of ϕ′ follows from the fact that ΩH × GLn(F ) → ΩH ×H(F ) GLn(F ) ∼= Ω is a
submersion. For any s ∈ C, we put

(5.17) ϕH,s(Y ) =

∫
GLn(F )

ϕ′(Y, g)ξ(g)η(g)|det g|sdg,
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then ϕH,s ∈ S(ΩH) for any s ∈ C and the map C→ S(ΩH), s 7→ ϕH,s is holomorphic.

Lemma 5.4. For s ∈ C, we can regard ϕH,s as a Schwartz function on h̃(F ), if s is not a pole of
LX(s, ξ), then the complex number

IXH
(ϕH,s, ξ, s)

is independent of the choice of ϕ′ defining ϕH,s.

Proof. Let ϕ′′ be another Schwartz function on S(ΩH×GLn(F )) such that for any (Y, g) ∈ S(ΩH×
GLn(F ), the equation

ϕ(ιh(Y ) · g) =
∫
H(F )

ϕ′′(Y · h, h−1g)dh.

holds. We put
ψH,s(Y ) =

∫
GLn(F )

ϕ′′
s(Y, g)ξ(g)η(g)|det g|sdg.

Switching the order of integral shows that the function ϕH,s − ψH,s is ξη|·|s-unstable. By Corol-
lary 5.3 (5), IXH

(ϕH,s, ξ, s) = IXH
(ψH,s, ξ, s). □

Recall that there is a unique g ∈ GLn(F ) such that X = ιh(XH) · g. For ϕ ∈ S(Ω), we define

(5.18) IX(ϕ, ξ, s) := ξ(g)−1η(g)|det g|−sIXH
(ϕH,s, ξ, s).

By Lemma 5.4, IX(ϕ, ξ, s) is a well-defined meromorphic function on C.

Lemma 5.5. For ϕ ∈ S(Ω), the meromorphic function IX(ϕ, ξ, s) only depends on the value of ϕ
on the orbit of X (i.e. it is supported on the closure of the orbit of X).

Proof. We are reduced to show that if ϕ is zero on the orbit of X, then IX(ϕ, ξ, s) = 0. For this
ϕ, we can pick the ϕ′ ∈ S(ΩH ×GLn(F )) such that ϕ′ vanishes on ΩH × {orbit of X}. Then ϕH,s

vanishes on orbit of XH , the result hence follows from 5.3 (5). □

Remark 5.6. As we mentioned in Subsection 2.5, the map ιh depends on the choices of the
isomorphisms i and i0, but we can check directly that the definition of IX(ϕ, ξ, s) is independent
of the choice of these isomorphisms, since different i and i0 differ by conjugation by an element in
GLn(F ).

Now we finally give the definition of IX(ϕ, ξ, s).

Definition 5.7. Pick u ∈ C∞
c (ω) with u(a) = 1. Let ϕ ∈ S(g̃ln(F )), and let s ∈ C which is not a

pole of LX(s, ξ) we define
IX(ϕ, ξ, s) := IX(ϕ · (u ◦ q), ξ, s),

where the right hand side is defined as (5.18).

By Lemma 5.5, the definition of IX(ϕ, ξ, s) is independent of choice of u. We now study the
properties of IX(ϕ, ξ, s)
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Proposition 5.8. We have the following assertions
(1) For ϕ ∈ S(g̃ln(F )), as a function of s, IX(ϕ, ξ, s) is meromorphic on C, and its pole is

contained in the pole of LX(s, ξ).
(2) For s ∈ C which is not a pole of LX(s, ξ), the resulting linear map

S(g̃ln(F )) −→ C, ϕ 7−→ IX(ϕ, ξ, s).

is continuous.
(3) As a function of s

IX(ϕ, ξ, s)

LX(s, ξ)

is entire for any ϕ ∈ S(g̃ln(F )).
(4) If F is non-archimedean with ring of integer O, Fi are unramified over F , ξ and η are

unramified and X ∈ g̃ln,±(O) and aH ∈ A′
H(O), vol(OF ) = vol(OFi) = 1, X can be written

of the form ιh(XH) · g, with XH ∈ h0,rs(O)× hε(O) and g ∈ GLn(O), then

IX(1g̃ln(O)
, s, ξ) = LX(s, ξ).

(5) For any s which is not a pole of LX(s, ξ), the distribution IX(·, s, ξ) satisfies the following
two properties:
• IX(·, ξ, s) is a ξη|·|s-stable distribution.
• IX(·, ξ, s) is supported on the closure of GLn(F ) orbit of X.

Proof. Without loss of generality, we can assume ιh(XH) = X (otherwise, we can choose a dif-
ferent i and i0), part (1) and (2) then follows from Corollary 5.3 (1), (2) and the fact that map
S(g̃ln(F ))→ S(h̃(F )), ϕ 7→ ϕH,s . For part (3), note that for a fixed s = s0, the analytic property
of IX(ϕ, ξ, s)/LX(s, ξ) only depends on ϕH,s0 , therefore (3) follows from Corollary 5.3 (3). Under
the assumption of (4), by [CZ21, Lemme 3.4.5.1], for all Y ∈ h̃(F ) and g ∈ G(F ), we have

1
g̃ln(O)

(ιh(Y ) · g) =
∫
H(F )

1
h̃(O)

(Y · h) · 1GLn(O)(h
−1g)dh.

Therefore, if we choose any u ∈ C∞
c (ω) with u(a) = 1 and let ϕ = 1

g̃ln
· (u ◦ q). Then ϕ′ : (Y, g) 7→

1
h̃(O)

(Y )u(q(ιh(Y )))1GLn(O)(g) satisfies the equation (5.16). Then

ϕH,s(Y ) =

∫
GLn(F )

1
h̃(O)

(Y )u(ιh(Y ))1GLn(O)(g)χ(g)|g|sdg = 1
h̃(O)

(Y )u(q(ιh(Y ))).

By Lemma 5.5 and our assumptions, IX(1g̃ln(O)
, ξ, s) = IX(ϕ, ξ, s) = IXH

(ϕH , ξ, s) = IXH
(1

h̃(O)
, ξ, s).

Therefore (4) follows from Corollary 5.3 part (4). For (5), to show IX(·, ξ, s) is a ξη|·|s-stable dis-
tribution, let ϕ ∈ S(g̃ln(F )) be a ξη|·|s-unstable function, replacing ϕ by ϕ · (u ◦ q), we can assume
ϕ ∈ S(Ω), then direct computation shows ϕH,s is also ξη|·|s-unstable, therefore, the result follows
from the fact that IXH

is a ξη|·|s-stable distribution. The fact that it supports in the closure of the
orbit of X follows from Lemma 5.5.

□
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Remark 5.9. When X is central or regular semisimple, we then have two definitions of IX in
Subsection 5.1 and 5.2 respectively, these two definitions coincide because, when a ∈ Ars(F ), the
descent construction associated with a is given by H = H0 = GLn and ιH = ιh = id. And
when a ∈ A(F ) is central, the descent construction associated to a is given by H0 = {1} and
k = 1, F1 = F, n1 = n, therefore we also have H = GLn and ιH = ιh = id.

When X ∈ g̃ln,+(F ) or X ∈ g̃ln,−(F ), the distribution can be defined in a more direct way.

Proposition 5.10. Let X ∈ g̃ln,+(F ) (resp. X ∈ g̃ln,−(F )), then for ϕ ∈ g̃ln(F ) the integral

(5.19)
∫
GLn(F )

ϕ(X · g)ξ(g)η(g)|g|sdg

is absolutely convergent when Re(s) > −1+ 1
n (resp. Re(s) < 1− 1

n), and coincides with IX(ϕ, ξ, s)
in the convergence domain.

Proof. We choose a non-negative function ψ′ ∈ Cc(ΩH × GLn(F )) such that for any (Y, g) ∈
ΩH ×GLn(F ), we have

|ϕ(ιh(Y ) · g)| =
∫
H(F )

ψ′(Y · h, h−1g)dh.

For s ∈ C, let ψH,s ∈ Cc(h̃(F )) be the non-negative function defined by

ψH,s(Y ) =

∫
GLn(F )

ψ′(Y, g)|det g|Re(s)dg.

Then the absolute convergence of the integral (5.19) is equivalent to the absolute convergence of∫
H(F )

ψH,s(Y · h)|deth|sdh

which follows from and Proposition 2.3 (2) and Proposition 5.1 (although in Proposition 5.1, we
require the functions are Schwartz, but the proof of part (1) only needs the condition that the
functions are in Cc(h̃(F ))). After the knowledge of absolute convergence, Fubini theorem implies
that the integral (5.19) coincides with IX(ϕ, ξ, s) in the domain of convergence. □

5.2.1. A variant. We provide a variant of the construction above, replacing g̃ln by gln+1. Recall
that B = gln+1 /GLn and we have a canonical identification B ∼= A×F induced by the map (2.10).

For a regular element X =

(
A v

u d

)
∈ gln+1(F ), we define

LX(s, ξ) := L(A,v,u)(s, ξ),

where the right-hand side is defined in (5.14). For ϕ ∈ S(gln+1(F )), and s ∈ C which is not a pole
of LX(s, ξ), we put

IX(ϕ, ξ, s) := I(A,v,u)(ϕd, ξ, s),
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where ϕd ∈ S(g̃ln(F )) is defined by

ϕd(A
′, v′, u′) = ϕ

(
A′ v′

u′ d

)
.

Remark 5.11. By definition, it is easy to see that IX admits similar properties as those listed in
Proposition 5.8.

5.3. Orbital integrals on the group. Let f ∈ S(G′(F )) and s ∈ C, we define fSs ∈ S(S(F )) by
(5.20)

fSs (x) =


∫
H1(F )

∫
H2,n+1(F ) f(h

−1
1 , h−1

1 ν−1(x)h2,n+1)ξ(h1)|deth1|sµ(ν−1(x)h2,n+1), n odd,∫
H1(F )

∫
H2,n+1(F ) f(h

−1
1 , h−1

1 ν−1(x)h2,n+1)ξ(h1)|deth1|s, n even.

Fix γ = (γn, γn+1) ∈ G′
reg(F ), let x = α(γ) ∈ S(F ), and let b = q(x) ∈ B(F ). Choose σ ∈ E×

with σσc = 1 such that x ∈ Sσ(F ), so the Cayley transform cσ is defined. We use cσ to transport
fSs to a Schwartz function fgls on gln+1(F ): pick u ∈ C∞

c (Bσ(F )) such that u(b) = 1, and define
fgls ∈ S(glτn+1(F )) by

(5.21) fgls (X) = (u · fSs )(cσ(X)),

and extends fgls to an element of S(gln+1(F )) using extension by zero, we still denote it by fgls .
We put an L-factor by

Lγ(s, ξ) := Lc−1
σ (x)(s, ξ),

and for s ∈ C which is not a pole of Lγ(s, ξ), we put

Iσγ (f, ξ, s) :=

Icσ(x)(f
gl
s , ξ, s)µ(γnγ

−1
n+1) n odd

Icσ(x)(f
gl
s , ξ, s) n even

.

Note that, by Proposition 5.8 (5) (see also Remark 5.11), the definition of Iσγ does not depend on
the choice of u ∈ C∞

c (Bσ(F )).
We say f ∈ S(G′(F )) is (ξ|·|s, η)-unstable, if for any γ ∈ G′

rs(F ), the orbital integral∫
H1(F )

∫
H2(F )

f(h−1
1 γh2)|deth1|sξ(h1)η(h2)dh1dh2

vanishes. A distribution I : S(G′(F )) → C is called (ξ|·|s, η)-stable if I(f) = 0 for any f that is
(ξ|·|s, η)-unstable.

We now list the properties of Iσγ .

Proposition 5.12. We have the following assertions

(1) The function s 7→ Lγ(f, ξ, s) is meromorphic, and the pole is contained in the pole of
Lγ(s, ξ).

(2) If s is not a pole of Lγ(s, ξ), then Iσ(·, ξ, s) is continuous.
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(3) As a function of s, for any f ∈ S(G′(F ))

Iσ,♮(f, ξ, s) :=
Iσγ (f, ξ, s)

Lγ(s, ξ)

is entire.
(4) If F is non-Archimedean with ring of integer O, suppose that we can choose σ such that

• ξ, η and µ are unramified,
• 2τσ ∈ O×,
• γ ∈ G′(O),
• aH ∈ A′

H(O),
• X = c−1

σ (x) satisfies the condition of (4) in Proposition 5.8.
Then Iσγ (1G′(O), ξ, s) = Lγ(s, ξ)

(5) For any s ∈ C which is not a pole of Lγ(s, ξ), Iσγ (·, ξ, s) is a ξη|·|s-stable distribution and
supported on the closure of the H1(F )×H2(F ) orbit of γ.

Proof. Part (1) follows from Proposition 5.8 (1) and the fact that s 7→ fgls is holomorphic and
valued in S(gln+1(F )). (2) and (3) also follow from their corresponding part of Proposition 5.8.
Put f = 1G′(O) Under the condition of (4), one directly checks that fSs = 1S(O) for any s ∈ C and
Iσγ (f, ξ, s) = Icσ(x)(1g̃ln(O)

, ξ, s). Therefore, part (4) follows from Proposition 5.8 (4), and part (5)
also follows from Proposition 5.8 (5). □

Remark 5.13. It is expected that Iσγ depends only on γ (but does not depend on σ), for example,
the following lemma shows that this holds when γ ∈ G′

+(F ) or G′
−(F ), but the author does not

have a proof now.
However, we can show that Lγ is independent of the choice of σ, for the following reason: for

any s0 ∈ C the order of the pole of Lγ(s, ξ) at s = s0 is the maximum of that of Iσγ (f, ξ, s) as
f runs through elements in S(G′(F )). This follows from Corollary 5.3 (3), and this quantity is
independent of the choice of σ.

When γ ∈ G′
+(F ) or γ ∈ G′

−(F ), Iγ can be described more explicitly. The following lemma can
be proved using the same strategy as that in the proof of Proposition 5.10.

Lemma 5.14. We have the following assertions:
• If γ is regular semisimple, then

Iσγ (f, ξ, s) =

∫
H1(F )

∫
H2(F )

f(h−1
1 γh2)ξ(h1)|deth1|sη(h2)dh1dh2,

where the integral converges absolutely for any s ∈ C.
• If γ ∈ G′

+(F ) (resp. G′
−(F )), then the integral∫

H1(F )

∫
H2(F )

f(h−1
1 γh2)ξ(h1)|deth1|sη(h2)dh1dh2,

is absolutely convergent for s ∈ H<−1+ 1
n

(resp. s ∈ H>1− 1
n

) and equals Iσγ (f, ξ, s) there.
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In particular, in these cases, the definition of Iσγ (f, ξ, s) does not depend on the choice of σ

6. Global Theory II: Regular Supported Functions

In this section, we set back to our notation in Section 4. So F will be a number field. The main
result in this section is Theorem 6.1, which computes the geometric side of Jacquet-Rallis RTF
when the test function is regular supported at a place.

6.1. Global orbital integral. Fix an additive character ψ : F\AF → C×, for each place v of F ,
the local component ψv : Fv → C× of ψ determines measures on various algebraic groups over Fv
as discussed in 5.0.1. If F ′/F is a finite extension, we put ψ ◦ TrF ′/F as the additive character
on AF ′ and it can be used to define measures on various local groups over F ′

w where w is a place
of F ′. For any reductive group G over F , we write ∆∗

G for the leading Laurant coefficient of the
Artin-Tate L-function LG(s) associated to G (See [BPCZ22, 2.3.2]). For m > 0, the Tamagawa
measure on GLm(AF ′) is given by

dg = ∆∗,−1
GLm,F ′

∏
w

dgw.

In this case, ∆GLm,F ′ = ζ∗F ′(1)ζF ′(2) · · · ζF ′(m) where ζ∗F ′(1) denotes the residue of ζF (s) (the
completed Dedekind zeta function) at s = 1, and the product runs through the places of F ′.

We consider the three cases for a group G acting on X as in (2.12), excluding the case (G,X) =

(GLn, S). So the notation G and X will mean any pair (G,X) in these three cases. Let ξ : A×
E → C×

be a strictly unitary character. For a place v of F , an element γ ∈ Xreg(F ) and f ∈ S(X(Fv)),
in Section 5, we have defined the local factor Lγ(s, ξv) and regularized orbital integral Iγ(f, ξv, s)
(If G = H1 × H2, it depends on a choice of a norm 1 element σ in Ev, which we assume it comes
from a global element, and it should be denoted by Iσγ , similar for the notations later). We will
denote them by Lγ,v and Iγ,v here. Using the compatibility of descent and base change (see the
last sentences of Subsection 2.5), the local factor Lγ,v is the local component of a global L-factor
Lγ(s, ξ) (which is defined by the global analogue of (5.12)). For f ∈ S(X(Fv)), we put

I♮γ,v(f, ξv, s) :=
Iγ,v(f, ξv, s)

Lγ,v(s, ξv)
.

For f ∈ S(X(A)), if f = ⊗fv is factorizable, by results in Section 5, I♮γ,v(fv, ξv, s) = 1 for almost
all places v, hence we can define

I♮γ(f, ξ, s) :=
∏
v

I♮γ,v(fv, ξv, s).

The definition of I♮γ extends by continuity to any f ∈ S(X(A)). We then define

(6.1) Iγ(f, ξ, s) := ∆∗,−1
G Lγ(s, ξ)I

♮
γ(f, ξ, s).
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By definition, Iγ(f, ξ, s) depends only on the value of f on the G(A)-orbit of γ and for any
g ∈ G(F ), Iγ·g(f) = Iγ(f), and when X = G′, G = H1 × H2, it depends on the choice of norm one
element σ.

The construction directly generalizes to the product of cases we consider. Fix a ∈ A(F ) we,
therefore, have h̃ as discussed in Subsection 2.5. Then for any ϕ ∈ S(h̃(A)) and regular element
Y ∈ h̃(F ), we can define IY (ϕ, ξ, s) in the same way.

6.2. Main result. We now state our main result.

Theorem 6.1. Let f = fvf
v ∈ S(G′(A)) with fv ∈ S(G′(Fv)), f

v ∈ S(G′(Av)) and supp(fv) ⊂
G′

reg(Fv), then for b ∈ B(F ), we have

(6.2) Ib(f, ξ, s) =
∑
γ

Iσγ (f, ξ, s).

Where Ib is the distribution from relative trace formula in Theorem 3.1 (2), and Iσγ is defined in
(6.1), the sum runs through all the representative of H1(F )×H2(F ) orbits in G′

b(F ) ∩G′
reg(F ).

We will derive Theorem 6.1 from a Lie algebra version of it.

Proposition 6.2. Let g denote either gln+1 or g̃ln. Let ϕ = ϕvϕ
v ∈ S(g(A)) with ϕv ∈

S(g(Fv)), ϕv ∈ S(g(Av)) and supp(ϕv) ⊂ greg(Fv), then for a ∈ (g/GLn)(F ), we have

(6.3) Ia(ϕ, ξ, s) =
∑
X

IX(ϕ, ξ, s).

Where Ia is the distribution from relative trace formula (see Theorem 3.2 and Remark 3.3) and IX
is defined in (6.1), the sum runs through all the representative of GLn(F ) orbits in ga(F )∩greg(F ).

Fix a ∈ A(F ). By the descent construction in Subsection 2.5, there is h̃ which is a product of
g̃lni,Fi

of smaller size such that there is aH ∈ A′
H maps to a under the étale map ιA : A′

H → A.
We first show a version of Proposition 6.2 for aH .

Lemma 6.3. Let ϕ = ϕvϕ
v ∈ S(h̃(A)) with ϕv ∈ S(h̃(Fv)), ϕv ∈ S(h̃(Av)) and supp(ϕv) ⊂

h̃reg(Fv), then we have

(6.4) IaH (ϕ, ξ, s) =
∑
X

IX(ϕ, ξ, s).

Where IaH is the distribution from relative trace formula (see Remark 3.3), the sum runs through
all the representative of H(F ) orbits in h̃aH (F ) ∩ h̃reg(F ).

Proof. We can assume ϕ is a pure tensor ⊗ϕv and each ϕv is of the form ϕv = ⊗ki=0ϕv,i by continuity,
where ϕv,i ∈ S(glni

(Fi)). Put ϕi = ⊗ϕv,i ∈ S(g̃lni
(AFi)), so that ϕ = ⊗ϕi. Therefore,

IaH (ϕ, ξ, s) =

k∏
i=0

Iai(ϕi, ξi, s),
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and ∑
X

IX(ϕ, ξ, s) =

k∏
i=0

∑
Xi

IXi(ϕi, ξi, s)

 ,

where ξi := ξ ◦ Nm(E⊗FFi)/E , and in the sum on the right-hand side, for each 0 ≤ i ≤ k, Xi runs
through the regular orbits in g̃lni,Fi ,ai

(Fi). Therefore up to possibly replacing F by Fi, we are
reduced to prove Proposition 6.2, for g = g̃ln and a is either central or regular semisimple.

If a is regular semisimple, then both sides of (6.4) equals to∫
GLn(A)

ϕ(X · g)ξ(g)η(g)|det g|sdg,

therefore (6.4) holds. We now assume a is central. By Lemma 2.2, all regular orbits in the fiber of
a are O+(a) and O−(a). Note that we have the following open cover of g̃ln,reg(Fv):

g̃ln,reg(Fv) = g̃ln,+(Fv) ∪ g̃ln,−(Fv) ∪ (g̃ln,reg \ g̃ln,a)(Fv).

We choose functions α0, α+, α− ∈ C∞(g̃ln,reg(Fv)) (a partition of unity), such that
• α+ + α− + α0 = 1,
• supp(α0) ⊂ (g̃ln,reg \ g̃ln,a)(Fv), supp(α+) ⊂ g̃ln,+(Fv), supp(α−) ⊂ g̃ln,−(Fv),
• for any f ∈ S(g̃ln,reg(Fv)) and any i ∈ {0,+,−}, αif ∈ S(g̃ln,reg(Fv)).

The existence of these functions is easy for non-Archimedean v and for v Archimedean, see [AG08,
Theorem 4.4.1].

For i ∈ {0,+,−}, let ϕi ∈ S(g̃ln(A)) be the function (αiϕv) · ϕv. Then since the distribution
Ia(·, ξ, s) is supported on g̃ln,a(A), we see that

(6.5) Ia(ϕ0, ξ, s) = 0.

Since ϕ+ satisfies the assumption of Theorem 4.3, by part (3) of this theorem, we see that for
s ∈ H<−1

(6.6) Ia(ϕ+, ξ, s) =

∫
GLn(A)

ϕ+(X · g)ξ(g)η(g)|det g|sdg =

∫
GLn(A)

ϕ+(X · g)ξ(g)η(g)|det g|sdg,

where the integral in (6.6) is absolutely convergent. That is, the infinite product

∆∗,−1
GLn

∏
v

IX+,v(ϕv, ξv, s)

is convergent when s ∈ H<−1, and is therefore equals to IX+(ϕ, ξ, s). Since both Ia(ϕ+, ξ, s)

and IX+(ϕ, ξ, s) are meromorphic in s, we see that whenever they are holomorphic, we have
Ia(ϕ+, ξ, s) = IX+(ϕ, ξ, s). By a similar argument, Ia(ϕ−, ξ, s) = IX−(ϕ−, ξ, s). Together with (6.5),
we see that

Ia(ϕ, ξ, s) = Ia(ϕ+, ξ, s) + Ia(ϕ−, ξ, s) + Ia(ϕ0, ξ, s) = IX+(ϕ, ξ, s) + IX−(ϕ, ξ, s),

which is exactly the equality we want for the central element a. □

Now we give the proof of Proposition 6.2.
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Proof of Proposition 6.2. We first show the case when g = g̃ln. We will use the notation introduced
in Subsection 2.5.

Let S be a sufficiently large finite set of places of F , containing all archimedean places. For
any v ∈ S, pick an open neighbourhood ωv of a in A(Fv) and a neighbourhood ωH,v of aH in
AH(Fv) such that ωv and ωH,v are semi-algebraic if v is Archimedean and ιA : A′

H → A induces
an isomorphism ωH,v → ωH . Let ωS :=

∏
v∈S ωv and ωH,S :=

∏
v∈S ωH,v. We choose u ∈ C∞

c (ωS)

such that u(a) = 1. Denote ΩS (resp. ΩH,S) be the preimage of ω (resp. ωH,v) under the quotient
map q (resp. qH).

Since both sides of (6.4) only depend on the value of ϕ on g̃ln,a(A). After replacing ϕ by
ϕ · (u◦ q) and enlarging S, we can assume ϕ = ϕS⊗1

g̃ln(OS
F )

, where ϕS ∈ S(g̃ln(FS)). We can choose
ϕ′ ∈ S(ΩH,S ×GLn(FS)) (see Subsection 5.2) such that for any (X, g) ∈ ΩH,S ×GLn(FS), we have

ϕ(ιh(X) · g) =
∫
HS(F )

ϕ′(Xh, ιH(h)
−1g)dh.

For any XH ∈ ΩH,S and s ∈ C, we put

ϕH,S,s(XH) =

∫
GLn(FS)

ϕ′(XH , g)ξS(g)ηS(g)|det g|sdg.

Define ϕH,s ∈ S(h̃(A)) by ϕH,s = ϕH,S,s ⊗ 1
h̃(OS

F )
. Up to enlarging S, by [CZ21, Théorème 6.4.6.1],

we have
Ia(ϕ, ξ, s) = ∆∗,−1

GLn
∆∗
HIaH (ϕH,s, ξ, s).

(In loc. cit, this result is only proved for the case when ξ is trivial and s = 0, but the same proof
works for general case). By our construction of regularized orbital integral IX in Subsection 5.2,
for any regular element XH ∈ h̃(F ), we have

IXH
(ϕH,s, ξ, s) = ∆∗,−1

GLn
∆∗
HIX(ϕ, ξ, s).

Therefore, Proposition 6.2 follows from Lemma 6.3 and Proposition 2.3. □

Now we can prove Theorem 6.1.

Proof of Theorem 6.1. Choose σ ∈ E such that NmE/F (σ) = 1 and b ∈ Bσ(F ). So Cayley transform
cσ(b) ∈ B(F ) is defined.

Choose a sufficiently large set of finite places S of F . We assume that f is of the form fS⊗1G′(OS
F ),

where fS ∈ S(FS), and we define fglS,s by a similar formula as in (5.21), replacing F there by FS, and
we put fgls := fglS,s ⊗ 1

g̃ln(OS)
∈ S(g̃ln(A)). When S is sufficiently large, by [CZ21, Lemme 14.4.4.2],

we have
Ib(f, ξ, s) = ∆∗,−1

H1
∆∗,−1

H2
∆∗

GLn
Icσ(b)(f

gl
s ).

Let γ ∈ G′(F ) be regular element, by our construction of Iσγ (f, ξ, s), we have

Iσγ (f, ξ, s) = ∆∗,−1
H1

∆∗,−1
H2

∆∗
GLn

Icσ(α(γ))(f
gl
s , ξ, s).

Therefore, the result follows from Proposition 6.2. □
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7. Local Theory II: Local Singular Transfer

We retain the notation in Section 5 so that F is a local field of characteristic 0 and E/F is a
quadratic étale algebra. Recall that in Section 5, we have defined, for any f ∈ S(G′(F )), and any
γ ∈ G′

reg(F ) and character ξ : E× → C×, a regularized orbital integral Iσγ (f, ξ, s) and a normalized
version Iσ,♮γ (f, ξ, s) which depends on a choice of norm one element σ in E.

In this section, we will study a transfer relation between Iσγ (f) and semisimple orbital integrals
on the unitary groups. We will first introduce orbital integral unitary groups and matching in
Subsection 7.1 and 7.2, we then review the descent on ũV in 7.3, which is a unitary analogue of
what we have done in Subsection 2.5. Then we study the Lie algebra version of local singular
transfer in Subsection 7.4 and the group version in Subsection 7.5.

7.0.1. Notations and measure. Let H denote the isometric classes of n-dimensional E/F Hermitian
space. Let (V, h) ∈ H, denote the discriminant of V by disc(V ), which is the determinant of the
gram matrix of V in any basis, regarded as an element of F×/NmE/F (F

×). Let U(V ) be the unitary
group associated to V , and let V + Ee0 be the Hermitian space formed by orthogonal direct sum
of V and 1-dimensional E/F -Hermitian space (Ee0, h0) spanned by e0 with h0(e0, e0) = 1. Define

GV = U(V )×U(V ⊕ Ee0), HV = (h, diag(h, 1)), h ∈ U(V ).

So HV is a subgroup of GV isomorphic to U(V ). The group HV ×HV acts on the right on GV by

g · (h1, h2) := h−1
1 gh2.

For any γ ∈ GV (F ), let (HV ×HV )γ denote the stabilizer of γ under this action. We call γ ∈ GV (F )

semisimple (resp. regular semisimple), if its HV × HV orbit is Zariski closed (resp. is semisimple
and has trivial stabilizer). We call any U(V )(F ) orbits of a semisimple element a semisimple orbit.
We write GV

rs for the open subset of GV consisting of regular semisimple elements.
Let uV be the F -subspace of EndE(V ) consisting of self-adjoint operators, so it is τ times the

Lie algebra of U(V ), where τ is any purely imaginary element (i.e. TrE/F τ = 0) in E. We put
ũV := uV × ResE/FV , which is an F -vector space with a right U(V ) action by

(A, v) · g = (g−1Ag, g−1v).

When we want to emphasize the rule of the Hermitian form h on V , we will also write ũh := ũV .
For X ∈ ũV (F ), we denote its stabilizer under this action by U(V )X . An element X ∈ ũV (F )

is called semisimple (resp. regular semisimple), if its orbit under the U(V ) action is Zariski closed
(resp. is semisimple and has stabilizer). Let ũVrs denote the open subset of ũV consisting of regular
semisimple elements.

As in 5.0.1, we fix an additive character ψ on F . For any m-dimensional Hermitian space V ′

over F , choose a finite extension F ′/F such that U(V ′) is split over F . (e.g. F ′ = F if E is split,
and L = E if E is a field). We have an embedding U(V ′) ↪→ GL(V ′). We put the measure on
U(V ′)(F ) defined by the F ′-valued differential form

∏m
i=1 L(i, η

i) det(gij)
−m∧ dgij on GL(V ′)(F ′)
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pulled back to U(V ′)(F ). We put the product measure on GV (F ), and put the Haar measure on
HV (F ) via the natural identification H(V ) ∼= U(V ). Note that when E = F × F , the measure on
U(V ) ∼= GLn coincides with the measure we gave in 5.0.1.

Let F ′/F be any finite field extension, we put an additive character ψ′ on F ′ by ψ ◦ TrF ′/F .
So that we can also put a measure on U(V ′)(F ′) for any (E ⊗F F ′)/F ′ Hermitian space V ′. For
V ∈ H, let γ ∈ GV (F ) or X ∈ ũV (F ) be a semisimple element, we will see in Subsection 7.3
that the stabilizer of γ or X is a reductive group which is isomorphic to finitely many product of
ResF ′/F U(V ′), we choose the measure on (HV × HV )γ(F ) or U(V )X(F ) to be the product of the
measures we have fixed.

We put a non-degenerate bilinear form on ũV (F ) by 〈(A, v), (B,w)〉 = Tr(AB) + TrE/Fh(v, w).
For ϕV ∈ S(ũV (F )), we then define its Fourier transform FϕV ∈ S(ũV (F )) to be

Fϕ(Y ) =

∫
ũ(F )

ϕ(X)ψ(〈X,Y 〉)dY,

where the measure on ũV (F ) is chosen to be self-dual.

7.1. Orbital integral on the unitary groups. For a semisimple element γ ∈ GV (F ) and f ∈
S(GV (F )), we define its orbital integral by

JVγ (f) = Jγ(f) :=

∫
(HV ×HV )γ(F )\(HV ×HV )(F )

f(γ · h)dh.

The semisimplicity of γ guarantees h 7→ γ · h is Schwartz function on the orbit of γ, so the integral
is absolutely convergent. JVγ only depends on the semisimple orbit o of γ. Let o be a semisimple
orbit, we write

Jo(f) = Jγ(f),

where γ is any element in o. When γ is regular semisimple, the orbital integral is then given by

Jγ(f) =

∫
HV (F )×HV (F )

f(γ · h)dh.

For a semisimple element X ∈ ũV (F ) and for ϕ ∈ S(ũ(F )), we define its orbital integral by

JX(ϕ) = JVX (ϕ) :=

∫
U(V )X(F )\U(V )(F )

ϕ(X · h)dh.

The integral is absolutely convergent for the same reason and depends only on the orbit U(V )(F )

of X. Let o be a semisimple orbit in ũV (F ), we define Jo(ϕ) to be JX(ϕ), for any X ∈ o. When X
is regular semisimple, this reduces to

JX(ϕ) =

∫
U(V )(F )

ϕ(X · h)dh.

For λ ∈ F , we write Zλ for the element (λ · id, 0, 0) ∈ ũV . The subspace of ũV formed by Zλ is
the center of ũV under the U(V ) action. Its image in A coincides with the center we considered in
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Subsection 2.5. By definition, Zλ is semisimple and for ϕ ∈ S(ũV (F )) we have

JZλ
(ϕ) = ϕ(Zλ).

7.2. Transfer of functions. The GIT quotient GV /HV ×HV (resp. ũV (F )/U(V )) can be canon-
ically identified with B (resp. A), (see [CZ21, Lemme 15.1.4.1] and Subsection 8.1). For γV =

(x, y) ∈ GV (F ) and γ = (gn, gn+1) ∈ G′(F ), we put s = (g−1
n gn+1)(g

−1
n gn+1)

c,−1 and g = x−1y.
Then γ and γV have the same image in B(F ) if and only if s and g have the same characteristic
polynomial and etn+1s

ien+1 = h(gie0, e0) for 1 ≤ i ≤ n.
If we use the identification (2.11), then for (A, v) ∈ ũV , the quotient map qV : ũV → A can be

identified with

(7.1) (A, v) 7−→ (Tr(∧iA)1≤i≤n, h(Aiv, v)0≤i≤i−1).

So that for X = (A, v, u) ∈ g̃ln(F ) and XV = (A′, v′) ∈ ũV , X and XV have the same image
in A(F ) if and only if A′ and A have the same characteristic polynomial and uAiv = h(Aiv, v) for
1 ≤ i ≤ n.

These identifications induce bijections

G′
rs(F )/H1(F )×H2(F )←→

⊔
V ∈H

GV
rs(F )/H

V (F )×HV (F ),

and

(7.2) g̃ln,rs(F )/GLn(F )←→
⊔
V ∈H

ũVrs(F )/U(V )

We say γ ∈ G′
rs(F ) (resp. X ∈ g̃ln(F )) matches with γV ∈ GV

rs(F ) (resp. XV ∈ ũVrs(V )) if they
correspond to each other under the bijection above, equivalently, their image in B(F ) (resp. A(F ))
are the same.

We define the transfer factors

Ω+,Ω− : G′
rs(F ) −→ C×, and ω+, ω− : g̃ln,rs(F ) −→ C×

by

Ωε(γn, γn+1) =

µ(γ−1
n γn+1)µ(x)

−n+1
2 µ(∆ε(x)) n odd

µ(x)−
n
2 µ(∆ε(x)) n even

,

where x = ν(γ−1
n γn+1) and

ωε(X) = η(δε(X)).

where ε ∈ {+,−}.
We say that f ∈ S(G′(F )) and (fV ∈ S(GV (F )))V ∈H are plus-transfer (resp. minus-transfer) of

each other, if whenever the element γ ∈ G′
rs(F ) and γV ∈ GV

rs(F ) match, we have

JVγV (f
V ) = Ω+(γ) · Iγ(f) (resp. JVγV (f

V ) = Ω−(γ) · Iγ(f))

We write f +←→ (fV )V (resp. f −←→ (fV )V ) if they are plus-transfer (resp. minus transfer).
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Similarly, we define ϕ ∈ S(g̃ln(F ))
+←→ (ϕV ∈ S(ũV (F ))V ∈H (resp. ϕ

−←→ (ϕV )V ) if whenever
X ∈ g̃ln,rs(F ) and XV ∈ ũVrs(F ) match, we have

JVXV (ϕ
V ) = ω+(X) · IX(ϕ) (resp. JVXV (ϕ

V ) = ω−(X) · IX(ϕ))

Lemma 7.1. Given ϕ ∈ S(g̃ln(F )) and ϕV ∈ S(ũV (F )) for each V ∈ H. Then

ϕ
+←→ (ϕV ) ⇐⇒ ϕ

−←→ (η(disc(V )) · ϕV )

Proof. For (V, h) ∈ H and XV = (A, v) ∈ ũV (F ), define dn(X) = det(h(Ai+j−2v, v)1≤i,j≤n). For
X ∈ g̃ln(F ), we have defined dn(X) in (2.13).

Now ϕ
+←→ (ϕV ) if and only if for any matching of regular semisimple elements X and XV , we

have

JVXV (ϕ
V ) = ω+(X)IX(ϕ).

Note that dn(X) = det(δ+(X)δ−(X)), so the condition above is the same as

JVXV (ϕ
V )η(dn(X)) = ω−(X)IX(ϕ).

The matching of X and XV implies dn(X) = dn(X
V ). Moreover, η(dn(XV )) = η(disc(V )), since

(v,Av, · · · , An−1v) is a basis for V . So the last equation is equivalent to

JVXV (ϕ
V )η(disc(V )) = ω−(X)IX(ϕ),

which is equivalent to ϕ −←→ (η(disc(V )) · ϕV ). □

We also recall the deep results of Zhang and Xue:

Theorem 7.2 (Zhang [Zha14a],Xue [Xue19]). Given ϕ ∈ S(g̃ln(F )) and ϕV ∈ S(ũV (F )) for each
V ∈ H. Then

ϕ
+←→ (ϕV ) ⇐⇒ Fϕ +←→

(
η(disc(V ))nε(η,

1

2
, ψ)

n(n+1)
2 FϕV

)
Remark 7.3. Suppose that for each 0 ≤ i ≤ k, we have a field extension Fi/F . Write Ei = Fi⊗FE,
and suppose that for each i, we have an ni-dimensional Ei/Fi Hermitian space Vi. Let

g̃ =

k∏
i=0

ResFi/F g̃lni,Fi
, ũ =

k∏
i=0

ResFi/F ũ
Vi .

We write ηi := ηE⊗Fi/Fi
= η ◦ NmFi/F for the quadratic character on F×

i . For X = (Xi) ∈ g̃(F ),
let ω±(X) :=

∏k
i=0 ηi(det δ

±(Xi)).
The orbital integral and transfers then directly generalize to ϕ ∈ S(g̃(F )) and ϕV ∈ S(ũ(F )).

7.3. Descent on ũ.
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7.3.1. Descent construction. There is a descent construction on ũV which is similar to the descent
for g̃ln as we discussed in Subsection 2.5. Recall that we have a quotient map q = qV : ũV → A.
For X = (A, b) ∈ ũV (F ), denote dr(X) = det(h(Ai+j−2b, b)1≤i,j≤r. Then dr descends to a function
on A and coincides with the function in (2.13). The functions dr induce a stratification ũV,(r) on
ũV in the same way as we discussed after (2.13).

Fix a ∈ A(r)(F ). Let A0 := g̃lr/GLr,A0 := g̃ln−r/GLn−r. As we discussed in Subsection 2.5,
a can be written uniquely ι(a0, a

0) with a0 ∈ A0(F ), a
0 ∈ A0(F ), and a0 is determined by a

polynomial P ∈ F [x], which factorize as P = Pn1
1 · · ·P

nk
k . Let Fi = F [x]/(Pi) and αi be the image

of x in Fi. Put Ei = Fi ⊗F E, and we fix an r-dimensional E vector space V0 and ni-dimensional
Ei vector spaces for each 1 ≤ i ≤ k. Let H♭ be the isometric class of the family (hi)0≤i≤n, where
each hi is a non-degenerate Hermitian form on Vi. Take h♭ = (hi) ∈ H♭, put

(7.3) (V 0, h♭,0) :=
k⊕
i=1

ResEi/E(Vi, hi),

where ResEi/E(Vi, hi) is the E/F Hermitian space given by (ResEi/EV,TrEi/E ◦hi), and ⊕ denotes
the orthogonal direct sum. We also write h♭⊕ for the E vector space V0 ⊕ V 0 equipped with the
Hermitian form h0 ⊕ h♭,0.

Note that A0 and A0 can be canonically identified with ũ0/U(V0) and ũV
0
/U(V 0) respectively.

Put

Uh0 := U(V0, h0), Uhi := ResFi/F U(Vi, hi), U0
h♭

:=

k∏
i=1

Uhi , Uh♭ :=

k∏
i=0

Uhi .

For each 1 ≤ i ≤ k, we regard ũhi as an F -vector space and define

ũh
♭,0 :=

k∏
i=1

ũhi , ũh
♭
:=

k∏
i=0

ũhi .

We then have GIT quotients:

Ai := ũhi/Uhi , A0
h♭

:= ũh
♭,0/U0

h♭
∼=

k∏
i=1

Ai, Ah♭ := ũh
♭
/Uh♭

∼=
k∏
i=0

Ai

Using (7.3), we have embeddings:

ιU0 : U0
h♭
−→ U(V 0), ιu0 : ũh

♭,0 −→ ũV
0
.

Let V ∈ H such that there exists an isometry

i : h♭⊕
∼= V.

The map i then determines an embedding

(7.4) ι : ũh0,(r) × ũV
0 −→ ũV

similar to what we have considered in (2.14), see [CZ21, (8.2.2.4)]. It descends to a map on the
GIT quotient which coincides with ι in (2.16).
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Let ũh
♭,0,′ be the open subset of ũh

♭,0 consists of (Ai, vi) with detQi(Aj) 6= 0 for all i 6= j,
where Qi is the characteristic polynomial of Ai, it descends to an open subset A0,′

h♭
of A0

h♭
. Denote

ũh
♭,′ = ũ

(r)
0 × ũh

♭,0,′, it descends to a subset A′
h♭

of Ah♭ . Composing ι in (7.4) and ιu0 , we get a map

ιu♭ : ũ
h♭,′ −→ ũ,

it descends to
ιA : A′

h♭
−→ A.

Note that although the embedding ιu♭ depends on the choice of the isometry i, ιA does not, and it
coincides with the map ιA introduced in Subsection 2.5. The isometry i also induces an embedding

ιU : Uh♭ ↪→ U(V ).

By [Zha14a, Appendix B], ιA is étale, and we have a pullback diagram

(7.5)
ũh

♭,′ ×U
h♭ U(V ) ũV

A′
h♭

A

where the top horizontal map sends (X, g) to ιu♭(X) · g.
• The right vertical map is the quotient map, the left vertical map is induced by the quotient

map ũ♭,′ → A♭,′, trivial on the second component,
• The bottom horizontal map is ιA, the top horizontal map sends (X, g) to ιu♭(X) · g.

Since a0 ∈ A0(F ) is regular semisimple, the bijection (7.2) implies that there exists a unique
Hermitian form h0 = ha00 on V0 up to isometry such that there exists X0 ∈ ũ

h
a0
0

rs (F ) mapping to
a0 ∈ A0(F ). Let ai be the image of Zαi in Ai(F ) and ah♭ = (a0, a1, · · · , ak) ∈ Ah♭(F ).

Let Oa be the set

(7.6) {(V, o) | V ∈ H, o ⊂ ũVa (F ) is a semisimple orbit}.

By [CZ21, Corollaire 8.4.6.2], there is a bijection

(7.7) {h♭ = (hi) ∈ H♭|h0 = ha00 } ↔ Oa,

sending h♭ to h♭⊕ together with the orbit of ιu♭(X0, Zα1 , · · · , Zαk
), note that this orbit is independent

of choice of the isometry i.

7.3.2. Descent and transfer. Fix a ∈ A(r)(F ). In Subsection 2.5 and in 7.3.1, we have recalled
the descent construction with respect to a in the general linear setting and the unitary setting
respectively. In the setting of Subsection 2.5, we fix a basis of Vi so that δ+ and δ− are defined. By
construction, AH and Ah♭ can be canonically identified for any h♭ ∈ H♭. Under this identification
A′
H corresponds to A′

h♭
, aH corresponds to ah♭ .

Since ιA is étale and sending aH to a, we can choose an open neighborhood ωH of aH in A′
H(F )

and an open neighbourhood ω of a in A(F ) such that
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• If F is Archimedean, both ω and ωH are semi-algebraic.
• ωH → ω is an isomorphism of Nash manifolds if F is Archimedean, and isomorphism

of analytic manifolds if F is non-Archimedean. (See [BCR98, Proposition 8.1.2] for the
Archimedean case)
• There are c+, c− ∈ {+1,−1}, such that for any a′ ∈ ωH ∩AH,rs(F ) and X ∈ h̃a(F ), we have

(7.8) ω+(ι(X)) = c+ω+(X), ω−(ι(X)) = c−ω−(X).

where ω+(X) and ω−(X) are defined in Remark 7.3. (See [Zha14a, Lemma 3.15]).

Let Ω and ΩH be the preimage of ω and ωH under the quotient map g̃ln → A and h̃ → AH
respectively. Then the top horizontal map in diagram (2.20) induces an isomorphism

(7.9) ΩH ×H(F ) GLn(F ) −→ Ω, (Y, g) 7−→ ιh(Y ) · g

of Nash manifolds when F is archimedean and analytic manifolds if F is non-archimedean.
Let h♭ ∈ H♭. Under the identification between A′

H and A′
h♭

, ωH corresponds to ωh♭ ⊂ A′
h♭
(F ).

Let ΩV and Ωh♭ be the preimage of ω and ωh♭ under the quotient map ũV → A and ũh
♭ → Ah♭

respectively. By the general fact of group action of variety over local field, ũh♭,′(F )×U
h♭

(F )U(V )(F )

is naturally an open and closed subset of (ũh♭,′×U
h♭ U(V ))(F ). Let Ωh

♭

V be the image of Ωh♭ ×U♭(F )

UV (F ) under the top horizontal map of (7.5). Then Ωh
♭

V is independent of choice of i (thus only
depends on V and h♭), and is an open and closed subset of ΩV and we have an isomorphism

(7.10) Ωh♭ ×
U♭(F ) UV (F ) −→ Ωh

♭

V , (Y, g) 7−→ ι♭(Y ) · g

of Nash manifolds when F is archimedean and analytic manifolds if F is non-archimedean.
Let H♭V be the subset of H♭ consisting of h♭ = (hi) ∈ H♭ such that h0 = ha00 and V ∼= h♭⊕.

By [CZ21, Lemme 13.4.7.1], shrinking ω if necessary, we have a disjoint union decomposition

(7.11) ΩV =
⊔

h♭∈H♭
V

Ωh
♭

V .

For ϕ ∈ S(Ω), from (7.9), we can choose ϕ′ ∈ S(ΩH ×GLn(F )) such that for any X ∈ ΩH and
g ∈ GLn(F )

ϕ(ιh(X) · g) =
∫
H(F )

ϕ′(Xh, ιH(h)
−1g)dh.

We define ϕH ∈ S(ΩH) by

ϕH(XH) =

∫
GLn(F )

ϕ′(XH , g)η(g)dg,

where XH ∈ ΩH .
Suppose that for each V ∈ H, we have a function ϕV ∈ S(ΩV ). For each h♭ = (hi) ∈ H♭, we

define ϕ♭ ∈ S(Ωh♭) as follows. If h0 6= ha00 , we put ϕh♭ = 0. Otherwise, choose an isometry h♭⊕ ∼= V
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for a unique V ∈ H, and from (7.10) and (7.11), we can choose a function ϕh♭,′ ∈ S(Ωh♭×U(V )(F ))

such that for any X ∈ Ωh♭ and g ∈ U(V )(F )

ϕV (ιu♭(X) · g) =
∫
U

h♭
(F )

ϕh
♭,′(Xh, ιU(h)

−1g)dh.

Then we put

ϕh
♭
(X) =

∫
U(V )(F )

ϕh
♭,′(X, g)dg,

where X ∈ Ωh♭ . We have ϕh♭ ∈ S(Ωh♭).
We have the following lemma.

Lemma 7.4. Let ϕ ∈ S(Ω) and for each V ∈ H, let ϕV ∈ S(ΩV ). We have the following assertions:

(1) If ϕ +←→ (ϕV )V ∈H, then
c+ϕH

+←→ (ϕh
♭
)h♭∈H♭ .

(2) If ϕ −←→ (ϕV )V ∈H, then
c−ϕH

−←→ (ϕh
♭
)h♭∈H♭ .

Where we recall c± is defined in (7.8).

Proof. We only prove (1), the proof of (2) is the same as (1). Take any a′ ∈ AH,rs(F ) = Ah♭,rs(F ),
assume that a′ is the image of some elements in ũh

♭
(F ).

Take any XH ∈ h̃a′(F ), X♭ ∈ ũh
♭

a′ (F ), we need to check that

ω+(XH)IXH
(ϕH) = JX♭

(ϕh
♭
).

If a′ 6∈ ωH = ωh♭ , then by definition

IXH
(ϕH) = JX♭

(ϕh
♭
) = 0.

Thus we only need to consider the case when a′ ∈ ωH = ωh♭ . Since ωH ⊂ A′
H , by [CZ21, Lemme

3.4.1.1], we have ιA(a′) ∈ Ars(F ). Using the definition of ϕH and ϕh
♭ , we check directly that

(7.12) IXH
(ϕH) = Iιh(X)(ϕ), JX♭(ϕh

♭
) = Jι

u♭
(X♭)(ϕ

V ).

The image of ιh(X) and ιu♭(X♭) in A(F ) are both ιA(a
′), hence their orbits match. The lemma

then follows from the definition of transfer and c±. □

We also record a lemma whose proof is elementary.

Lemma 7.5. Let u ∈ C∞
c (ω), ϕ ∈ S(g̃ln(F )) and for each V ∈ H, let ϕV ∈ S(ũV (F )). For

ε ∈ {+,−}, if ϕ ε←→ (ϕV ), then

ϕ · (q ◦ u) ∈ S(Ω) ε←→ (ϕV · (qV ◦ u) ∈ S(ΩV )).

Proof. This is proved by a direct computation. □
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7.4. Singular transfer on the Lie algebra. Let X ∈ g̃ln(F ) be a regular element and ϕ ∈ S(g̃ln).
Recall that we have defined IX(ϕ, ξ, s) in Definition 5.7.

The function I♮X(ϕ, 1E× , s)/LX(s, 1
×
E) is holomorphic at s = 0. We write I♮X(ϕ) for I♮X(ϕ, 1E× , 0).

We now define some constants related to Proposition 7.6 below. Suppose F ′ be a finite extension
of F , and E′ := E′⊗F E be a quadratic étale algebra over F . Denote η′ := ηE/F ◦NmF ′/F = ηE′/F ′

and ψ′ = ψ ◦ TrF ′/F . Let (V ′, h′) be an n′-dimensional E′/F ′ Hermitian space. We put

c+V ′ =

n′∏
i=1

ε(1− i, η′,i, ψ′)−1η′(disc(V ′))n
′+1ε(

1

2
, η′, ψ′)

n′(n′+1)
2 η′(−1)

n′(n′−1)
2 .

and

c−V ′ = c+V ′ · η′(disc(V ′)) =
n′∏
i=1

ε(1− i, η′,i, ψ′)−1η′(disc(V ′))n
′
ε(
1

2
, η′, ψ′)

n′(n′+1)
2 η′(−1)

n′(n′−1)
2 .

Let h♭ = (hi) ∈ H♭ and let ε : {1, · · · , k} → {+,−} be a map, we put cε
h♭

=
∏k
i=1 c

εi
(Vi,hi)

. Let
o ⊂ ũVa (F ) be a semisimple orbit, by the bijection (7.7), o is the orbit of ιh♭(X0, Zα1 , · · · , Zαk

) for
some h♭ = (hi) ∈ H♭V with X0 ∈ ũV0a0 (F ). We then put

cεo := cε
h♭
.

Let X ∈ g̃ln(F ) be a regular element with q(X) = a. We use the descent construction as
discussed in 7.3.2. X can be written of the form ιh(XH) · g, where XH = (X0,H , · · · ) ∈ ΩH is a
regular element, and g ∈ GLn(F ). we define a constant cX ∈ {±1} by

cX = c+η(g)ω+(X0,H).

where c+ is defined in (7.8). Finally, if X ∈ g̃ln(F ) is a regular element of type ε, we put

cX,o = cXc
ε
o.

Now we state our main proposition

Proposition 7.6. Let X ∈ g̃ln(F ) be a regular element with q(X) = a. Suppose ϕ ∈ S(g̃ln(F ))
+←→

(ϕV ∈ S(ũV (F )))V ∈H, then
I♮X(ϕ) =

∑
(V,o)∈Oa

cX,oJ
V
o (ϕV ),

where we recall that the set Oa is defined in (7.6).

Proof. By definition, for any semisimple orbit o. JVo (ϕV ) only depends on the value of ϕV on o.
By Proposition 5.8 (2), IX(ϕ) depends only on the value of ϕ at the orbit of X. Let ω be the open
subset of A(F ) as introduced in 7.3.2. Take u ∈ C∞

c (ω) with u(a) = 1. Thus IX(ϕ·(q◦u)) = IX(ϕ),
and for any o ∈ Oa, Jo(ϕV ) = Jo(ϕ

V · (qV ◦ u)). By Lemma 7.5, after replacing ϕ and (ϕV ) by
ϕ · (q ◦ u) and ϕV · (qV ◦ u), we can assume ϕ ∈ S(Ω) and ϕV ∈ S(ΩV ).

Recall that we have defined ϕH ∈ S(ΩH) and ϕh
♭ ∈ S(Ωh♭) for each h♭ ∈ H♭ in 7.3.2. Choose

XH = (X0,H , Z
ε1
α1
, · · · , Zεkαk

) ∈ ΩH and g ∈ GLn(F ) such that X = ιh(XH) · g. From the definition
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of IX(ϕ) in (5.18), we have IX(ϕ) = η(g)IXH
(ϕH). For o ∈ Oa, thanks to the bijection (7.7),

we can write o as the orbit of ι
uh

♭ (X0, Zα1 , · · · , Zαk
), where h♭ = (hi) ∈ H♭ with h0 = ha00 and

X0 ∈ ũh0a0 (F ). Write Xh♭ = (X0, Zα1 , · · · , Zαk
), then we see that

JX(ϕ
V ) =

∫
U(V )X(F )\U(V )(F )

∫
U

h♭
(F )

ϕh
♭,′(Xh♭ · h, ιU(h)

−1g)dhdg

=

∫
U(V )X(F )\U(V )(F )

∫
U0

h♭
(F )\U

h♭
(F )

∫
U0

h♭
(F )

ϕh
♭,′(Xh♭ · h, ιU(h

′h)−1g)dh′dhdg

=

∫
Uh0

(F )

∫
U(V )(F )

ϕh
♭
(Xh♭ · h)dh = JX♭(ϕh

♭
).

Recall if h0 6= ha00 , then ϕh
♭
= 0. By Lemma 7.4, c+ϕH

+←→ ϕh
♭ .

Thus we are left show that for any ϕ1 ∈ h̃(F ) matches with (ϕh
♭

1 ∈ S(ũh
♭
(F )))h♭∈H♭ , we have

ω+(X0,H)I
♮
XH

(ϕ1) =
∑

h♭=(hi)∈H♭

h0=h
a0
0

cεi
h♭
JX♭(ϕh

♭

1 ).

We henceforth reduce to the case when both ϕ and ϕh
♭ are pure tensors. The 0-th component is

regular semisimple, hence the equality follows from the definition of transfer. For other components,
we are reduced to the Lemma 7.7 below, which itself is a special case of this proposition. This
finishes the proof. □

Lemma 7.7. Let ϕ ∈ S(g̃ln(F ))
+←→ (ϕV ∈ S(ũV (F )))V ∈H and let λ ∈ F , we have

I♮
Z+
λ

(ϕ) =
∑
V ∈H

c+V JZλ
(ϕV ) and I♮

Z−
λ

(ϕ) =
∑
V ∈H

c−V JZλ
(ϕV ).

Proof. We only prove the assertion for I♮
Z+
λ

. The case for I♮
Z−
λ

is parallel. It is clear that ϕλ
+←→ (ϕVλ )

By Theorem 7.2 and Lemma 7.1 we have

Fϕλ
−←→
(
η(disc(V ))n+1ε(η,

1

2
, ψ)

n(n+1)
2 FϕVλ

)
.

If we put

γ+(s) =
n∏
i=1

γ(−is− i+ 1, ηi, ψ).

Then

γ+(s)LZ+
λ
(s) =

n∏
i=1

L(is+ i, ηi)ε(−is− i+ 1, ηi, ψ)

is non-vanishing at s = 0 with value
∏n
i=1 L(i, η

i)ε(1 − i, ηi, ψ). Also note that ω−(Z−
0 ) =

η(−1)
n(n−1)

2 .
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Combining the discussion above and (5.10), we see that

I♮
Z+
λ

(ϕ) = ζnη(−1)
n(n−1)

2
1∏n

i=1 L(i, η
i)ε(1− i, ηi, ψ)

∫
g̃ln(F )

Fϕλ(X)ω−(X)dX

= ζnη(−1)
n(n−1)

2
1∏n

i=1 L(i, η
i)ε(1− i, ηi, ψ)

∫
Ars(F )

∫
GLn(F )

Fϕλ(X · g)ω−(X · g)dgdX.

By [BP21c, Lemma 5.2.1], the bijection (7.2) is measure preserving up to constant. More precisely,
suppose a measurable subset M corresponds to tMV , then

vol(M) =

∏n
i=1 L(i, η

i)

ζn
vol(MV ).

Therefore, the expression for I♮
Z+
λ

(ϕ) can be written as

η(−1)
n(n−1)

2∏n
i=1 ε(1− i, ηi, ψ)

∑
V ∈H

∫
ũVrs(F )/U(V )(F )

η(disc(V ))n+1ε(η,
1

2
, ψ)

n(n+1)
2

∫
U(V )(F )

FϕVλ (X · g)dgdX

=
∑
V ∈H

c+V

∫
ũV (F )

FϕVλ (X)dX =
∑
V ∈H

c+V J
V
Zλ

(ϕV ).

Thus the lemma is proved. □

We also record a lemma related to the proof above.

Lemma 7.8. Let V ∈ H and let o ⊂ ũ be a semisimple orbit. Then the distribution Jo is a stable
distribution, in the sense that if ϕ ∈ S(ũ(F )) such that all the regular semisimple orbital integral
of ϕ is 0, then Jo(ϕ) = 0.

Proof. Let ϕ ∈ S(ũV (F )) such that all regular semisimple orbital integrals of ϕ is 0. Take X ∈ o,
assume that qV (X) = a ∈ A(F ). Replacing ϕ by ϕV · (qV ◦ u), we can assume ϕ ∈ S(ΩV ). Taking
h♭ ∈ H♭ such that there is a semisimple orbit o♭ corresponds to o under the bijection (7.7). Then as
the computation in the proof of Proposition 5.8, Jo(ϕ) = Jo♭(ϕ

♭) and ϕ♭ also has vanishing regular
semisimple orbital integrals, we therefore reduced to the case when o is a regular semisimple orbit
or a central orbit. If o is regular semisimple, Jo(ϕ) vanishes by definition. If o is the orbit of Zλ,
after a translation, we can assume λ = 0. Then

Jo(ϕ) = ϕ(0) =

∫
ũV (F )

Fϕ(X)dX =

∫
ũVrs(F )/U(V )(F )

∫
U(V )

ϕ(X · g)dgdX.

By [Cha19, 3.2.4], Fϕ also has vanishing regular semisimple orbital integrals, therefore the above
expression vanishes. □

We introduce a variant of the results in this subsection. Recall from Subsection 2.4 that, B =

gln+1 /GLn. For (V, h) ∈ H, we put (V ′, h′) = (V ⊕ Ee0, h⊕ h0), where ⊕ denotes the orthogonal
direct sum and h0(e0, e0) = 1. We have an isomorphism of U(V ) representations:

(7.13) uV
′ ∼= ũV × F, A 7−→ ((A|V , Ae0), h′(Ae0, e0)),
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where U(V ) acts on F trivially. We thus have a canonical identification uV
′
/U(V ) ∼= B. Semisimple

orbital integral Jo(ϕV ) directly generalize to ϕV ∈ S(uV ′
(F )). For X ∈ gln+1(F ), denote ω±(X) =

η(δ±(X)). Then there is an obvious notion of plus/minus transfer between ϕ ∈ S(gln+1(F )) and
(ϕV ) ∈ S(uV ′

(F ))V ∈H. For b ∈ B(F ), let Ob be the set

{(V, o) | V ∈ H, o ⊂ uV
′

a (F ) is a semisimple orbit}.

For o ∈ Ob, it projects to a semisimple orbit õ ∈ Oa under the isomorphism (7.13), where a is the
image of b in A.

For X ∈ gln+1(F ), let Y is the image of X in g̃ln(F ) under the bijection gln+1
∼= g̃ln × F . We

denote cX,o := cY,̃o. Then Proposition 7.6 implies that, if X ∈ gln+1(F ) is a regular element with
q(X) = a of type ε, and ϕ ∈ S(gln+1(F ))

+←→ (ϕV ∈ S(uV ′
(F ))), then

(7.14) I♮X(ϕ) =
∑

(V,o)∈Oa

cX,oJ
V
o (ϕV ).

7.5. Singular transfer on the group. We now deduce the singular transfer on the group from
the Lie algebra as we discussed in Subsection 7.4. Fix b ∈ B(F ), pick σ ∈ E×, with σσc = 1, so
that b ∈ Bσ(F ). For f ∈ S(G′(F )), let Iσ,♮γ (f) := Iσ,♮γ (f, 1E× , 0).

We use the Cayley map to relate the group U(V ′) the the Lie algebra uV
′ . Let τ, σ ∈ E such

that τc = −τ and σσc = 1. Let uV
′,τ be the open subscheme of uV ′ consists of Y ∈ uV

′ such that
Y − τ · 1 is invertible. Let U(V ′)σ be the open subscheme of U(V ′) consists of g ∈ U(V ′) such that
g − σ · id is invertible and GV,σ be the open subscheme of GV consists of (x, y) ∈ GV such that
x−1y ∈ U(V ′)σ. The Cayley map

cVσ : uV
′,τ −→ U(V ′)σ, Y 7−→ σ

1 + τ−1Y

1− τ−1Y

defines a U(V ) equivariant isomorphism between uV
′,τ and U(V ′)σ, and descends to a map Bτ → Bξ

which coincides with the map induced by cσ as in (2.3).
We denote

Ob = {(V,O) | V ∈ H,O ⊂ GV
b (F ) is a HV (F )×HV (F ) semisimple orbit}.

Let a = c−1
σ (b). Note that there is a natural HV = U(V ) equivariant isomorphism GV /HV ∼=

U(V ′). Since cVσ is an isomorphism, the Cayley map induces a bijection Oa → Ob, which we also
denote by cσ. For O ∈ Ob and γ ∈ G′,σ(F ), we denote x = ν(γ−1

n γn+1) and define a constant cγ,O
by

(7.15) cγ,O = cc−1
σ (x),c−1

σ (O)µ(x)
n+1
2 µ(γ−1

n γn+1)
−1µ(−2στ−1)−

n(n+1)
2 µ(1− τ−1cσ(x))

−n.

Now we state the main theorem of this section
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Theorem 7.9. Let f ∈ S(G′(F )) and for each V ∈ H let fV ∈ S(GV (F )) such that f +←→ (fV ).
Then for any regular element γ ∈ G′

b(F ), we have

Iσ,♮γ (f) =
∑

(V,O)∈Ob

cγ,OJ
V
O (fV ).

Proof. Let us denote q be the quotient map G′ → B, for V ∈ H, we denote qV be the quotient
GV → B. Since both Iγ(f) (resp. JO) only depends on the value of f on G′

b(F ) (resp. GV
b (F )).

Take u ∈ C∞
c (Bσ(F )) such that u(b) = 1. After replacing f (resp. fV ) by f · (u ◦ Q) (resp.

fV · (u ◦QV )), we can f ∈ S(G′,σ(F )) and fV ∈ S(GV,σ(F )).
Let fS := fS0 defined in (5.20). Then fS ∈ S(Sσ(F )). We define fU(V ′) ∈ S(U(V ′)σ(F )) by

fU(V ′)(x) =

∫
HV (F )

f(hx)dh,

where x ∈ U(V ′)(F ).
Define ϕf ∈ S(glτn+1(F )) by

ϕf (X) = fS(cσ(X))µ(cσ(X))−
n+1
2 µ(−2στ−1)

n(n+1)
2 µ(1− τ−1X)−n,

where X ∈ glτn+1(F ). For V ∈ H and X ∈ uV
′,τ (F ) we put ϕfV (X) = fU(V ′)(cσ(X)), then

ϕf ∈ S(uV
′,τ (F )). Direct computation shows if f +←→ fV then ϕf

+←→ ϕfV .
Let x = ν(γ−1

n γn+1). By the definition of Iγ and JO, we have

I♮
c−1
σ (x)

(ϕf ) = µ(γ−1
n γn+1)µ(x)

−n+1
2 µ(−2στ−1)

n(n+1)
2 µ(1− τ−1c−1

σ (x))Iσ,♮γ (f),

and

JVO (f) = JVc(O)(ϕf ).

Then the theorem follows from the equality (7.14). □

8. Fourier-Jacobi case

All the results in this article have their counterparts for the relative trace formula developed by
Liu [Liu14]. The proofs of the results in this section are parallel to their Jacquet-Rallis counterpart,
so we will omit their proofs.

8.1. Notations. Let F be a field of characteristic 0 and let E be a quadratic ètale algebra over F .
We redefine G′ := ResE/F (GLn,E ×GLn,E)× Fn × Fn. We put

Sn = {x ∈ GLn,E | xxc = 1},

the map ν : ResE/F GLn,E → Sn, g 7→ gg−1,c identifies Sn with GLn,E /GLn,F . We redefine H1 and
H2 to be the following subgroups of ResE/F (GLn,E ×GLn,E):

H1 := {(g, g) | g ∈ ResE/F GLn,E}, H2 = GLn,F ×GLn,F .
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The group H1 ×H2 acts on the right on G′ by:

(g, v, u) · (h1, (h2,1, h2,2)) = (h−1
1 gh2, h

−1
2,2v, uh2,2).

We redefine B to be the GIT quotient G′/H1 × H2, it can be identified with the quotient (Sn ×
Fn × Fn)/GLn, where GLn acts by

(s, v, u) · h = (h−1sh, h−1v, uh),

and the identification is made through the map:

α : ResE/F (GLn,E ×GLn,E) −→ Sn, (g1, g2) 7−→ ν(g−1
1 g2).

Let σ ∈ E, σσc = 1. Sn has an open subset Sσn consists of x such that x − σ · id is invertible, it
descends to an open subset Bσ of B. Let τ ∈ E with τ + τc = 0, let g̃ln

τ
be the open subset of g̃ln

consisting of (A, v, u) such that A− τ is invertible. We define the Cayley transform:

cσ : g̃ln
τ
−→ Sσn × Fn × Fn, (A, v, u) 7−→

(
−σ1 + τ−1A

1− τ−1A
, v, u

)
Let (Sn×Fn×Fn)reg be the open subset of the regular elements under this action of GLn, it has open
subsets (Sn × Fn × Fn)+ (resp. (Sn × Fn × Fn)−) consists of (x, v, u) such that (v, xv, · · · , xn−1v)

forms a basis of En (resp. (u, ux, · · · , uxn−1) form a basis of En), its preimage in G′ will be denoted
by G′

+ (resp. G′
−). For X ∈ g̃ln

τ
, and • ∈ {+,−}

X ∈ g̃ln,• ⇐⇒ cσ(X) ∈ (Sσn × Fn × Fn)•

Let H be the isometric class of n-dimensional non-degenerate E/F -Hermitian space. For V ∈ H,
we redefine

GV := U(V )×U(V )× V,

let HV denote the diagonal subgroup of U(V ) × U(V ). The group HV × HV acts on the right on
GV by

(g, v) · (h1, h2) = (h−1
1 gh2, h

−1
2 v), g ∈ U(V )×U(V ), v ∈ V.

The GIT quotient GV /HV ×HV can be identified with B. Let

Ob = {(V,O) | V ∈ H,O ⊂ GV
b is a HV (F )×HV (F ) semisimple orbit}

8.2. Local theory. Now let F be a local field. For f ∈ S(G′(F )), (x, v, u) ∈ Sn(F )×Fn×Fn and
s ∈ C, we put
(8.1)

fSs (x, v, u) :=


∫
H1(F )

∫
GLn(F ) f(h

−1
1 , h−1

1 ν−1(x)(1, h2), v, u)ξ(h1)|deth1|sµ(ν−1(x)h2,3), n odd,∫
H1(F )

∫
GLn(F ) f(h

−1
1 , h−1

1 ν−1(x)(1, h2), v, u)ξ(h1)|deth1|s, n even.

Fix γ ∈ G′(F ), let b be the image of γ in B(F ). Choose σ ∈ E, σσc = 1 such that b ∈ Bσ(F ), let
u ∈ C∞

c (Bσ(F )), for s ∈ C, define f̃s ∈ S(g̃ln(F )) by

f̃s := (u · fSs )(cσ(X)).
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We define

Lγ(s, ξ) := Lc−1
σ (b)(s, ξ)

and

Iσγ (f, ξ, s) :=

Icσ(x)(f̃s, ξ, s)µ(γnγ
−1
n+1) n odd

Icσ(x)(f̃s, ξ, s) n even
.

Proposition 8.1. The definition of Iσ(f, ξ, s) is independent of the choice of u, and (1)-(5) of
Proposition 5.12 holds (where G′,H1,H2 are redefined as in this Subsection).

and we also have the following lemma

Lemma 8.2. Let η be a character on H2(F ) defined by η(h2,1, h2,2) = η(h2,1)
n+1η(h2,2)

n. Let
f ∈ S(G′(F )), we have the following assertions:

• If γ is regular semisimple, then

Iσγ (f, ξ, s) =

∫
H1(F )

∫
H2(F )

f(γ · (h1, h2))ξ(h1)|deth1|sη(h2)dh1dh2,

where the integral converges absolutely for any s ∈ C.
• If γ ∈ G′

+(F ) (resp. G′
−(F )), then the integral∫

H1(F )

∫
H2(F )

f(γ · (h1, h2))ξ(h1)|deth1|sη(h2)dh1dh2,

is absolutely convergent for s ∈ H<−1+ 1
n

(resp. s ∈ H>1− 1
n

) and equals Iσγ (f, ξ, s) there.

In particular, in these cases, the definition of Iσγ (f, ξ, s) does not depend on the choice of σ.

There is a notion of transfer between f ∈ S(G′(F )) and (fV ) ∈ S(GV (F )) similar as the situation
in Subsection 7.2. For (γ, v, u) ∈ G′(F ), choose σ such that α(γ) ∈ Sσn(F ), let X = c−1

σ (α(γ), v, u).
Let b ∈ B(F ), for O ∈ Ob We define

cγ,O := cX,c−1
σ (O)µ(x)

n+1
2 µ(γ−1

1 γ2)
−1µ(2στ−1)

n(n−1)
2 µ(1− τ−1cσ(x))

−n+1,

where c−1
σ (O) denotes the semisimple orbit in ũV corresponding to O and γ = (γ1, γ2).

Proposition 8.3. Let f ∈ S(G′(F )) and for each V ∈ H let fV ∈ S(GV (F )) such that f ↔ (fV ).
Then for any regular element γ in G′

b(F ), we have

Iσ,♮γ (f) =
∑

(V,O)∈Ob

cγ,OJ
V
O (fV ).

60



8.3. Global theory. Let E/F be a quadratic extension of number fields. For f ∈ S(G′(A)) and
T ∈ a0, one defines a modified kernel KT

f (h1, h2) as in [BLX24, Section 7].
Using the same strategy as the proof of the Theorem 3.1, one can prove the following proposition.

The corresponding results on the asymptotics of the modified kernel can be found in [BLX24, Section
7].

Proposition 8.4. Let ξ be a strictly unitary character of A×
E.

(1) For any f ∈ S(G′(A)), s ∈ C and T sufficiently positive, we have

(8.2)
∑

γ∈B(F )

∫
[H1]

∫
[H2]
|KT

f,γ(h1, h2)||deth1|Re(s)dh1dh2 <∞.

(2) For γ ∈ B(F ), as a function of T , the integral

IT• (f, ξ, s) :=

∫
[H1]

∫
[H2]

KT
f,γ(h1, h2)ξ(h1)|deth1|sη(h2)dh1dh2

is an exponential polynomial. If s 6∈ {−1, 1}, then the pure polynomial term is constant,
denoted by Iγ(f, ξ, s). For a fixed f and ξ, Iγ(f, ξ, s) is meromorphic on C \ {−1, 1}. We
denote Iγ(f, ξ) := Iγ(f, ξ, 0).

(3) For each γ ∈ B(F ) and s 6∈ {−1, 1}, the distribution Iγ(·, ξ, s) is continuous on S(G′(A))
and we define

I(f, ξ, s) :=
∑

γ∈B(F )

Iγ(f, ξ, s).

Where the sum on the right-hand side is absolutely convergent.

Similar to the results in Section 4 and 6, when the test function is regular supported, the
distribution Iγ can be described in terms of normalized orbital integral.

Proposition 8.5. Let f ∈ S(G′(A)). If there exists a place v of F such that f is of the form
fvf

v, with fv ∈ S(G′(Fv)), f
v ∈ S(G′(Av)) and supp(fv) ⊂ G′

+(Fv) (resp. G′
−(Fv)), then (1)-(3)

of Theorem 4.2 holds.

Proposition 8.6. Let f = fvf
v ∈ S(G′(A)) with fv ∈ S(G′(Fv)), f

v ∈ S(G′(Av)) and supp(fv) ⊂
G′

reg(Fv), then for b ∈ B(F ), we have

(8.3) Ib(f, ξ, s) =
∑
γ

Iσγ (f, ξ, s).

Where Ib is the distribution from relative trace formula in Proposition 8.4 (2), and Iσγ is definds as
in Section 6, the sum runs through all the representative of H1(F )×H2(F ) orbits in G′

b(F )∩G′
reg(F ).
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Appendix A. Asymptotic of modified kernel

In this appendix, we generalize the result of [BPCZ22, Theorem 3.3.7.1] to asymptotics of the
modified kernel associated with parabolic subgroups and their Levi subgroups and introduce a Lie
algebra analogue of it. We follow the strategy in [BPCZ22, Section 3].

For a reductive group G over F , and three semi-standard parabolic subgroups R ⊂ S ⊂ Q of G,
we denote σS,QR the characteristic function of X ∈ a0 satisfying

• α(X) > 0 for all α ∈ ∆R
S ,

• α(X) ≤ 0 for all α ∈ ∆Q
S \∆R

S ,
• $(H) > 0 for all $ ∈ ∆̂Q

R.

Proposition A.1. Let Q ∈ FRS. Then for every N > 0, there exists a continuous semi-norm ‖ · ‖
on S(G′(A)) such that

(A.1)
∑

χ∈X(G′)

|KQ,T
f,χ (h1, h2)− FQn+1(h2,n, TQn+1)Kf,Q,χ(h1, h2)| ≤ e−N∥T∥‖h1‖−NQH1

‖h2‖−NQH2
‖f‖

holds for f ∈ S(G′(A)), (h1, h2) ∈ [H1]QH1
× [H2]

1

QH2
and T ∈ an+1 sufficiently positive.

We denote by T QFRS,F
the following space of function

T QFRS,F
:= {(Pϕ) ∈

∏
R⊂Q

R∈FRS,F

T ([GLn]Rn) | ϕR − ϕS ∈ SdSn+1
Rn+1

(Rn(F )\GLn(A)) for any R ⊂ S ⊂ Q}

Lemma A.2. For ϕ = (Pϕ) ∈ T QFRS,F
(GLn) and g ∈ [GLn]

1

Qn
define

ΛQ,Tϕ(g) =
∑

P∈FRS
P⊂Q

εQP

∑
γ∈Pn(F )\Qn(F )

τ̂
Qn+1

Pn+1
(HPn+1(γg)− TPn+1) · Pϕ(γg).

We also define

ΠQ,Tϕ(g) = FQn+1(g, T ) · Qϕ(g).

Then for any c > 0, N > 0, there exists a continuous semi-norm ‖ · ‖ on T QFRS,F
(GLn) such that∥∥ΛQ,Tϕ−ΠQ,Tϕ

∥∥
∞,N

≤ e−c∥T∥‖ϕ‖

Proof. Using the partition formula in [Zyd20, Lemme 2.1], for every g ∈ [GLn]Pn , we have∑
R∈FRS,F

R⊂P

∑
δ∈Rn(F )\Pn(F )

FRn+1(δg, TRn+1)τ
Pn+1

Rn+1
(HPn+1(δg)− TPn+1) = 1,

together with the equation

τ̂
Qn+1

Pn+1
τ
Pn+1

Rn+1
=

∑
S∈FRS,F

P⊂S⊂Q

σ
Sn+1,Qn+1

Rn+1
.
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For R ⊂ S and R,S ∈ FRS,F , define

R,Sϕ(g) =
∑

P∈FRS,F

R⊂P⊂S

εQP · Pϕ(g),

then we obtain

ΛQ,Tϕ(g) =
∑

R,S∈FRS,F

R⊂S

∑
γ∈Rn(F )\Qn(F )

FRn+1(γg, TRn+1)σ
Sn+1,Qn+1

Rn+1
(HRn+1(γg)− TRn+1)R,Sϕ(γg).

Note that σQn+1,Qn+1

Qn+1
= 1 and σ

Rn+1,Qn+1

Rn+1
= 0 for R ( Q, it follows that

ΛQ,Tϕ(g)−ΠQ,Tϕ(g) =
∑
R(S

∑
γ∈Rn(F )\Qn(F )

FRn+1(δg, T )σ
Sn+1,Qn+1

Rn+1
(HRn+1(γg)− TRn+1) · R,Sϕ(γg).

Since EQn

Rn
: f 7→ (g 7→

∑
γ∈Rn(F )\Qn(F ) f(γg)) sends S0([GLn]

1

Rn
) to S0([GLn]

1

Qn
), it remains to

show that for every c > 0 and N > 0, there exists a continuous semi-norm ‖ · ‖ on T QRS,F (GLn) such
that

(A.2) |R,Sϕ(g)| ≤ e−c∥T∥‖g‖−NRn
‖ϕ‖

for all ϕ ∈ T QRS,F (GLn), T sufficiently positive and g ∈ Rn(F )\Gn(A)1Q with

FRn+1(g, T )σ
Sn+1,Qn+1

Rn+1
(HRn+1(g)− TRn+1) 6= 0.

We can assume P is standard. Take such g and take z ∈ AH1,∞
Q such that g can written as zg1

where g1 ∈ Gn+1(A)1Q, there exists r > 0 such that ‖g‖Rn � ‖g1‖
r0
Rn+1

. By [BLX24, Lemma 4.29]
applied to G =MQn+1 , there exists r > 0 such that

e∥T∥ �

(
min

α∈∆Sn+1
0 \∆Rn+1

0

dRn+1,α(g
1)

)r
∼

(
min

α∈∆Sn+1
0 \∆Rn+1

0

dRn+1,α(g)

)r
(A.3)

‖g‖Rn � ‖g1‖
r0
Rn+1

�

(
max

α∈∆Sn+1
0 \∆Rn+1

0

dRn+1,α(g)

)rr0
.(A.4)

Fix α ∈ ∆
Sn+1

0 \∆Rn+1

0 , for any P ∈ FRS,F with α ∈ ∆
Pn+1

0 , there is unique Pα ∈ FRS,F such that
∆
Pα
n+1

0 = ∆
Pn+1

0 \ {α}. Then there exists N0 > 0 such that for any r > 0, we can find a continuous
semi-norm ‖ · ‖ on T QRS,F (GLn) with

|R,Sϕ(g)| ≤
∑

R⊂P⊂S
α∈∆Pn+1

0

|Pϕ(g)− Pαϕ(g)| ≤ ‖g‖N0
Rn

∑
R⊂P⊂S
α∈∆Pn+1

0

dPn+1,α(g)
−r‖ϕ‖.

The equation (A.3) implies dPn+1,α ∼ dRn+1,α, hence by (A.4), as α varies through ∆
Qn+1

0 \
∆
Pn+1

0 , (A.2) is proved. □

Now we prove Proposition A.1.
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Proof. Given ψ ∈ T 0([H2,n+1]QH2,n+1
) and χ ∈ X(G′), consider the following sequence of maps

T 0([H1]QH1
)⊗ T 0([H2,n+1]QH2,n+1

) T ∆,Q
FRS,F

(G′)⊗ T 0([H2,n+1]QH2,n+1
) T ∆,Q

FRS,F
(H2)

T QFRS,F
(H2) S0([H2]Q1H2

)

R(f∨)χ∨⊗id Res⊗id

⟨·,·⟩

ΛQ,T

ΠQ,T

Where the first map sends ϕ ⊗ ψ to P 7→ Rχ∨(f∨)ϕPH1
⊗ ψ, the second map is restriction to

H2 ⊂ G′, the third map sends (Pϕ) ⊗ ψ to P 7→ 〈Pϕ,ψPH2,n+1
〉, the last map is the truncation

operator defined in Lemma A.2. By [BPCZ22, Proposition 3.4.2.1] and Lemma A.2, the images of
these maps land in the target, and by the closed graph theorem, they are continuous. Denote LQ,Tf,χ

the composition of the first three maps and ΛQ,T at the last, and PQ,Tf,χ the composition of first
three maps and ΠQ,T at the last. One check directly that

LQ,Tf,χ (ϕ⊗ ψ)(h2,n) =
∫
[H1]QH1

×[H2,n+1]QH2,n+1

KQ,T
f,χ (h1, h2,n, h2,n+1)ϕ(h1)ψ(h2,n+1).

and

PQ,Tf,χ (ϕ⊗ψ)(h2,n) = FQn+1(h2,n, TQn+1)

∫
[H1]QH1

×[H2,n+1]QH2,n+1

Kf,Q,χ(h1, h2,n, h2,n+1)ϕ(h1)ψ(h2,n+1).

By [BPCZ22, Theorem 2.9.4.1.3] and Lemma A.2, for every ϕ⊗ψ ∈ T 0([H1]QH1
)⊗T 0([H2,n+1]QH2,n+1

)

and N > 0, we have ∑
χ∈X(G′)

∥∥∥LQ,Tf,χ (ϕ⊗ ψ)− PQ,Tf,χ (ϕ⊗ ψ)
∥∥∥
∞,N

�N,φ,ψ e
−N∥T∥.

By the uniformly boundedness principle, for each ϕ ⊗ ψ ∈ T 0
N ([H1]QH1

) ⊗ T 0
N ([H2,n+1]QH2,n+1

), we
have ∑

χ∈X(G′)

∥∥∥LQ,Tf,χ (ϕ⊗ ψ)− PQ,Tf,χ (ϕ⊗ ψ)
∥∥∥
∞,N

�N e−N∥T∥‖ϕ‖1,−N‖ψ‖1,−N .

Apply this to ϕ = δh1 , ψ = δh2,n+1 , Proposition A.1 is proved except the semi-norm on f . One then
deduces it by applying the uniform boundedness principle again. □

There is also an analogous result on the geometric side

Proposition A.3. There exists a continuous semi-norm ‖ · ‖ on S(G′(A)) such that for any
f ∈ S(G′(A)) and N > 0, we have∑

γ∈B(F )

|KQ,T
f,γ (h1, h2)− FQn+1(h2,n, TQn+1)Kf,Q,γ(h1, h2)| � e−N∥T∥‖h1‖−NQH1

‖h2‖−NQH2
‖f‖.
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Proof. Denote AN the N -dimensional affine space over F . Choose any closed embedding i : B ↪→
AN for some N . We extend the function Kf,γ for all γ ∈ AN by setting Kf,γ = 0 if γ is not in the
image of i.

Fix f , there exists d ∈ F such that Kf,γ = 0 unless γ ∈ dONF . Choose u ∈ C∞
c (FN∞) support

around 0 such that suppu∩dONF = {0}. Let p be the composition G′ → B ↪→ AN . For γ ∈ (dOF )N ,
define fγ(g) = f(g) ·u(p(g∞)−γ). Then by [BLX24, Proposition 4.30], we have fγ ∈ S(G′(A)) and
for any continuous semi-norm ‖ · ‖S on S(G′(A)), the sum∑

γ∈B(F )

‖fγ‖S

is finite, hence defines a continuous semi-norm on S(G′(A)) by uniform boundedness principle. One
check directly that Kfγ ,P (h1, h2) = Kf,P,γ(h1, h2) for any P ∈ FRS and (h1, h2) ∈ [H1]PH1

× [H2]PH2
,

hence KQ,T
fγ

(h1, h2) = KQ,T
f,γ (h1, h2).

Proposition A.1 implies there exists a semi-norm ‖ · ‖S on S(G′(A) such that

|KQ,T
f (h1, h2)− FQn+1(h2,n, TQn+1)Kf,Q(h1, h2)| ≤ e−N∥T∥‖h1‖−NQH1

‖h2‖−NQH2
‖f‖S .

Therefore

∑
γ∈B(F )

|KQ,T
f,γ (h1, h2)−FQn+1(h2,n, TQn+1)Kf,Q,γ(h1, h2)| ≤

 ∑
γ∈B(F )

‖fγ‖S

 e−N∥T∥‖h1‖−NQH1
‖h2‖−NQH2

.

□

We state the asymptotic of the modified kernel on the Levi subgroup, the proof is similar so we
omit the proof.

Let Q ∈ FRS with Levi decomposition P =MN . Let f ∈ S(M(A)). For χ ∈ X(M) and T ∈ a0,
we put

KM,T
f,χ (h1, h2) =

∑
P∈FRS
P⊂Q

εQP

∑
γ∈PMH1

(F )\MH1
(F )

δ∈PMH2
(F )\MH2

(F )

τ̂
Qn+1

Pn+1
(HPn+1(δnh2,n)− TPn+1)Kf,PM ,χ(γh1, δh2).

where (h1, h2) ∈ [MH1 ]× [MH2 ].

Proposition A.4. For every N > 0, there exists a continuous semi-norm ‖ · ‖ on S(M(A)) such
that

(A.5)
∑

χ∈X(M)

|KM,T
f,χ (h1, h2)− FQn+1(h2,n, TQn+1)Kf,χ(h1, h2)| ≤ e−N∥T∥‖h1‖−NMH1

‖h2‖−NMH2
‖f‖.

holds for f ∈ S(M(A)), (h1, h2) ∈ [MH1 ]× [MH2 ]
1 and T ∈ an+1 sufficiently positive.

On the Lie algebra, we have similar result
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Proposition A.5. Let g denote either gln+1 or g̃ln. Let Q ∈ FRS,F , then for every N > 0, there
exists a continuous semi-norm ‖ · ‖ on S(g(A)) such that∑

a∈(g/GLn)(F )

|KQ,T
φ,a (g)− FQn+1(g, TQn+1)Kφ,Q,a(g)| ≤ e−N∥T∥‖g‖−N‖ϕ‖

for all ϕ ∈ S(g(A)), g ∈ [GLn]
1

Qn
and T ∈ an+1 sufficiently positive.

Proof. By the same argument as in the proof of Proposition A.3, we only need to prove that there
exists a continuous semi-norm ‖ · ‖ on S(g(A)) such that

|KQ,T
φ (g)− FQn+1(g, TQn+1)Kφ,Q(g)| ≤ e−N∥T∥‖g‖−N‖ϕ‖

holds for all ϕ ∈ S(g(A)) and g ∈ [GLn]
1

Qn
.

By Lemma A.2, we are then reduced to check that the family P 7→ Kφ,P belongs to T QFRS,F
(GLn).

We first show this for g = gln+1. Let R,S ∈ FRS,F with R ⊂ S ⊂ Q. For P ∈ FRS, we will write
mP and nP the the Lie algebra of MPn+1 and NPn+1 respectively. We need to show there exists
N > 0 such that for any r > 0 and X ∈ U(gl∞), we have

|R(X)Kφ,R(g)−R(X)Kφ,S(g)| � dSR(g)
−r‖g‖N .

Replacing ϕ by X · ϕ, we can assume X = 1. For any P ∈ FRS, we can extend the definition of
Kφ,P to any g ∈ [GLn+1]Pn+1 by the same formula as in (3.10). After this extension, we can write

Kφ,S(g)−Kφ,R(g) = Kφ,1(g) +Kφ2(g),

where

Kφ,1(g) =
∑

M∈mR(S)

(∫
nS(A)

ϕ((M +N) · g)dN −
∫
nR(A)

ϕ((M +N) · g)dN

)
and

Kφ,2(g) =
∑

M∈mS(F )\mR(F )

∫
nS(A)

ϕ((M +N) · g)dN.

We have
Kφ,1(g) = −Kφ,S(g) + (Kφ,S)Rn+1(g),

here −Rn+1 is the constant term operator. By [BPCZ22, Proposition 2.5.14.1], there exists N > 0

such that for any r > 0, we have

(A.6) |Kφ,1(g)| �r d
Sn+1

Rn+1
(g)−r‖g‖N

holds for any g ∈ Rn+1(F )\GLn+1(A). Thus it remains to show that there exists N > 0 such that
for any r > 0 and g ∈ Rn+1(F )\GLn+1(A) we have

(A.7) |Kφ,2(g)| �r d
Sn+1

Rn+1
(g)−r‖g‖N .

After replacing Rn+1 by its conjugation, we can assume Rn+1 is standard. We then can assume g
is in the Siegel set sRn+1 of Rn+1, where we recall that any g ∈ sRn+1 can be written as ac, where
a ∈ A∞

n+1 such that 〈α, a〉 > t for any α ∈ ∆
Rn+1

0 and some t > 0, and c lies in some compact subset
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C. We now proceed to show that there exists N > 0 such that for any r > 0 and N1 > 0, there
exists a continuous semi-norm ‖ · ‖ on S(gln+1(A)) such that

(A.8)
∑

M∈mS(F )\mR(F )

ϕ((M + Y ) · g)� ‖Y ‖−N1‖g‖NdSn+1

Rn+1
(g)−r‖ϕ‖

holds for any g ∈ sRn+1 , Y ∈ nS(A). Note that (A.8) would imply (A.7). To show (A.8), after
replacing ‖ · ‖ by supc∈C ‖R(c) · ‖, we can assume g = a ∈ A∞

n+1 with a ∈ A∞
n+1 such that 〈α, a〉 > t

for any α ∈ ∆
Rn+1

0 . Regarding elements of gln+1(A) as (n+ 1) × (n+ 1) matrices, the action of a
preserve each entries. Therefore (A.8) directly follows from the following two facts:

• For any N sufficiently large, we have∑
x∈F
‖ax‖−N � ‖a‖N

holds for all a ∈ A×.
• Fix t > 0, for any r > 0 there exists N > 0 such that∑

x∈F\{0}

‖ax‖−N � |a|−r

holds for all a ∈ R>t ⊂ A×.

We thus finish the proof when g = gln+1. For the case g = g̃ln, choose a non-negative ϕ′ ∈ S(A)
with ϕ′(0) > 0. Given ϕ ∈ S(g̃ln(A)), put ϕ1 ∈ S(gln+1(A)) by

ϕ1

(
A v

u d

)
= ϕ(A, v, u)ϕ′(d).

Then there exists a constant C > 0 such that Kφ1,P (g) = CKφ,P (g). Therefore, the result follows
from the case for g = gln+1. □
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