ON THE GEOMETRIC SIDE OF THE JACQUET-RALLIS RELATIVE TRACE
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ABSTRACT. We study some aspects of the geometric side of the Jacquet-Rallis relative trace for-
mula. Globally, we compute each geometric term of the Jacquet-Rallis relative trace formula on
the general linear group for regular supported test functions. We prove that it can be described
by the regular orbital integral. Locally, we show that the regular orbital integral can be compared

with the semisimple orbital integral on the unitary group.
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1. INTRODUCTION

The global Gan-Gross—Prasad(GGP) conjecture | ] relates the non-vanishing of period
integral on classical groups to the non-vanishing of the central value of certain L-functions. In
[ |, Jacquet and Rallis proposed a relative trace formula(RTF) approach to the GGP conjecture
for the Bessel periods on U(n) x U(n+1). In | ], Zhang solved the smooth transfer conjecture
and proved the global Gan-Gross-Prasad conjecture for U(n) x U(n+1) under some local conditions
as a consequence.

We briefly review the Jacquet-Rallis RTF on the general linear group here. Let E/F be a

quadratic extension of number fields. For k € Z>1, let
G% = ResE/F GkaE .

Let G’ = G}, x G;,,;. G’ has two subgroups Hy, Hy, where

h
(1.1) H, = (h, ( 1) )(h S G;L% Hs = GLn,F X GLn+l,F .

Let A = Ap, the adeéle ring of F' and [G'] := G/(F)\G'(A). We write n for the quadratic character
on A associated with E/F. By an abuse of notation, we also write 7 for the character on Ha(A)
defined by

N(homs hont1) = (hon) 0 (hopns1)™
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Let f € S(G'(A)) be a Schwartz function and let K¢(x,y) be its automorphic kernel function:

Y. faThy), (zy) €G] < (G,

YEG/(F)

Consider the distribution
(1.2) 1(f) = /[ [ Kt hanteianaans
Hq

Under some conditions on f, this integral is absolutely convergent and has a geometric and spectral
expansion.

In | |, Zydor defined a regularization of the integral (1.2) for all compactly supported
smooth functions f € C°(G'(A)), hence (1.2) makes sense for such f, and it has geometric
and spectral expansion. The regularization and geometric/spectral expansions were extended by
Beuzart-Plessis, Chaudouard, and Zydor in | ] and | ] for general Schwartz functions,

hence a full coarse Jacquet-Rallis RTF is established. Together with other techniques developed

in [ L.l I, [ 1l I [ ], the endoscopic case of the global GGP conjecture
for U(n) x U(n + 1) was proved in | ]. It was extended to certain Eisenstein series and
higher corank cases by Beuzart-Plessis-Chaudouard | ]. In this article, we will study some

aspects of the geometric side of the Jacquet—Rallis relative trace formula.

1.1. Global Results. Let B = H;\G’/Hs be the GIT quotient and let ¢ : G’ — B be the quotient
map, for any b € B(F'), we write G} for the fiber of b under the quotient map. Then there is a
b-part of the distribution I, denoted by I, which is a regularization of the integral

/ / Z f 1 ’7h2 n(h2)dh1dh2.
Hl] H2

v€G(F

The geometric expansion of I is then the identity

I(f)= Y ().
beB(F)
If b is regular semi-simple, pick any v € G'(F) with image b, the distribution I can be computed

via the orbital integral

_ —1
Ib(f) —/HI(A) /HQ(A)f(hl ’yhg)n(hg)dhldhg.

But for general b € B(F), there is no easy interpretation of I. One of the main goals of this
paper is to compute I,(f), for general b € B(F'), under the assumption that there is a place v of

F such that f = f,f", where f¥ € S(G'(A")), f, € S(G'(F,)) and f, is supported in the regular
subset Gy, (Fy) of G'(F)), where Gi, is the Zariski open subset of G’ consisting of elements whose

stabilizer under the H; x Hy action is trivial.



Let v € Gyeg(F) be a regular element and f € S(G'(A)) (with no support condition), in Subsec-

tion 6.1, we will define a distribution I,(f), which can be written formally as

(13) /H /H B yha)(ha)dhdhs,

note that this integral is not convergent in general, therefore some regularization is needed. Once

the distribution I, is defined, our main theorem can be summarized as follows:

Theorem 1.1 (See Theorem 6.1). If f € S(G'(A)) is of the form f,f", and f, is reqular supported,

then for any b € B(F')
I(f) = > 1 (f)
g

where in the summation, v runs through any representative of Hi(F') x Hao(F') orbits of regular

elements in Gy (F).

In Subsection 2.6, we will describe the regular orbits of G} (F') explicitly. In particular, we will
see that the sum above is a finite sum.

There is a Zariski open subset G/, of G’ such that G, C Gy, (see Subsection 2.4). When f, is
supported in G/, (F,), we will have a better description of I,(f) as follows:

Theorem 1.2 (See Theorem 4.2). If f € S(G'(A)) is of the form f,f, and f, is supported in
G' (F,). Let v € G'_(F), then we have the following assertions:

(1) For s € C with Re(s) sufficiently negative, the integral

/ / f(hT vha)n(he)|det hy|*dhidhy
Hi(A) JHa(A

is absolutely convergent, and has a meromorphic continuation to C which is holomorphic at
0. The value at s =0 coincides with I(f).

(2) For each b € B(F), there is a unique Hi(F') x Hao(F) regular orbit inside G} (F) N G/ (F).
Choose any ~ in this orbit, then

In fact, we will first prove Theorem 1.2 and a Lie algebra version of it in Section 4, and then

deduce Theorem 1.1 from it in Section 6.

1.2. Local Results. Let v € G'(F) be a regular element, our regularization of the integral (1.3)
will make the distribution I,(f) Eulerian. In fact, to define I,(f), we first study a local analogue
of it in Section 5. Let v be a place of F, and let f € S(G'(F,)) (with no support condition), we

will prove the following result in Section 5.

Proposition 1.3. [See Subsection 5.8 and Proposition 5.12] Let v € Gyoo(Fy), then there is a map

S(G'(F,)) — {meromorphic functions on C}, f+— I,(f,s)
4



which is a reqularization of the integral

(1.4) / / F(hy ' yhg)|det hi|*n(he)dhidhs.
Hi(Fy) JHa(F)

with the following properties:

(1) 1,(f,s) only depends on the value of f on the orbit of .
(2) For x € Hi(F,) and y € Ha(F,), let f*¥(y) = f(zyy~ ') € S(G/(F,)), then

LY, s) = [deta*n(y) I, s).

(3) Ify € G/(Fy), then the integral (1.4) is absolutely convergent for Re(s) sufficiently negative,
and coincides with I,(f,s) when convergent. In particular, this holds when ~y is regular
semisimple.

(4) There is an abelian L-function L(s) such that Ig(f, s) := I,(f,s)/L(s) is entire for any
f, and when f = 1giy and everything is unramified, I(f,s) = L(s).

When ~ is regular semisimple, the orbital integral I,(f,s) has been studied in depth. One key
step towards the proof of the global GGP conjecture is to show that regular semisimple orbital
integral I,(f,0) can be compared with similarly defined regular semisimple orbital on the unitary
groups.

Let #H, be the isometric classes of n-dimensional non-degenerate E,/F;, Hermitian spaces. For
V € H,, let V' be the n + 1-dimensional Hermitian space V @& E,eq, the Hermitian form on V' is
defined by orthogonal direct sum of V @ hg where ho(eq, eo) = 1. We put GV = U(V) x U(V’) and
HY := U(V) as a diagonal subgroup of GV. Let f¥ € S(GY(F,)) and let v € GY(F,) be a regular
semisimple element, the orbital integral J,(f) is defined by

1,(f) = / f(a ) dedy.
HV(FU)XHV(FU)

Let f € G/(F,) and for each V € H, let fV € S(GY(F,)), there is a notion of matching between
f and fY (See Subsection 7.2), which means f and f" have the “same” regular semisimple orbital
integrals. In Section 7, we will prove a version of “local singular transfer”; which shows that for
f and (fY)yen,, if their regular semisimple orbital integrals match (i.e., they are matching), then
the more singular terms, i.e. the regular orbital integral IE( f,0) and the semisimple orbital integral
of fV also match.

Theorem 1.4. (See Theorem 7.9) Suppose that f and (fV )y ey, match, let vy € G (F,), then we

reg

have

E(,0) =" ey 0dolfY),
(V,0)

where the summation runs through the set {(V,O) | V € H,, O is a semisimple orbit corresponds to v},

and cy,0 are some explicit constants independent of f and fv.
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This result can be regarded as a local analogue of the singular transfer theorem of Chaudouard-—
Zydor in | , Théoreme 1.1.6.1].

1.3. Remarks. In | |, Zhang proposed an RTF approach to the arithmetic Gan—Gross—Prasad
TAGGP) conjecture. In [ |, a p-adic version of the AGGP conjecture is proved. One key
difficulty in [ | is caused by the use of a very specific test function at some split places, and

these functions have regular support but not regular semisimple support, in order to p-adically
interpolate the orbital integral. The result in this article could be applied to loc.cit..

Liu [ ] proposed an RTF to attack the global GGP conjecture for the Fourier-Jacobi period
on unitary groups, and using this RTF, Xue [ | proved the global GGP conjectures for Fourier-
Jacobi period under some local conditions. Some of the local conditions were removed in [ 1,
and a full coarse RTF was established by Boisseau, Xue, and the author | ]. Using the coarse
RTF, the global GGP conjectures for the Fourier-Jacobi period, together with the Eisenstein and
higher corank case, are proved in loc.cit.. We will also consider the Fourier-Jacobi analogue of the
main results in Section 8.

We give an outline of this article. After some preliminaries in Section 2, in Section 3, we extend
the coarse Jacquet-Rallis RTF on the general linear group and its Lie algebra by allowing for a
general character on Hj. In Section 4, we will prove Theorem 1.2. In Section 5, we will define the
local regular orbital integral and study its properties, and in Section 6 we use it to define the global
regular orbital integral and prove Theorem 1.1. In Section 7 we prove the local singular transfer
theorem. In Section 8, we give a Fourier-Jacobi analogue of the results. In the appendix, we extend
the asymptotic of the modified kernel in [ , Theorem 3.3.7.1] to general parabolic subgroups
and its Levi subgroups.

Acknowledgement. The author would like to thank Wei Zhang for the suggestion of this problem
and helpful discussion on many parts of this article, he is also very grateful to Daniel Disegni, Ziqi
Guo, Linli Shi, Yiyang Wang, Hang Xue, Hongfeng Zhang, and Zhiyu Zhang for helpful comments

and discussions.

2. PRELIMINARIES
2.1. General notation.

e We fix an integer n > 0 throughout this article.

e For a matrix A, we write A for the transpose of A.

e Let F' be a number field and let v be place of F', we write F,, for the completion of F' at the
place v. In general, if S is a finite set of places of F, we write Fg := [],cq Fv and A%, for
the restricted product H;gs F,. We also write Fo, :== F ®gR. If E/F is a finite extension,
we put Fs := F ®p Fs.



e Let f and g be positive functions on a set X, we write f < g if there exists C' > 0 such
that f(z) < Cg(z) for all z € X. We write f <, ... ¢, g if the constant C' depends on the
parameters ¢y, , Cp.

e Let r be a real number. We denote by H, (resp. Hs,) the left half plane {z € C | Re(s) <
r} (resp. right half plane {z € C | Re(s) > r}).

e For a vector space V over a field k, we write V* := Homy(V, F') for the dual space of V.
We denote by k™ and k,, the n dimensional column/row vectors respectively.

e Let GG be a reductive group over a field k of characteristic 0, and assume that G acts on a
finite type affine k-scheme X. We write X/G for the GIT quotient and for b € (X/G)(k), we
denote the fiber of b under the quotient map X — X /G by X}, which is a closed subscheme
of X.

e Let R be a ring and assume that we have a homomorphism y from R to some abelian group

A. By an abuse of notation, we also denote the homomorphism x o det from GL,(R) to A
by x.

2.2. Algebraic groups. In this subsection, we follow the notations in | | where the reader
can find more details there. Let F' be a number field and let G be an algebraic group over F', we
write goo for the Lie algebra of the Lie group G(F), and let U(gso) be the universal enveloping
algebra of goo. We denote by [G] := G(F)\G(A) the adelic quotient of G. We fix the Tamagawa
measure dg on G(A) as described in | , Section 2.3].

For the remainder of this subsection, we assume that G is connected and reductive. Fix a
maximal split torus Ag of G and a minimal parabolic subgroup Py containing Ag. A parabolic
subgroup P of G is called standard if P D Py, and it is called semi-standard if P D Ay. Let P be a
semi-standard parabolic subgroup of GG, then P has a unique Levi decomposition P = MpNp such
that Mp D Ay, this is called the standard Levi decomposition. When we say Levi decomposition
of a semi-standard parabolic subgroup, we will always mean the standard Levi decomposition.

Let W be the Weyl group of (G, Ap), that is the quotient by My(F') of the normalizer of Ag in
G(F).

For a semi-standard parabolic subgroup P of G, define
ap = X*(P)®z R, ap:=Homz(X*(P),R).

We endow ap with the Haar measure such that the lattice X*(P) has covolume 1.

Let ag := ap, and agj := ap . For P C @, there is a natural direct sum decomposition
ap = a2 ®ag, ap = a2 @ aj.
In particular, we will view ap (resp. a},) as a subspace of ag (resp. af). For P C @, we put

6% = (_1>d1m ap—dim aQ .
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Let P} be a semi-standard minimal parabolic subgroup containing P, we denote by AII;(,) the set
of simple roots under the Ay action, relative to Fj, on the Lie algebra of Np. We put A Py = AIG%.
For semi-standard parabolic subgroups P C @, define Ag to be the image of AQé \ A]]zé by the
projection map aj — ap. We also have a set of coroots Ag,v’ the set of weights ﬁg, and the set of
coweights zg,v. Let pp € a} be the half of the sum of the roots of the action of Ap on Np.

For any semi-standard parabolic subgroup P, and for any T" € ag, we define a point Tp € ap,
such that for any w € W such that wPyw~! C P, the point Tp is the projection of w - T on ap
under the projection map ag — ap.

Let Tg be the characteristic function of
{X€ay|{a,X) >0, forall a« € Ag},
and put af := {X € ag | 7'1(5; (X) = 1}. Dually, let ?16_2,2 be the characteristic function of
{X€ay|(w,X) >0, forall w € ﬁg}
For a semi-standard parabolic subgroup P of G, we put

[G]p = Np(A)Mp(F)\G(A).

We fix a norm || - || on G(A) as in | , Appendix A]. It induces a norm on [G]p by
= inf .
lollps=_ ot ol
There is a notion of weight functions on [G]p as in | , Subsection 2.4.3]. In particular, for

any « € af, there is a weight dp, on [G]p.

We denote by A the neutral component of real points of the maximal split central torus of
Resp/gG. For a semi-standard parabolic subgroup P of G, let AF := Afy; . We also define
AR = AR, = Agg

We fix a maximal compact subgroup K of G(A), which is in good position with Py. Hence we
have the Iwasawa decomposition G(A) = P(A)K for all semi-standard parabolic subgroup P of G.
The map

Hp: P(A) — ap, p— (x — log|x(9)l), x € X*(P),
extends to G(A), by requiring it trivial on K. The map Hp induces an isomorphism A¥ = ap, we
endow A% with the Haar measure such that this isomorphism is measure-preserving. Let G(A)L be

the preimage of 0 under Hp. G(A)! := G(A){, is a subgroup of G(A). For general P, the product

in G(A) induces a direct product decomposition (of sets)
G(A) = G(A)h x AP.

The subset G(A)L descends to a subset of [G]p, we denote this by [G]}.
8



Let X(G) be the set of cuspidal datum of G, see | , Section 2.9]. Let P be a semi-standard

parabolic subgroup, we have the following Langlands decomposition of the L? space:

(2.1) L*([Glp) = P Li(Clp).
XEX(G)
Fix a norm || - || on ap. We say T € ag is sufficiently positive, if there exists C' > 0 and € > 0

such that

inf (o, T) > C,e||T|}-
Jnf (a,T) 2 max{C,|T|}

For T € ag and a semi-standard parabolic subgroup P of G, let F¥(-,T) be the function on [G]p
introduced in [ , Subsubsection 2.3.3]. It is a characteristic function of a subset of [G]p, and

this subset is compact modulo center.

2.3. Function spaces. Let F' be a number field and let G be an algebraic group over F. We say
a function f: G(A) — C is smooth, if there exists a compact open subgroup J C G(Ay) such that
f is invariant under the right translation by J, and for all g € G(Ay), the function goo — f(gf9o0)
is smooth on Lie group G(Fs). We say that the function on [G]p is smooth if it pulls back to a
smooth function on G(A).

Let C be a compact subset of G(Af) and let J C G(Ay¢) be a compact subgroup. Let S(G(A),C, J)
be the Fréchet space of smooth functions f : G(A) — C which are biinvariant by J, supported in
the subset C' x G(Fu) and such that

Ifllvxy = sup [(RX)LY))(9)llgl™ < o0
geG(A)
for any N > 1 and X,Y € U(goo), where L and R denote the left and right action of U(geo)
respectively. Let S(G(A)) be a union of all S(G(A), C, J), it carries a natural strict LF topology.
In particular, if V' is a vector space over F, we have a space S(V(A)) of Schwartz function on V' (A).

Let G be a reductive group over F', and let P be a semi-standard parabolic subgroup of G. We
denote by S°([G]p) the space of the rapidly decreasing measurable functions on [G]p. In general,
let X C [G]p be a measurable subset, let SY(X) be the set of measurable functions f on X such
that

N
[flloo,v == sup ||lz[|p | f(z)]
zeX

is finite for all N. Equipped with the semi-norms || - ||co.v, S°(X) is a Frechét space.
We denote by T°([G]p) the space of complex Radon measure ¢ on [G]p such that there exists

/ 5 o()]
[Glp

Let w be a weight on [G]p, we write S, ([G]p) for the LF space of weighted Schwartz functions

N > 0 making the integral

finite. It carries a natural LF topology.

on [G]p. It consists of smooth functions f on [G]p such that there exists N > 0, such that for all
9



X €U(goo) and r > 0,
1 £llooxrv := sup [R(X)f(2)|w(2)" |5 < oo.
z€[Glp
In particular, if w = || - ||p, Sw([G]p) := S([G]p) is the space of Schwartz functions on [G]p, and
if w=1, S,([G]p) := T([G]p) is the space of functions of uniform moderate growth on [G]p. For
more details on these global function spaces, see [ , Section 2.5].

Now let F' be a local field of characteristic 0, and let G be an algebraic group over F', fix a norm
|-l on G(F) asin | , Section 18]. We denote by S(G(F')) the space of Schwartz function on F'.
If F' is non-archimedean, S(G(F')) consists of compactly supported and locally constant function,
if F' is archimedean, it consists of smooth functions f on G(F') such that for any X € U(g~) and
N >0

1 flxn = sup [ VR(X)f(z)] < oo.
geG(F)

The space S(G(F')) carries a natural Fréchet topology when F' is archimedean, and we endow
S(G(F)) with the finest locally convex topology if F' is non-Archimedean.

The definition of Schwartz functions extends to X (F'), where X is a smooth algebraic variety
over F', or more generally, an arbitrary open subset U C X (F') is F' is non-Archimedean, and Nash
open subset U C X (F) if F' is Archimedean (see | 1.

2.4. The symmetric space S and its variants. From now on until the end of Section 2, we
fix a field F' of characteristic 0 and let E be a quadratic étale algebra over F. Let c be the
unique nontrivial evolution of F that fixes F. For an F algebra R, we will write a — a¢ for the
involution on R®p E induced by c. For k > 1, write GLj, := GLj p, and G}, := Resp/r GLi g Let
G':= G}, x GJ, ;. It has subgroups Hy, Hy, where

n

h
H, = (h, ( 1> )(h € G;L), Hs = GLn’F X GLnJrLF = H27n X H27n+1.

Let S be the algebraic variety over F' such that
S(R) ={z € GL,41(R® E) | zz° = 1},

where 1 stands for the identity matrix of size (n + 1) x (n + 1).

We regard the group GL,, as a subgroup of GL, 1 via the embedding g — (g 1). The group
GL,, has a right action on S by

T-g= g_lxg.

There is a GLy,-equivariant isomorphism
lc

v:Gry/GLlyp1 S, g—> g9~

where GL,, acts on G, ;/ GLy1 by left translation. Let B := S/ GL,, be the GIT quotient.
10



Note that there is a natural identification G’/H; x Hopi1 = G, 11 / GLj 41 F induced by the map
9n,9n+1) = 9, 9n+1, theretore B can also be identified with the quotient 1 X Ho. More
" ~1gn11, therefore B Iso be identified with the GIT ient G'/Hy x Hy. M

concretely, the map

(2'2) a:G — S, (gmgnJrl) — V(gglgnJrl)

identifies G’'/H; x Hy with B.

Let o € E* with 0o® = 1, and let S? be the Zariski open subset of S consisting of € S such
that the matrix £ — o - 1 is invertible.

We write gl,, ;1 := gl,,41 p for the vector space of (n + 1) x (n + 1) matrices with coefficient in

F. The group GL,, has a right action on gl,,; given by
A-g:=g1Ag.

Let B := gl,, / GL, be the GIT quotient. From [ , Lemma 3.1], we see that B is isomorphic
to the affine space A?"t! of dimension 2n + 1.

Fix 7 € E such that 7¢ = —7, let g}, ; be the Zariski open subset of gl consists of Y € gl,,
such that the matrix Y — 7 - 1 is invertible.

The Cayley map
1+7Y
i

defines a GLj-equivariant isomorphism between gl ,; and S?. The open subsets gl ,; and S7 is

(2.3) gl — S, Yi— —0o

GL,, invariant and descends to open subsets of B™ of B and B of B respectively, and ¢, induces
an isomorphism B™ — B which we will still denote by ¢, .

We define two algebraic functions AT and A~ on S via the expression

c

A
(2.4) A*(z) = det(b, Ab, A%, -, A" ), A~(zx)=det | " |,

CAn—l

where we have written an element z of S as

A b
T = ,
c d

where A, b, c,d has size n x n,n x 1,1 x n,1 x 1 respectively.

Let Sy (resp. S_) be the Zariski open subset of S where A* (resp. A7) is non vanishing, and
let G/_ and G” be the preimage of Sy and S_ under the map « (see (2.2)) respectively. Let epqq
be the column vector (0,---,0,1)! of size (n + 1) x 1, we can directly check that

t
Cn+1
(2.5) AT (z) = (=1)"det(z, xens1, -+ 2 ens1), A (z) = (—1)"det

t n
Cn+1T
11



A
Similarly, for X = ( 2) €gl, with Aegl,,ve F'ueF,d¢cF, define

u
u
+ n—1 - uA
07(X) = det(v, Av,--- ;A" "v), 0 (X) =det
uAnfl

Let gl,, 1 4 (vesp. gl, 1 ) be the Zariski open subset of gl,, | where T (resp. §~) is non-vanishing.
We have

€hi1
(2.6) 5 (X) = (1) det(ensn - Xenys),  5-(X) = (<1 det | 1%
eh 1 X"
Direct computation shows that for X € gl},,;, we have
(2.7) A*(er(X)) = (=207 )™ 5 det(1 — 7-1Y) "6 (X).
and
(2.8) A~ (ey(X)) = (=207 1" 5 det(1 — 771Y) "6 (X).
As a consequence, for any Y € gl ,;, we have
(2.9) (V) €Sy (resp. S_) <= Y g,y (vesp. gl,q ).

For a vector space V over F, put a‘: = gl(V) x V x V*, it carries a right action by GL(V):

(A,v,u)-g= (97" Ag, g™ v, ug).
We write gA[; = gT}; Note that we have a GLy-equivariant isomorphism

(Y

y d> — ((A,v,u),d)

— A
(2.10) gl =gl x F, (

where F' is endowed with the trivial action of GL,,. The space gN[n can be viewed as a variant of

g[n+1'
Let Ay = Ef;/ GL(V) be the GIT quotient. We put A := Agn, by (2.10), we have an identifica-
tion B2 Ax F. If dimV = d, Ay can be identified with the affine space A2, where the quotient

map q : E[; — Ay is given by
(211) (A, u, 1)) — ((TI'&CG /\i A)lgigd, (uAi”U)OSiSd,l) s

when dim Vi = dim V5, Ay, and Ay, are canonically identified through this map.
For X = (A,v,u) € gA[;L, we introduce the analog of the functions = (still denoted by §%) as:

0T (X) = det(v, Av, A%v, - A" 1), §7(X) = det(u, ud, uA? - uA" ).
12



Note that the definition of 6% depends on the choice of basis of F, so there is no canonical definition
of 6% on Ef; for a general vector space V. However, we can define af; 4 (resp. QE_) to be the
Zariski open subset of gf; where {v, Av,--- , A" o} (vesp. {u,uA, -+ ,uA""1}) form a basis of V
(resp. V*). If V.= F", this is the open subset of gﬁ; where 07 (resp. d7) is non-vanishing.

Under the map (2.10), we have

g[n+1,+ = g[n,+ X F, g[n+1,7 = g[n,— x F.

Recall that if we have a reductive group G over F acting on a finite-type F-scheme X, then
x € X(F) is called regular if its stabilizer G, has minimal dimension, and x € X(F) is called
semisimple if its (scheme-theoretic) orbit is Zariski closed. We denote by X,ee (resp. Xis) the
Zariski open subset of X consisting of regular (resp. regular semisimple) elements. In this article,

we are mainly interested in the following four cases of X and G.

X =G, G = H; x Hy;

X =8, G = GLy;
(2.12)

X =gl,1, G = GL,;

X =gl G =GL,.

In these cases, a rational point is regular if and only if its stabilizer is trivial, and it is known that
(see e.g. | ) Xis=X1NX_.

For g € GL,(F), and « € S(F) (resp. Y € gl, ((F)or Y € gﬁ;(F)), note that A*(z - g) =
det g- AT () (resp. 65(Y -g) = detg-0+(Y)). Therefore for X and G in these four cases , we have
X4+ UX_ C Xyeg. We remark that for n > 2, this inclusion is strict.

2.5. Descent on gl,,. Let 3y := {(\-id,0,0) | A € F} C gly.. Then 3y is the center of gly, under
the GL(V') action (i.e. the set of fixed points). The composition 3, — 5@ — A induces a closed
embedding 3, < A. We call the image of this embedding the center of A, an element lying in the
center will be called central.

We now recall the descent construction on gl cf. | , Section 3.2] or | , Section 3.4].
It allows us to approximate any element a € A(F) by regular semisimple elements and central
elements in smaller GIT quotients. The construction consists of two steps: first approximate a by
(ag,a’) where ag is regular semisimple and a® is close to being central, and then approximate a°
by central elements (a1, --- ,ar). We now describe them in detail.

Step 1. For any vector space V over F, we have a stratification of Ay as described in | , 3.1.4].
For an integer r with 1 <r < dimV, and X = (4,v,u) € ;[;(F), let

(2.13) d(X) = det(uA™20) 1 <; <.
Let Ef;(r) be the locally closed subscheme of a‘; such that d, # 0 but ds = 0 for s > r. The

subscheme ;[;(T) is GL(V)-invariant and descends to a locally closed subscheme Ag) of Ay. Note

that Agﬁm V) is the open subset Ay, consisting of regular semisimple elements.
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Choose an isomorphism i : F™ = F" @ F"7 " it determines an embedding

N(T) —_—

L g[r x g[nfr - gfi:w

(2.14) A /
(A1, v1,u1), (A, v2,u2) —> <( ! UUQ> ,1)1,U1> ,

vou!  As

where v’ € F, satisfies

ifo<i<r—1

W Alvy =
1 ifi=r—1,
and v € F" satisfies
ulAiv’: ifo<i<r—1
1 ifi=r—1.

The map (2.14) descends to an isomorphism of varieties
(2.15) v AV X A, 2 AT,

where A(27) = UkZTA(k) is an open subset of A. The isomorphism (2.15) is independent of the

choice of ¢ and restricts to an isomorphism
(2.16) AT s Ao glrte),

In particular, for a € A (F), there exists unique (ag, a®) € AEQ X AE[S,)L_T such that ¢(ag, a’) = a.
Note that ag is regular semisimple in Apr(F).
Step 2. Fix a € A")(F). As we discussed in Step 1, a can be uniquely written as ¢(ag, a®). Assume
that a'is represented by (A4,v,u) € g/[;,:a(F), then uA'v = 0 for any i > 0 (see [ ,3.1.4.1]). We
therefore see that a° is determined by the characteristic polynomial P of A. Assume P decomposes
in the polynomial ring F[z] as P = P{" --- P, where P; are distinct and irreducible. For 1 < i < k,
put F; = F[z|/P;(x), which is a finite extension of F'. Put

k k
(2.17) H; = Resp,/p GLn,p,, H°=]]Hi, bi= ResFi/Fg/[;;;, 0 = b
=1 =1
Let Apo be the GIT quotient [;0 /HY which can be identified with Hle A; with
Ai = Resg, /p(glpri / Gl 1,).

Choose an isomorphism of F-vector spaces i° : @le Resp,, pF" = F"". Then we get the

embedding

(2.18) tgo : HO < GLp_y, (g5) — ®g;

and

(2.19) Lyo 60 < alpnr, (As,vi,ui) — (DA, By, Buy),
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where we have used the identification.
Homp, (F[", F;) = Homp(F/", F), [+ (v— trp,/pf(v)).

The embedding (2.19) induces a natural map Ago — Apn—r and this map is independent of the
choice of V.
Let f)~0, denote the open subset of EF) consisting of (A;, u;,v;) such that det Q;(A;) # 0, where Q;
is the characteristic polynomial of A; over F. [;0/ descends to an open subset A’Ho of Ago.
We put
Hy=GL,, H=HyxH’ bo=glp, b=nhoxHo.

The GIT quotient Apy := E/ H can be identified with Apr x Ago. The isomorphisms i and i°
determine the maps t5o in (2.19) and ¢ in (2.14), and in terms give a map ¢y : hNO(r) X f;’ — ngL
Let B = b
The map ¢y restricts to a map 5’ — E[;, and descends to a map ¢4 : A} — A. The map 14 is

~/ ~ ~
x h0. Then b’ is an open subset of h, and descends to an open subset A%, of Ap.

independent of the isomorphisms i and i and by | , Appendix B] (see also [ , Subsection
6.4]), the map ¢4 is étale.
Let «; be the image of T in F; = FI[T]/(F;), and let a; be the image of («; - id,0,0) under

the quotient map gf[\‘;l — A;. Let ag = (ag,a1, -+ ,a;) € Ag. From the definition, we see that
talar) = a.
By [ , Appendix B] (see also | , Subsection 6.4]), we have a Cartesian diagram

E’><H(}Ln*>gﬁ1

(2.20) l l

|
where

e The right vertical map is the quotient map, and the left vertical map is induced by the
quotient map f;’ — Ap, trivial on the second component.

e The bottom horizontal map is ¢4, the top horizontal map sends (X, g) to ¢4(X) - g.

By the vanishing of Galois cohomology, we have
(2.21) (b x GL,)(F) = §/(F) xF) GL,,(F).

Hence the map ¢y induces a natural bijection between the H (F')-orbit of Ba » and the GL,,(F')-orbit
of gA[:1 o

We finally remark that the above construction is compatible with base change. More precisely,
if K/F is a field extension (not necessarily algebraic) and for a € Ay (F'), the above procedure
gives H, b and the diagram (2.20). If we regard a as an element of Ay (K) = Avgpr (K), assume
that the above procedure gives Hy, 6\[/( and the diagram (2.20) over K. Then one check easily that

Hy = H xp K is the base change of F, and the diagram (2.20) over K is also a base change of the
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corresponding diagram over F'. We will use this fact when F' is a number field and K = F,, for a

place v of F.

2.6. Classification of regular orbits. In either of the four cases in (2.12), let X/G be the GIT
quotient and ¢ : X — X/G be the quotient map. For b € (X/G)(F), we denote by X the fiber
of b. We now use the results in Subsection 2.5 to classify the regular orbits (i.e. with orbits with

trivial stabilizer). Let us first begin with some special regular orbits.

Lemma 2.1. In either of the four cases in (2.12), for any b € (X/G)(F), G(F) acts simply
transitively on Xp(F) N X4 (F) and Xp(F) N X_(F). In other words, there exists a unique orbit
O™ (b) (resp. O~ (b)) of G(F) action on Xy(F) such that this orbit is contained in X (F) (resp.
X_(F)).

Proof. We prove the result for X, and the proof for X_ is then similar.

When X = g’g, the lemma follows from | , Proposition 6.3] 1. By (2.10), it holds for
X =gl For X =S, take 0 € F such that Nmg,p(c) = 1 and b € B?(F). By (2.9), as a
set with GL, (F) action, Sp(F) NS4 (F) is isomorphic to 8l 1.1 0 (F)Ngl, 11 4+ (F), therefore the
lemma holds for X = S. Finally, since G'/H; x Hg 41 is isomorphic as a GLj,-variety to S, the
lemma holds for X = G'. O

If b € (X/G)(F) is regular semisimple, then OT(b) = O~ (b) = X, (see | ]). We also have

the following result

Lemma 2.2. For X = g/@ and G = GL,,, and a € A(F) is central, then O"(a) and O~ (a) are the

only regular orbits of in ol o

Proof. Let a be the image of (A-id,0,0) € gA[;(F) If A =0, then this is proved in | , Lemma
6.1]. For general A\, we only need to note that A — (A—\-id, 0, 0) gives a GL,, equivariant bijection

between g/E’a and g/\l;o. O

If a € A(F) is central, the orbit O"(a) and O~ (a) can be described explicitly. If a is the image
of (A-id,0,0) then O (a) is the orbit of

A 1 0
0 1
(2.22) Zy = 0 A , ,0
0 0 0 A 1
n [ , Proposition 6.3] such result is only stated for local field, but the proof works for any field of charac-
teristic 0.

16



And O~ (a) is the orbit of

— >
(e}

(2.23) Z5 =

@)
—_
o
=
—
=
=
—_
~—

ja)

Now we classify general regular orbits. We first consider the case where X = g/;f; and G = GL,,.
Let a € A(F), we use our notation in Subsection 2.5. We have field extensions F;(1 <i < k) of F
and after choosing the isomorphism i and i®, we associate a € A(F) with a map Ly : H — gﬂ[;

Let £ be the set of maps from the set {1,2,--- ,k} to {+,—}. For € € £, we write ¢; := &(1).

Proposition 2.3. Pick any Xo € P;()’QO(F). Then a complete set of representative of orbit of

GL,(F) action on gfim(F) Ng (F) is given by

n,reg
(2.24) {(X0. 25, Z28) | e € €}
where £ runs through every element in € and we recall that o is the image of T in F; = F[T]/(F;).
Moreover

(1) For eache € &, the orbit of ty(Xo, Zg},- -+, Z5k ) is independent of Xo and the choice of the

isomorphisms i and i°.
(2) The orbit of uy(Xo, Z,,-- , Z1,) (resp. 1y(Xo, Zy,, -+ 1 Zy,)) is Ot (a) (resp. O~ (a)).

Proof. By the diagram (2.20) and the equality (2.21), the map ¢ induces a GL, (F')-equivariant
bijection
By () 1) GL (F) — gl o (F),

therefore, ¢y induces a bijection between the H(F) orbit on EGH(F) and GL,,(F') orbit on g’ELa(F),
and regular orbits corresponds to regular orbit. Since each component a; of ap is either regular
semi-simple (¢ = 0) or central (i > 0), Lemma 2.2 implies that the regular orbits in g?[;a(F ) are
given by (2.24). Different choices of i and i will yield ¢, composed with an GL,(F) action on
g/\[;L(F), which certainly does not affect the orbit. And different choices of X are in the same

Hy(F) orbit, therefore (1) is proved. Part (2) follows from [ , Proof of Lemme 3.2.2.2 and
Lemme 3.4.1.1]. O
For ¢ € &€, we call a regular orbit in gﬁ;a(F) of type €, if it is the orbit of vy(Xo, Z5t,- -+, Z5k).

Corollary 2.4. In each of the cases in (2.12), for b € (X/G)(F), there are finitely many regular
orbits of G(F)-action on Xy(F'). Indeed, the number of orbits is a power of 2.

Proof. The case when X = g?[; is proved in Proposition 2.3, the other cases are reduced to this case

(see the proof Lemma 2.1). O
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3. COARSE RELATIVE TRACE FORMULAE

3.1. Preliminaries. In this section, we denote by E/F a quadratic extension of number fields.
Let ¢ be the non-trivial element in the Galois group Gal(E/F'). For an F-algebra R, ¢ will induce
an involution on R ®r F, we denote this by a +— a°. Let A := Ar and Ag be the ring of adeles of
F and F respectively.

Let k > 1 be an integer, we write GLy := GLgp. Let G} := Resp/p GLy g and let G’ :=
G, x G, ;. G’ has two subgroups H; and Hy as in (1.1). We put Hy,, = GLy,Hy 41 = GLpy1,
they are both regarded as subgroups of Hy. For an element hy € Ha, we write ho, and ho i1
for its corresponding components. Let K; and Ky be the standard maximal compact subgroup of
H;(A) and Ha(A) respectively.

For k > 1, let By be the upper triangular Borel subgroup of G). We choose By, as our fixed
minimal parabolic subgroup of G}, and we choose B, X Bj41 as our fixed minimal parabolic
subgroup of G'. We put aj := ap,. Let By p := By N GL,, be the upper triangular Borel subgroup
of GL,,.

Let k,a,b be integers such that kK > 1 and 0 < a < b <k, let er,---,e; be the standard basis of
E* and let E*® be the subspace of EF generated by eqi1,-- - , €.
Let Fgrs be the set of Rankin-Selberg parabolic subgroup of G’ introduced in | , Subsec-

tion 3.1]. It consists of semi-standard parabolic subgroups of G’ of the form P,, x P, 41, such that
P, is standard and P,+1 NG/, = P,,. When P, is the stabilizer of the flag

(3.1) o=WwcWwc---CcV,=E"

with V; = E%% then there are 2r + 1 possible choices such that P, x P, € Fgrs. It is either the
stabilizer of the flag

(3.2) 0=VoC - CVuCVig1®FEepy1 C---CV,®Eepy = E"!
with 0 < k <r — 1 or the stabilizer of the flag
(3.3) 0=VoC--CVu CVi@®Fepy1 C---CV,®Eeppy = E"L

with 0 < k <.
In the case when P, stabilizes the flag (3.2), the Levi subgroup Mp, ., of P, can be identified
with

[[ GLE™“+) x GL(E*™+ 4 Eeyya).

0<i<r—1
ik
In this case, we write Mp,, (A)! for the subgroup
[T GL(E®%+)(A) x GL(E™®+1 + Ee,1)(A)

0<i<r—1
iZk

of Mp, ., (A), under the above identification. We denote by G;, (A)}IDHJr
18
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In the case when P, stabilizes the flag (3.3), Mp,,, can be identified with

[ GL(E*““+) x GL(Eenya).

0<ei<r

In this case, we write Mp,,, (A)" for the subgroup

[] GL(E“+1)(A) x GL(Eens1)(A)

0<i<r

of Mp, ., (A) and we also set G;+1(A)}13n+1 = MI%"H (A)Np,., (A).

For P € FRrg, we write Py, :== PN H; = P, and Py, = PN Ha.

We also let Frs r be the set of semi-standard parabolic subgroups of Hy = GL,, X GLj41 of the
form P, x P,41, such that P, is standard and P,1; N GL, = P,. The map P — P N Hs induces a
bijection between Frs and Frs r

The natural map Gj, — G, induces a map a, < ap41. For P € Fgs, it induces an embedding

ap, — ap, ;- We define
apy, :=ap, Nap, | = apy, Map.

Gl . G
The natural map ¢ : app, — ap”' induced by apn, = ap,,, — ap::_rll

The subspace apy, is the Lie algebra of A‘fDOH1 = AP NAP - & AOPC;{ NA%Y. Note that we have
b n n 1

is an isomorphism.

the decomposition

MPnJrl (A) = Mf%n_'.l (A) X AOPSHl ) '/n-l,-l (A) - /n+1 (A)]l X AOPSHI .

Pt

!
(S

For s € C, we define p,, €a Poi1,C by requiring the equality

e<an+1 _pP”’HP"(a»\detaP _ €<£P7S»HPTL(G)>

holds for all a € Aj’;le.
Let V' be a finite dimensional vector space over R, we write V¥ := Homg(V, C). An exponential

polynomial function on V is a function of the form
T
pa) = Y R@e™, wev,
i=1

where \; € V& and P; are non-zero polynomial functions on V. If A; are distinct, then P; are
uniquely determined. The term corresponding to A; = 0 is called the pure polynomial term. The
complex numbers Ay, --- , A, are called exponents of p.

Let ng/p: A* — {#£1} be the quadratic character associated to E/F. We define a character n
on Ha(A) by

N(homn, hani1) = 1g/r(hown)" T g p(hom)"
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3.2. Coarse Jacquet-Rallis RTF. For f € S(G/(A)) and P € Fgs, the right translation action
R(f) on L%(|G']p) is given by the kernel function

Kip(my) = 3 / f(atmny)dn,
mGMp Np

where z,y € [G']p. For x € X(G’), let K¢ p,(x,y) be the kernel function of the operator p, o
R(f) on L*([G']p), where p, denotes the projection to x-component in the Langlands spectral
decomposition (2.1). For (h1, h2) € [Hi]py, x [Ho]p,, we put

K¢ pp(hi,he) = / f(hy'mnhy),
meMp(F) mG/ Np(a

where we recall that Gj is the fiber of b (see Subsection 2.1).
For cach e € X(G') UB(F) and T € ay+1, the modified kernel is defined as

Folhiho)= " ep > o (Hp,y, (6nhan) — Te, ) Kf pe(yhe, 6ha),
PeFRrs YE€Pu, (F)\H1(F)
d€ Py, (F)\Ha(F)

where (hq, he) € [Hy] x [Hg]. More generally, for Q € Frg and e € X(G') UB(F), we put

KZ(hiho) = > €F > P (Hp,,y (9nhom) = T, 1) K g pa(vhy, 6ha),
PeFrs VEPHl (F)\QHl (F)
6€ P, (F)\Qu, (F)

where (hy, hs2) € [H1]QH1 X [H2]QH2'

We have the following asymptotic of modified kernel in [ , Theorem 3.3.7.1]: for any
N > 0, there exists a continuous semi-norm || - || on S(G'(A)) such that
(3.4) > [KF s ha) = FOU o (o, T)E g (o o) < MY ol 1
XEX(G)

holds for all f € S(G'(A)), (h1,h2) € [H1] x [He] and T € a4+ sufficiently positive.
In Proposition A.1, we generalize the result to any K?X , we showed that for every Q € Fgrs and

N > 0, there exists a continuous semi-norm || - || on S(G’(A)) such that

7T n -
(35) D KR (i ha) = FO (ha, To,, ) Kpau(hn, ha)l < e MRy |57 [IR2llgh 1171
XEX(G)
holds for f € S(G'(A)), (h1, he) € [Hilgy, ¥ [Hg]}}?HQ and T € a,4 sufficiently positive.
We also showed in Proposition A.3 that for any f € S(G'(A)) and N > 0, we have

T n —N|T -N —-N
(3.6) > K (h he) — FO (hyn, Tg, . ) K r.qu(ha, ho)| < e ] ||Hh1||QH1 12l Gy, -
beB(F)
We say that an idele class character £ : A5, — C* is strictly unitary if it is trivial on the subgroup
Ag C A%. Note that any idele class character can be uniquely written as &-|-|*, where £ is strictly

unitary and s € C.
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The next theorem slightly generalizes the result in | , Section 3] by allowing a general
character on Hj(A).

Theorem 3.1. Let & be a strictly unitary character of Aj,.
(1) For any f € S(G'(A)), s € C and T sufficiently positive, we have

(3.7) > /H

/ |KT . (h1, ho)||det hy|**®)dhydhy < oo
xex(Gry [l /[Hz]

and

(3.8) / / | KT, (h, ho)||det hy|**=)dhydhy < 0.
beB(F) / (Ml /[Ha]

(2) Forec X(G')U B(F), as a function of T, the integral
11(f,&8) = / K7 o(h1, ho)§(h)|det by [*n(hg)dhidhy
[Hi] /[Ho]

is an exponential polynomial. If s & {—1,1}, then the pure polynomial term is a constant,
we denoted it by I4(f,&,s). For a fized f and &, I.(f,&, s) is meromorphic on C\ {—1,1}.
We write Io(f,€) = Io(f,£,0).
(3) For each x € X(G') and s & {—1,1}, the distribution I,.(-,&, s) is continuous and the sum
I(f,65) = > Ld(f&s)
XEX(G)
is absolutely convergent and defines a continuous distribution I(-,€,s) on S(G'(A)).
(4) For each b € B(F) and s & {—1,1}, the distribution Iy(-,&,s) is continuous on S(G'(A))

and

I(f,6,8)= Y L(f,&9).

beB(F)

Where the sum on the right-hand side is absolutely convergent.

The proof is similar to [ , Section 3], for later use, we briefly sketch the proof here.

Proof of Part (1). Since |hy|Re() < ||hy ||‘Re N By | , Theorem A.1.1(vi)], for N large enough

/ / e NIy || ol 7Y | det B ARy dhy
Hi] J[Ho]

is finite and defines continuous semi-norm on S(G'(A)).
By | , (3.2.3.2)] for any f € S(G'(A)) and any (hi, he) € [H;] x [Ha], we have,

~N+[R
S [Kp(ha, o)l [ det bR < [yl 1 h2nstligr Iallg TR,
X€X(G)
Since FGLn+1(. T is compactly supported as a function on [GL,], we see that

/ / FOMnt1(hy, T |K sy, (hi, ho)| dhydhy
[H1] J[H2]

XEX(G)
21



is finite. Combining with (3.4) ,we see that the integral (3.7) is finite. Using the estimate (3.6),

the finiteness of (3.8) is proved in a similar way. O
G! G/ .
For each Q € Frs, let I'y | be the function on ay"7 X ag"7 defined in [ , Section 2]. It
is compactly supported in the first variable when the second variable stays in a compact subset.
By [ , Lemme 3.5], for any @) € Frg, the function
: X l—>/ pQS FQ +1(H X)dH, X €ap41
Qn+1

is an exponential polynomial function and when s ¢ {—1, 1}, the pure polynomial term is constant.

Proof of Part(2)-(4). For Q € Frs and (h1, he) € [Hi]gy, % [Ha]gy, , we have the following equality

T
hla h2 Z Z F/Qn+1 (HQn+1 (6nh27n) - TénJrl ) TQ'VLJrl - TclgnJrl)Kg' (’yhl’ 6h2)
QEFRs v€Qu, (F)\H1(F)
0€Qu, (F)\Ha(F)

We hence see that I7(f,&,s) is equal to

/H /H FQn+1 (HQn+1 <h2 n) — TQn.H 1Qu41 — TQn_H) f . (h17 h2)&(hy)|det hl‘ n(hQ)dhlth
QEFRs 1] 2lo

Using Iwasawa decomposmon the summand corresponding to @ is

-2 ,H, 2 H
/ / / vy Mo, () o200y M, Dy, (Ho, (o) = Thy, 1 Taues — Th, )
MQH MQH] K1><K2

K?’; (mlkl,mgk‘g)ﬁ’(mlkl)\det ml\ n(mng)dmldmzdkldkg.
Define fg € S(Mg(A))) by

fo(m) = elraHalm) / / F (k7 Ymnko )€ (ky )n (ko) dky dkodn.
K1><K2 NQ A)

Then one readily check that for all (m1,m2) € [Mgy, ] X [Mg,,], we have

/K KR Gmaky ko)) dlndky = e tialm D RERT (ny ma).
1 2
Let My := Mg, and M; := Mg, . We obtain
(3.9)
(PoHay, (m1))
11(f.¢,5) = Z/[M | /[M ]e rg:ton, (M, (HQW(mz,n) — T4, 1 TQni —TC{?M)
Q 1 2
Mg, T’ s
K7 (ma, me)€(ma)[mal*n(mz)dmidm
Z cQPQ s(TQn+1 — Tég +1)/ e(BQ,s’_HQn+1(van)+Tén+1)
QEFRs AOQO7H1\[M1]><[M2]
Mg, T’ s
K 27 (my,mo)§(ma) ma|*n(me)dmidms.

Using Proposition A.4, the last integral in (3.9) is finite as the same argument of part (1), hence

(2) is proved. Part (3) and (4) then follow from the expression of IZ(f,£,s) in (3.9). O
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3.3. Coarse infinitesimal Jacquet-Rallis RTF. There is also a Lie algebra version of the
Jacquet-Rallis relative trace formula formulated by Zydor in [ |. Let P = MN € Frs,F ,
we put p (resp. m, n) be the Lie algebra of P,y (resp. Mp,,,, Np,,,). They are Lie subalgebras

of gl,, ;1. For ¢ € S(gl,,.1(A)) and P € Frs, we put a kernel function K, p on [GL,+1]p,., by
(310) Kop)= Y [ (M4 N) 9N, g€ CLula.,
Mem(F) 7 ™A)

For a € B(F'), we put
Kopal)= Y / (M +N)-g)dN, g€ [CLusi]p .
Mem F)mg[n+1 a
For T' € ag and a € B(F'), we define a modified kernel by
Z Ep Z 71Pn+l (HPn+1 (79) - TPn+1)K<,0,P(’79)7 g€ [GLTL]
PeFrs vEP,(F)\ GL,(F)
More generally, for ) € Frs,r we put
KXy =33 > FHp,,,(v9) — Tr.)Kppa(ve), g€ [GLilg,
PEF  yEP.(F)\Qn(F)

The following result is a slight generalization of the main theorem in | ]

Theorem 3.2 (Zydor). Let £ be a strictly unitary character of Aj,.

(1) For any ¢ € S(gl,11(A)), s € C and T € agy sufficiently positive, we have

Z / |K, ,(g)||det g|°dg < oo.

aEB(F

(2) For any a € B(F), as a function of T, the integral
a (f,69) / (9)n(g)|det g|>dg
[GL,]

is an exponential polynomial. If s & {—1,1}, then the pure polynomial term is a constant,
denoted by I,(¢,§,s). For a fivzed ¢ and &, I,(p,&,s) is meromorphic on C\ {—1,1}. We
put Ia(@? §) = I<907 §,0).
(3) For each a € B(F') and s ¢ {—1,1} the distribution I,(-,§,s) on S(gl,,1(A)) is continuous
and the sum
I(p,&,5) =Y Ia(p,&,5)
a€B(F)

is absolutely convergent and defines a continuous distribution I(-,&,s) on S(gl,,1(A)).

Proof. We proved in Appendix A the asymptotic of the modified kernel in the Lie algebra case.

(See Proposition A.5). Using this, the proof is identical to the proof of Theorem 3.1. O
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Remark 3.3. There is also a version of infinitesimal Jacquet-Rallis RTF on ng; Let P=MN ¢
Frs.F, we let m and n be the intersection of m and n with gl under the identification (2.10). Then
for p € S(g/ﬂ;(A)), we can define K, p in the same way as (3.10) replacing m,n by m and n. We
then define modified kernels K 3; o for any a € A(F) using the same formula; analogs of Theorem 3.2
hold in this setting.

The Jacquet-Rallis RTF also directly generalizes to the product of form [[;_, Resp, / F%, it
yields a distribution on [];_; GLy, (Afg,).

4. GLOBAL THEORY I: THE CASE OF G/.-SUPPORTED TEST FUNCTIONS

In this section, we keep the notations in Section 3.

4.1. Explicit computation of exponents. For P € Frg or Frs r, we say that P is standard,
if P41 is standard. More concretely, if P, stabilizes the flag (3.1), then P,1; is standard means
that P,y stabilizes the flag (3.2) with &k = r — 1 or the flag (3.3) with & = r. We say that P is
antistandard, if P, stabilizes the flag (3.2) with & = 0 or the flag (3.3) with k = 0. Let FJg be
the set of standard Rankin-Selberg parabolic subgroups, and let F3% be the set of antistandard
Rankin-Selberg parabolic subgroups

Proposition 4.1. Let P € Frs or Frs,r

(1) If P is standard and Re(s) < —1, then for all @w" € A}nﬂ, Re(gp’s,wv) < 0.
(2) If P is antistandard and Re(s) > 1, then for allw” € A}, Re(gpys,w\@ < 0.

Proof. By the computation in | , Proof of Lemma 4.2], if P is standard, then for all w" €
Bﬁwl, there exists positive integer ¢ > 0 such that <BP,5’ @) = i(1 + s), hence (1) holds. If P is
antistandard, then for all @w" & Aﬁnﬂ, there exists positive integer ¢ > 0 such that <£Ps,wv> =
i(1 — ), hence (2) holds. O

4.2. Geometric distribution for the Jacquet-Rallis RTF. Let Cy := G’ — G/_ (resp. C_ :=
G’ — G.). Tt is a Zariski closed subset consisting of elements which are not plus (resp. minus)
regular.

Now we state a theorem that computes the geometric term I under some assumptions on the

support of the test function.
Theorem 4.2. Let f € S(G'(A)). If supp(f) € G'(A) — C(A) (resp. supp(f) C G'(A) —C_(A))
then

(1) for s € He_q (resp. s € Hx1), we have

> / / |K s (R, ho)||det by [ReE) dhydhy < occ.
bep(rF)  [Th] /Ho]
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(2) Forbe B(F), and s € He_1 (resp. H>1) the integral
(41) / Kf’b(hl,h2)|det h1|s§(h1)n(h2)dh1dh2
[Ha] /[Hz]

(which is absolutely convergent by (1)) equals Iy(f,§,s). In particular, as a function of s,
the integral (4.1) is holomorphic on H<_1 (resp. Hs1) and has a meromorphic continuation
to C, which is holomorphic on C\ {—1,1}, and equals to Iy(f,&) at s = 0.

(3) Pick any v € OT(b) (resp. v € O~ (b)), then the integral

(4.2) / / hl ’)/hz ]det h1’ f h1> (hz)dhldhz
Hi(A) JH2(A

is absolutely convergent on H_1 (resp. Hs1) and equals to Iy(f,&, s).

Proof of (1). We stick to the case where supp(f,) C G/, (F,), the case supp(f,) C G_(F,) follows
from the same argument. Let P € FRrs and P be not standard. Then, for any m € Mp(F') and
n € Np(A), we have

a(mn) = <f Z) € Po11(A)NS(A).

Where the map « is defined in (2.2). Since P is not standard, there is an integer k£ > 0 such that

the last k£ coordinates of b are 0. Hence
det(b, Ab,--- ,A"b) =0

This implies f(hy 'mnhg) = 0 by the support assumption. Therefore, for b € B(F) we have

K¢ pp(hi,he) = / f(hytmnhg) =0
meMp(F nG’ Np(A

Similar to the calculation as we have done in the proof of part (2) of Theorem 3.1, we can write

Kfy(hho) = > ep > TPui1 (HP, 1 (Onh2n) — Tp, ) Ky, pp(vh1, 6h2)

PeFyly  y€Pu, (F)\H1(F)
(5€PH2 (F)\HQ(F)

T
Z Z Q +1(HQn+1 (5 hz ") Tén+1’TQn+1 B Té?nﬂ)Kng (7h175h2)‘

QEFRs v€Qu, (F)\H1(F)
6€Qmu, (F)\Hz2(F)

Pick 77 € a,41 such that T —T" € a:{+17 then for all Q € Fgs, the values of

FQn+1 ( TQn-H Té)n-ﬂ )
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are 0 or 1. Then we have

/ / > IKTy(ha, ho)||det by dhy dhy
[H1] J[Ha]

2] bEB(F)

S Z /H H F/QnJrl (HQn+1 (h27n) N T{Q'erl’TQn-‘rl - Tén+1)x
Qery, ? Moy, xM2loy,

> IKE (b ko)l | [det b RO dhydh,
beB(F)

By the Iwasawa decomposition, and the fact that for a € A,
K& (az,ay) = ePraBe@ KT (@, y),

the the summand corresponds to ) in the above expression is equal to

(_szH 7HQH (m1)) <_2pQH 7HQH (m2)) < / /

e 1 1 e 2 2 r Hg, . (may) — T 10,., — T,
/[\Mﬂ /[Mg] /K'l X Ko Qnt1 @n+1 n Qn+1? Qn+1 Qn+1

Z [K T (maky, maky)| | |det my %) dmy dmadk dks
beEB(F

- / / QPQ,Re(s)(TQn11 — TC/Qn+1)6<BQ,R9(S)’_HQ7Z+1(m2’n)+Tén+1>€7<2pQH1 HQu (1))
K1 x Ko S, \([Ma]x[M2])

e~ Bromy Hon, () 1N QT (1 by maks)| | [det my [R dmy dmadky dks.
bEB(F)

Note that the natural map [M;] x [My]! — A%, \([Mi] x [M2]) is a bijection and is measure-

preserving up to a constant Cg, hence the expression above can be written as

CQCQPQ,Re(s) (TQn+1 . Tégnﬂ)@(g@*“e(s)’%n“) / / 6—(2pQH1 Hay, (m1))
K1 ><K2 M1 ><[]\42]]1
(4.3)
Z |KQ’ mlkl,m2k2)| |det m1|Re(S>dm1dm2dk1dk‘2.

beB(F

By (3.6), for (m1,mz) € [My] x [Ma]* and (k1, ko) € K1 x K3, we have

> IKG ik maks) — FO+ (mg, Tg,, ) Kp.gu(miky, maks)| < e MWy |7 ma 3.
beB(F)
Using the same argument of the proof of Theorem 3.1 (1), we see that the integral in (4.3) is finite.
To conclude, the expression

(4.4) / ]/ > KTy (ha, ho)||det ha|Re)dny dhy
[Hy H

(o] peB(F)
26



is bounded by a constant multiple of

> 1T, —To,.,):
QETFRs

which is of the form
Y agPo(T)eLanc Tans!
QEFRs
with ag € C, Py is a polynomial on a,;.
When T is sufficiently positive, T, ., is of the form

g = », Tovw’

VeAV
w EAQn-H

where each Tv is a sufficiently positive real number. Therefore, by Proposition 4.1, the expres-
sion (4.4) is bounded as T varies (and is sufficiently positive).
By (3.6), this implies

/ / FOnit(hop, T) | Y [Kpp(ha, ho)| | dhadhs
[Ha] JH] beB(F)

is bounded as T varies. As T — oo (i.e. (o,T) — oo for any o € Ay), FG;@H(-,T) — 1. Thus part

(1) follows from the dominated convergence theorem. O

Proof of (2). Let T' € a,+1 be sufficiently positive. For N > 0 large enough, by applying (3.6) to
Q = G/, we have

/[ | /[ }|FG%+1(h2,n,T)Kf7b(h1,hg) — K7y (h1, ho)|| det hy[*€(h1)n(ha)dhidhy < e NIl
H;y Ho
When T' — oo, the integral
/ / FOt1(hop, T)K pp(hn, ha)| det by [*€ (ha)n(ho)dhy dhs

(H1] J[He]

has a limit
[ [ Kot )l detialehayntn)ansane
[H1] J[He)

Similar to the computation in part (1) of the proof, the integral
[ [ Tl dethiPethn(ha)anaany
(Hi] J[Ho]

is of the form
T)

L(f.65)+ Y. Po(T)elas

QAGEeTFF
where Pg is polynomial, hence as T" — oo, it has the limit [,(f,§,s). Combining these, (2) is

proved. ]
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Proof of (3). By the support condition on f and Lemma 2.1, we have

Kyp(hi,he) = > F(671982).
(51,52)€H1(F)><H2(F)

Therefore, the absolute convergence follows from (1), and the remaining part follows from (2). O
The integral (4.2) is Eulerian, we will then study the local version of it in the next section.

4.3. An infinitesimal variant. The results in Theorem 4.2 have their infinitesimal analogs.

For g = gl,,q or gl,, let Cy :=g— g4 (resp. C_:=g—g_).

Theorem 4.3. Let g = gl,, | or gﬁ; Let ¢ € S(g(A)) such that supp(p) C g(A) — C(A) (resp.
g(A) —C-(A)).
(1) for s € He_y (resp. s € Hs1), we have

/ K pa(g)|det g%*¢) < oo,
[GL,,

a€(g/ GLn)(F)
(2) Fora € (g/GLy,)(F), and s € H—1 (resp. Hs1) the integral
(4.5) [ Keat@lictsielomio)is

equals 1o(p,&,8). In particular, as a function of s, the integral (4.1) is holomorphic on
He_1 (resp. Hs1) and has a meromorphic continuation to C which is holomorphic on
C\{-1,1}, and equals I,(p,&) at s = 0.

(3) Pick any v € Ot (a) (resp. v € O~ (a)), then the integral

(4.6) / o(7 - g)|det g[*¢(g)n(g)dg
GLn(A)

is absolutely convergent on H_1 (resp. H=1) and equals to (4.5).

Proof. The proof is identical to the proof of Theorem 4.2, where we use the asymptotic properties

in Proposition A.5 instead. g

5. LocAL THEORY I: NORMALIZED ORBITAL INTEGRAL

Throughout this section, we let F be a local field of characteristic zero. Let v € Gjeq(F),
f € S(G'(F)) and £ : F* — C* be a unitary character. We will define a meromorphic function
I,(f,&,s) in this section and study its properties in Subsection 5.3. The function I,(f,&,s) is a

regularization of the following integral
/ F 0 yh () 1 (he)dha .
Hl(F) ><H2(F)

This integral is divergent in general for any s € C, so how to regularize it will be the main part of
this section. We will first study the infinitesimal version Ix (¢, &, s) in Subsection 5.1 and 5.2, and

then the group version in Subsection 5.3.
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5.0.1. Notations and Measures. We fix some notation and Haar measures throughout this section
as follows: we fix an additive character ¢ of F. If F'/F is a finite extension, we always choose
Y' :=1poTrp p as a fixed additive character on . We endow F” with the self-dual Haar measure
with respect to v/'.

We fix the Haar measure on GL,,(F') defined by the differential form (p(1)---(p(n)(det g;;) ™" A
dgi;. We denote by K the standard maximal compact subgroup of GL,,(F'). If F'is non-Archimedean,
then K = GL,(Op) and vol(K) = vol(Op)™.

We also denote by A, (resp. N,) the diagonal subgroup (resp. upper triangular unipotent
subgroup) of GL,,, and we endow A,,(F') (resp. N,(F)) with the Haar measure defined by differential
form (r(1)" [[da;/a; (vesp. [[dxsj). If F' is non-Archimedean, one has vol(A,(Of)) = vol(Op)"

(resp. vol(Ny,(OF)) = vol(OF) m ). Iwasawa decomposition yields the integration formula

(5.1) /G g =0 / " / " /K f(ank)dadnd,

where C' € Ry is a constant. When F' is non-Archimedean, then C = %

vol(Op)™ 2
Let B,, be the upper triangular Borel subgroup, and let dp, be the modulus character on B, (F),

for a = diag(ay, -+ ,an) € Ap(F), we have 0, (a) = |a|*" - |a, |17
Let (-,-) be the GL,,(F)-invariant bilinear pairing on gl (F) defined by

(5.2) (X1,v1,u1), (X2,v9,u2)) = Trace(X1X2) + uiva + uguy.

For p € § (gN[n (F)), we define its Fourier transform by

Fol¥) = [ p(0u((X,¥))xX,
gl (F)

n

We then endow gf\[;(F ) with the self-dual measure, one check directly that this measure coincides
with the product of measure on F™* x F™ x F™ when we use standard coordinates on ng(F)

Let n,, and b,, be the Lie algebra of N,, and B,, respectively, and let n/, be the space of matrices
(ai;) such that a;; = 0 unless j —i > 2. We define

n, = {(4,v,u) Egﬁ; |Aen,,ve F" 1 u=0}, R’;: {(A,v,u) EE@ |Aen,ve F"2 u=0},

where F™"~1 (resp. F2) stands for the subspace of F™ with the last (resp. last two) coordinate
0.

We write E; = {(A,v,u) € gA[; | A € by, u = 0}. All the vector spaces nn,bn,ﬁﬁ,ﬁ\;;,g,: has
a natural basis and can be identified with F™ for some m > 0. We then transport the product
measure on F to the Haar measure on these vector spaces via this identification.

Recall the regular element Z," defined in (2.22). By | , Lemma 6.8] (also see [ ,
Lemma 5.7.4]), the map

5.3 No(F) — ZH 40, n—Z7-n
A n A
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is a bijection and is measure-preserving. By | , (5,7,8)], we have the integration formula

1
5.4 Y)dY = — Zy +Y)-h)dYdh.
(5.4 [T SRR B C RS oRD

where f € S(gl,(F)) and
G =Cr(1) - Cr(n).

5.1. Orbital integrals on the Lie algebra: central and regular semisimple elements.
Recall that we have a GIT quotient A := gfg / GL,, and the corresponding quotient map q : ng — A.
Let a € A(F) be a central element. By Lemma 2.2, in the fiber gﬁ;a(F) of a, there are two regular
orbits OT(a) and O~ (a) under the GL,,(F) action.

We define the L-factors associated to the orbits Ot (a) and O~ (a) to be

n n

L(J{(S,f) = HL(_iS —i+1, (5 ’ n)ii)7 L;(S,f) = HL(ZS —i+1, (5 ' 77)1)

=1 =1
For a regular element X in éi:l,a (F), we put

Li(s,€) if X € O (a),
L;(s,&) if X €O (a).

LX(Své.) =

Let x : F* — C* be a character. We say that ¢ € S(g/\[;L(F)) is x-unstable, if for all regular

semisimple element X € g/;E(F ), we have
/ P(X - g)x(g)dg = 0.
GLn(F)

We call a continuous functional (i.e. a distribution) I : S(ngL(F)) — C is x-stable, if for any
x-unstable function ¢ € S(gfi;(F)), we have I(p) = 0.

For g € GL,,(F) and ¢ € S(gA[;L(F)), let R(g)¢ denote the right translation given by R(g)p(X) =
©(X - g). Note that if I is a y-stable distribution, then for any ¢ € S(QIE;L(F)) and g € GL,(F), we

have

Proposition 5.1. Let a € A(F) be a central element and X € gA[;L’a(F) be a regular element. Let
Y E S(QIE;L(F)) and s € C. Consider the integral

Ix(p,€,8) = /GL - (X - g)¢(g)n(g)|det g|*dg.

Then we have the following statements:

(1) If X € O*(a) (resp. X € O~ (a)), Ix(p,&,s) is absolutely convergent on H__,, 1 (resp.
H.o,_1) and has meromorphic continuation to C, with poles contained in the poles of

LX(3,£)~
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(2) For s € C which is not a pole of Lx(s,§), the resulting linear map
S(l(F) — C. ¢ Ix(¢.6.9).

18 continuous.
(3) As a function of s
Ix(p;€; )
Lx(s,§)

is entire for any ¢ € S(gA[:l(F)), and we can choose ¢ such that it equals to 1.

I (p,6,5) =

(4) If F is non-Archimedean with ring of integer O, suppose that ¢ = 197(0), ¢ and n are
unramified, vol(O) =1, and X € gﬁ;yi(O), then

Ix(p,s,&) = Lx(s,8).

(5) For any s which is not a pole of Lx(s,§), the distribution Ix(-,&,s) satisfies the following
two properties:
o Ix(-,&,s) is a &n|-|*-stable distribution.
o Ix(-,&,s) is supported on the closure of GL,,(F')-orbit of X.

Proof. We prove the case where X € O%(a), and the case X € O~ (a) follows from the same
argument. Assume a is the image of (A -id,0,0) € g/[ﬁ)

We first prove this proposition when X = Zj\r. Let x = £-n. By Iwasawa decomposition (5.1) and
the fact that the map (5.3) is measure preserving, the integral defining Ix(p, &, s) can be written

as

n/ d t

where C' is the constant appearing in (5.1). Let f, be the Schwartz function on F" defined by

folz, -, C’/ / ((Xa(x1, -+ yxn) + N) - k) x(k)dNdk,
n/
where
A 1 0
A X9
Xa(x1, 0 s w0) = 0 0 X -~ 0f,[o0].0
0 0 0 A Tn

Then the integral (5.5) reduces to

1
/ fo <a2, o, ) lag - - - ay||det a|’da.
Ay (F) ai an-1’ an
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Let b; = aj+1/a; for 1 <i <n—1 and b, = 1/a,, the integral above equals to
(5.6) /( | Fobrba, -+, bu) T oc(Bs) " [s ="+ dby - - - dby.
FxX\n i=1

Note that ¢ € S(gﬂEL(F)) — f, € S(F™) is continuous, part (1)—(3) also follows from Tate thesis.
For part (4), we compute directly that f, = 1on, by the unramified computation in Tate’s thesis,

IZ;(% 5,5) = LZ;—(S,f).

We finally show part (5). The support of Ix(+,&, s) lies in the closure of orbit of X follows from
the definition, to show stability, following the calculation in [ , Subsection 5.7], Let Z; be
the element in (2.23). Consider the following iterated integral

(57 IMp&s) = / /N o(ZF - g)o((Zy X))AX | x(g)ldet g|*dg.
Nyn(F)\ GLy (F) n, (F)

Using Iwasawa decomposition, the above integral is equal to

aq Ap—1
/ " Jo(x1, -+, xp)t <a2x1 4+ 4 Z Tn_1+ anxn> lay - - - an]5+lx(a)d:zda.
An(F) JFn

n

Let b; = a;/a;41 for 1 <i <mn—1 and b, = a,, this can be written as

(b1, 165" x (b )'dby - - - dby,.
!

We thus see that the integral defining I;(p,&,s) is convergent when Re(s) > —1 and by the

functional equation for local Tate’s zeta integral, we have

I){(QO, §7 5) = VE_(S)IZ;\f (307 57 S))
where

n
S(s)=[]r(=is—i+ 1,007 ).
i=1
In other words, when Re(s) > —1, the meromorphic continuation of Ix(p,&,s) is given explicitly

by
(5.8) I (& 8) = 78 (8)7H (g, 5),
Let wg, be the function on gl (F) defined by
we 5(X) = x(67(X))[67 (X)[*.
Put o (X) = (X + (), 0,0)).

Direct computation shows that for Y € E;(F ), we have
we ,((Zy +Y) - g) = x(g)|det g|°we s(Zy)-
By Fourier inversion, we can write

INCRN) —/ | Fox((Zy +Y) - g9)x(g)|det g|*dY dg.
Nn(F)\ GLn(F) Jbn (F)
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By (5.4), we then see that
B(6.65) = g (Zg)7 [ Foa(0)ug, (X)X,
gl,, (F)
By [ , Corollary 3.1.8.2], if ¢ is {n|-|*-unstable, then so is Fp. (Indeed, in loc.cit only proves

the case when ¢ is trivial and s = 0, but the same proof works in general). Therefore

(0,6,5) = G (7)) / / Fioa(X - g)x(g)|det gl*wy,(X)dgdX = 0.
Ars(F) JGLR(F)

Together with (5.8), we see that the distribution Ix(-,§,s) is &n|-|*-stable. This finishes the proof
when X = Z)T.
Now let X € O (a) be a general element, then it can be written of the form Zy - g in (2.22). By

a change of variable, we see that when convergent, we have

(5.9) I:(#,€,8) = E(g)n(g)ldet g|” - Ix (¢, €, ).

Part (1),(2), and (5) of the proposition directly follows from this. In the Tate integral (5.6), for
any a € F' we can choose f, such that the integral gives |a|® - L z (s), therefore part (3) holds.

Part (4) follows from the fact that if X € gfzwr((’)) then g € GL,(OF) (see | , Proposition
6.3)). 0

According to the equation (5.8) in the proof above, for Re(s) > —1, we have the following

expression

(5.10) I (91608) = G (Z) @) [ FoalX0ug, (X)X,
al,, (F)

By the same computation, if we denote by wgrs the function on ngL(F) defined by
wi (X)) = €71 (X0))n(a7+ (X))|a+ ()]~
Then for Re(s) < 1, we then have

(5.11) I (0609 = Gl (Z5) 9 (07 [ Foa(u, (X)X,
al, (F)

where
e (5) = [[rGis =i+ 1,6 n), ).
i=1

Now we switch to the case when a € A(F') is a regular semisimple element. In this case, the
fiber gN[na(F) forms a single GL,, (F') orbit, any element in this orbit is regular. For X € @7G(F),

we put
LX(Sv 5) =1

The following proposition is analogous to (and easier than) Proposition 5.1
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Proposition 5.2. Let a € A(F) be a regular semisimple element and X € ﬁi;L’a(F). Let ¢ €
S(gA[;(F)) Consider the integral

&@@wpiédmngx@mw®wwm

Then we have the following statements:

(1) The integral Ix(p,€,s) is absolutely convergent for any s € C and defines an entire function
on C.
(2) For any s € C, the resulting map

S(ghy(F)) — C, ¢ Ix(p.£,")

18 continuous.
(3) As a function of s

I
Le(p,€,5) = )Lm

is entire for any ¢ € S(@L(F)),and we can choose @ such that it equals to 1.

= IX(@,&, 8)

(4) If F is non-archimedean with ring of integer O, suppose that p = 1 ) X € gl, 5(0), &

[7L

and n are unramified and vol(O) =1, then

Ix(p,5,8) = Lx(s,§).

(5) For any s € C, the distribution Ix(-,&,s) satisfies the following two properties:
o Ix(,&,s) is a &n|-|°-stable distribution.
o Ix(-,&, ) is supported on the orbit of X.

Proof. Since X is regular semisimple, its orbit is closed, and as a function of g, g — ¢(X -g) is then
compactly supported. The integral defining I'x (¢, €, s) is therefore absolutely convergent and entire
for s € C. This proves (1) and (2), for (3), the orbit of X is a closed subset in the non-archimedean
case and a closed Nash submanifold in the archimedean case. Take a Schwartz function ¢’ on the
orbit of X such that

/ ¢'(X - g)&(g)n(g)ldet g|°dg = 1.
GLa (F)

we can then extend ¢’ to a Schwartz function ¢ on gA[;(F ). (For Archimedean case, see [ ],
Theorem 4.6.1). The function ¢ satisfies the requirement of (3).

For part (4), We show that (X - ¢g) = 1 if and only if g € GL,(OF). In fact, X = (A,v,u) €
ng’rs(O) implies that v, Av, - - - , A" v is a O-basis of O", and u, uA, - - - ,uA" ! is a O-basis of O,,.
Therefore, if X - g € gl,(0), then g~t(v, Av,--- , A" 1) € gl,,(O), hence g~! € gl,,(O), similarly
(u,ud, - ,uA" g € gl,(O) implies g € gl,(O), hence g € GL,(O). Therefore, the integral
Ix(p,s,€) is just the volume of GL,,(O), which is 1. Finally, since a is regular semisimple, part (5)

is trivial in this case. ([l
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5.2. Orbital Integral on the Lie algebra: general element. Let a € A(F) be a general
element, we use the notation in descent construction in Subsection 2.5. From the element a, we
have an associated embedding ¢y, : E’ — ng, where the induced map t4 : A} — A sending ap to
a and each component a;(0 < ¢ < k) of ay is either regular semisimple (for i = 0) or central (for
i>0).

By Lemma 2.2, there are 2% regular orbits for the action of H(F) on bg,, (F). Let £ be the set of
functions from {1,--- ,k} to {+,—}. For each € € £, there is a regular orbit O¢(ag) in HQH defined
by

O%(an) := ho 4o (F) x ] 0%(as),
For each 1 <17 < k, we put

§i=&oNmp p, 7 =nNrepe)/r="1°Nmng/Fp,

both are unitary characters of F;*. By an abuse of notation, we also use { and 7 to denote a
character on H(F') defined by

k
¢(h) == [J&(dethi), n(h) := [ ni(det hy).
i=0 j
We then define

L(Z(§7 S) - H L(_js - .7 + 17 (61 : 771‘)7]')7 L;Z(g? S) = H L(]S _j + 17 (gz : 771)])

J=1 J=1

For € € £, we define an L-factor by
k
(5.12) Ly, (&) =] Li(s,9).
i=1

Let X € EaH(F) be a regular element, suppose that X € O¢(ag), we then put

(513) Lx(S,f) = LZH(S,f),

By Proposition 5.1 and Proposition 5.2, for each 0 < i < k and any s € C which is not a pole of

L;,. (s,€), there exists a continuous linear map

S(EZ(F)) —C, 90'—>IX¢(907§75)'

—k - -
Identifying S(h(F')) with @Q),_oS(h;(F)), for any regular element X € b, (F) and s € C which is
not a pole of Lx (s, ), we define the distribution Ix (-, &, s) as the tensor product of those Ix, (-, &, s).

If ¢ is factorizable in the sense that



where ; € S(h;(F)), then we have

k
IX(QO, 67 S) = H IXl (Sohfi, 8)'
=0

Combining Proposition 5.1 and 5.2, we have following result

Corollary 5.3. Let ag € Ay (F) as above and let o € S(h(F)), and X be a regular element in
EaH(F). We then have the following assertions

(1) As a function of s, Ix(¢,&,s) is meromorphic on C, and the pole is contained in the pole

Of LX(S7 5)
(2) For s € C which is not a pole of Lx(s,§), the resulting linear map

SOh(F) —C, pr—=Ix(¥,€,9).

18 continuous.
(3) As a function of s

1
IE((()O’&,S) = m

is entire for any p € S(Q/E(F)), and we can choose ¢ such that it equals to 1.
(4) If F' is non-archimedean with ring of integer O, suppose that ¢ = 15(0), & and n are
unramified, each F; is unramified over F, vol(O) =1 and X € hos(O) X b=(0), then

IX(QO’ S,f) = Lx(S,f).

(5) For any s which is not a pole of Lx(s,§), the distribution Ix(-,&,s) satisfies the following
two properties:
o Ix(-,&,s) is a &n|-|*-stable distribution.
o Ix(-,&,s) is supported on the closure of the GL,(F) orbit of X.

The notion of stable distribution on E(F) is defined in the same way as in the beginning of
Subsection 5.1.

Now let X € nga(F ) be a regular element. Assume that X is of type ¢ (see Proposition 2.3),
thus there exists Xy € O°(apy) and g € GL,(F) such that 14(Xy) = X - g, we set

(5.14) Lx(s,€) := Lx,(s,&).

For any s € C which is not a pole of Lx(x,§), we will now construct a map

the construction will consist of several steps.
First of all, since ¢4 : A} — A is étale and sends ap to a, we can choose an open neighborhood

wp of ay in A% (F) and an open neighborhood w of @ in A(F') such that

e If F' is archimedean, both w and wpy are semi-algebraic | , Proposition 8.1.2].
36



e 14 induces a bijection wy — w, which is an isomorphism of Nash manifolds if F is

archimedean, and isomorphism of analytic manifolds if F'is non-archimedean,

Let Q := ¢ }(w) and Qpy = q;II (wgr). Then the top horizontal map in diagram (2.20) induces an

isomorphism
(5.15) Qp xHE GL,(F) — Q, (Y,g9) — (V) - g
of Nash manifolds when F' is archimedean and analytic manifolds if F' is non-archimedean.
Given ¢ € §(02). Let ¢’ € S(Qy x GL,(F)) such that for any (Y, g) € Qg x GL,,(F) we have
(5.16) Pn(¥)-9)= [ ¥ hhlg)dh
H(F)

The existence of ¢/ follows from the fact that Qp x GL,(F) — Qp xF) GL,(F) = Q is a

submersion. For any s € C, we put
(5.17) ons¥)= [ JV.g)elonlg)ldet gl
GLn(F)
then ¢p s € S(Qp) for any s € C and the map C — S(Qpy), s — ¢p s is holomorphic.

Lemma 5.4. For s € C, we can regard g s as a Schwartz function on H(F), if s is not a pole of

Lx(s,£), then the complex number
IXH (@H,sv fa 3)
is independent of the choice of ¢’ defining ¢ s.

Proof. Let ¢" be another Schwartz function on S(Qp x GL,,(F)) such that for any (Y, g) € S(Qy x
GL,(F)), the equation
Pn(¥)-g)= [ VB lg)dh
H(F)
holds. We put
Yus(Y) = / 05 (Y, 9)€(g)n(g)|det g|*dg.
QL (F)

Switching the order of integral shows that the function g s — ¥ s is £n|-|*-unstable. By Corol-

1a'ry 5.3 (5)7 IXH (SOH,S7§7 S) = [XH(wH,&g? 8)' O
Recall that there is a unique g € GL,(F) such that X = 1y(Xp) - g. For ¢ € S(2), we define
(5.18) Ix(p,€,5) == €(9)""n(g)|det 9|~ Ix, (01,5, €. 5).

By Lemma 5.4, Ix(¢,&,s) is a well-defined meromorphic function on C.

Lemma 5.5. For ¢ € §(2), the meromorphic function Ix(p,§,s) only depends on the value of ¢
on the orbit of X (i.e. it is supported on the closure of the orbit of X ).

Proof. We are reduced to show that if ¢ is zero on the orbit of X, then Ix(p,§,s) = 0. For this
¢, we can pick the ¢’ € S(Qy x GL,,(F)) such that ¢’ vanishes on Qg x {orbit of X}. Then ¢y s

vanishes on orbit of X, the result hence follows from Corollary 5.3 (5). O
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Remark 5.6. As we mentioned in Subsection 2.5, the map ¢, depends on the choices of the
isomorphisms i and i’, but we can check directly that the definition of Ix(y, ¢, s) is independent
of the choice of these isomorphisms, since different i and i® differ by conjugation by an element in
GL,(F).

Now we finally give the definition of Ix(p,¢&,s).

Definition 5.7. Pick u € C°(w) with u(a) = 1. Let ¢ € S(gff;(F)), and let s € C which is not a
pole of Lx(s,&) we define

IX(@a&?‘S) = IX(‘)D ) (UOQ)agas)v

where the right hand side is defined as (5.18).

By Lemma 5.5, the definition of Ix(p,&,s) is independent of choice of u. We now study the
properties of Ix(p,&,s)

Proposition 5.8. We have the following assertions

(1) For ¢ € S(gA[;(F)), as a function of s, Ix(p,&,s) is meromorphic on C, and its pole is
contained in the pole of Lx(s,§).
(2) For s € C which is not a pole of Lx(s,&), the resulting linear map

S(ghy(F)) — C, ¢+ Ix(p,£, 5).

18 continuous.
(3) As a function of s
Ix(p,&,5)
Lx(s,€)
is entire for any ¢ € S(gl,,(F)).
(4) If F is non-archimedean with ring of integer O, F; are unramified over F, £ and n are
unramified and X € gﬁ;i((?) and ag € Ay (O), vol(OF) = vol(OF,) =1, X can be written
of the form vy(Xp) - g, with Xg € hors(O) X h*(O) and g € GL,(O), then

IX(lgT;(O)’ 375) = LX(87§)

(5) For any s which is not a pole of Lx(s,§), the distribution Ix(-,s,&) satisfies the following
two properties:
o Ix(+,&,5) is a &n|-|°-stable distribution.
o Ix(-,&,s) is supported on the closure of GLy,(F') orbit of X.

Proof. Without loss of generality, we can assume ¢y (Xg) = X (otherwise, we can choose a different ¢
and i), part (1) and (2) then follows from Corollary 5.3 (1), (2) and the fact that map S(gl,, (F)) —

S(H(F)), ¢ — ¢n,s is continuous. For part (3), note that for a fixed s = s¢, the analytic property
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of Ix(¢,&,s)/Lx(s,€) only depends on ¢ s,, therefore (3) follows from Corollary 5.3 (3). Under
the assumption of (4), by | , Lemme 3.4.5.1], for all Y € h(F) and g € G(F), we have

1@(@)(“}(}/) -g) = /H(F) 15(0) (Y -h)- 1GL"(@)(h_lg)dh.

Therefore, if we choose any u € C2°(w) with u(a) =1 and let ¢ = 1 (uogq). Then ¢ : (Y,g) —
16(0)(Y)u(q(q, (Y)1lar,(0)(g) satisfies the equation (5.16). Then

ors(Y) = /GL - 150y (Yt (V) 161, (0) (9)x(9)|91°dg = 150y (Y)ulq(ey (Y))).

By Lemma 5.5 and our assumptions, IX(lgﬁ;(O)’ €,5)=Ix(p, & s) =Ix,(en,& s) = Ixy, (1'5((9)7 &, s).
Therefore (4) follows from Corollary 5.3 part (4). For (5), to show Ix(-,&,s) is a &£n|-|*-stable dis-
tribution, let ¢ € S(éi;(F)) be a &n|-|*-unstable function, replacing ¢ by ¢ - (uoq), we can assume
¢ € §(2), then direct computation shows ¢ s is also £n|-|*-unstable, therefore, the result follows
from the fact that Ix,, is a £n|-|*-stable distribution. The fact that it supports in the closure of the

orbit of X follows from Lemma 5.5.
O

Remark 5.9. When the image of X € ER;(F ) in A(F) is central or regular semisimple, we have
two definitions of Ix in Subsection 5.1 and 5.2 respectively, these two definitions coincide because,
when a € Ai(F), the descent construction associated with a is given by H = Hy = GL,, and
tg =ty = id. And when a € A(F) is central, the descent construction associated to a is given by
Hy = {1} and k = 1, Fi = F,n; = n, therefore we also have H = GL,, and ¢y = ¢ = id.

When X € ngJr(F) or X € ng%_(F), the distribution Ix(-, &, s) can be defined in a more direct

way.

Proposition 5.10. Let X € g/\[:H_(F) (resp. X € gA[;’_(F)), then for ¢ € gA[;L(F) the integral
(5.19) / p(X - 9)&(g)n(g)lgl*dg
QL (F)

is absolutely convergent when Re(s) > —1+1 (resp. Re(s) < 1— 1) and coincides with Ix(p,&, s)

in the convergence domain.

Proof. We choose a non-negative function ¢/ € C.(Qg x GL,(F)) such that for any (Y,g) €
Qp x GL,(F), we have
(e (Y) - 9)| = Y'(Y - h,h™lg)dh.
H(F)

For s € C, let ¥, € Co(h(F)) be the non-negative function defined by

oY) = / (Y, g)\det geC)dg.
QL (F)

39



Then the absolute convergence of the integral (5.19) is equivalent to the absolute convergence of
Y s(Y - h)|det h|*dh
H(F)
which follows from and Proposition 2.3 (2) and Proposition 5.1 (although in Proposition 5.1, we
require the functions are Schwartz, but the proof of part (1) only needs the condition that the

functions are in C.(h(F'))). After the knowledge of absolute convergence, Fubini theorem implies

that the integral (5.19) coincides with Ix(p, €, s) in the domain of convergence. O

5.2.1. A wariant. We provide a variant of the construction above, replacing gfa by gl,+1. Recall
that B = gl,,,; / GL, and we have a canonical identification B = A x F induced by the map (2.10).

A
For a regular element X = ( Z) € gl 1(F), we define

U

Lx(s,8) := Liawu(s,),
where the right-hand side is defined in (5.14). For ¢ € S(gl,,1(F)), and s € C which is not a pole
of Lx(s,€&), we put
Ix(0,6,8) == Itanu(d, & 5),
where 4 € S(gA[;L(F)) is defined by

A o
(Pd(Alvv/7u,) = ( / v) )
ud

Remark 5.11. By definition, it is easy to see that Ix admits similar properties as those listed in

Proposition 5.8.

5.3. Orbital integrals on the group. Let u : E* — C* be a character on E* extending the
quadratic character 7.
Let f € S(G/(F)) and s € C, we define f5 € S(S(F)) by

(5.20)
() = Jaiw) Sy F (01 By v (@) o ) () det b [P (v (@) ho 1), nodd,
le(F) fHQ,nH(F) f(hl—l7 hl_lV_l(x)hQ,n+1)§(h1)]det hal?, —
Fix 7 = (Y0, Yn41) € Gleg(F), let @ = a(y) € S(F), and let b = g(z) € B(F). Choose 0 € E*

with 00® = 1 such that = € S?(F'), so the Cayley transform ¢, is defined. We use ¢, to transport
/5 to a Schwartz function f on gl 1 (F): pick u € CX(B?(F)) such that u(b) = 1, and define
£ € S(alh(F)) by

(5.21) FEX) = (u- ) (eo (X)),

and extends fsg[ to an element of S(gl,,{(F)) using extension by zero, we still denote it by fsgl.

We put an L-factor by

L’Y(S’ 5) = chl(x) (87 5)7
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and for s € C which is not a pole of L,(s,&), we put

¢ (30)( glvas)li(%%;il) n odd

I, (26, s) n even

I7(f,€,8) =

Note that, by Proposition 5.8 (5) (see also Remark 5.11), the definition of IS does not depend on
the choice of u € C°(B7(F)).
We say f € S(G/(F)) is (£]-|%,n)-unstable, if for any v € GL,(F'), the orbital integral

/ / 'yh2)|det h1|s§(h1)’l’](h2)dh1dh2
H;(F) JHa(F)

vanishes. A distribution I : S(G'(F)) — C is called (|-|*,n)-stable if I(f) = 0 for any f that is
(&|-]*, m)-unstable.
We now list the properties of I7.

Proposition 5.12. We have the following assertions

(1) The function s — I5(f,§, s) is meromorphic, and the pole is contained in the pole of L(s,§).
(2) If s is not a pole of L+(s,§), then I9(-,§,s) is continuous.
(3) As a function of s, for any f € S(G'(F))
10y = S
~(8,
1s entire.
(4) If F is non-Archimedean with ring of integer O, suppose that we can choose o such that
e The characters &,m and v are unramified,
e 270 € 0%,
v € G(0),
o X = ¢ !(x) satisfies the condition of (4) in Proposition 5.8.
Then T2 (10,6, 5) = L (5,€)
(5) For any s € C which is not a pole of L+(s,§), I5(+,€,s) is a &{n|-|*-stable distribution and
supported on the closure of the Hi(F') x Ho(F') orbit of 7.

Proof. Part (1) follows from Proposition 5.8 (1) and the fact that s — f§ is holomorphic and
valued in S(gl,;(F)). (2) and (3) also follow from their corresponding part of Proposition 5.8.

Put f = 1a/(0) Under the conditions of (4), one directly checks that 5= o) for any s € C and
I9(f,6:8) = I, () (1 e ()5S s). Therefore, part (4) follows from Proposmon 5.8 (4), and part (5)
also follows from Proposition 5.8 (5). O

Remark 5.13. It is expected that I depends only on (but does not depend on o), for example,
the following lemma shows that this holds when v € G/, (F') or G__(F). However, we can show that
L., is independent of the choice of o, for the following reason: for any sy € C the order of the pole
of L,(s,§) at s = sp is the maximum of that of IJ(f,¢,s) as f runs through elements in S(G'(F)).

This follows from Corollary 5.3 (3), and this quantity is independent of the choice of o.
41



When v € G (F) or v € Gi4(F), the distribution IS can be described more explicitly. The

following lemma can be proved using the same strategy as that in the proof of Proposition 5.10.

Lemma 5.14. We have the following assertions:

o [f~ is reqular semisimple, then
B = [ ph e et s P dhidh,
Hy(F) JHa(F)

where the integral converges absolutely for any s € C.
o Ifye G/ (F) (resp. G(F)), then the integral

/ / f(hytvho)€(hy)|det hy|*n(he)dhidhs,
Hi(F) JHa(F)

is absolutely convergent for s € H__, 1 (resp. s € Ho _1) and equals I7(f,&,s) there.

In particular, in these cases, the definition of Iiy’(f,f, s) does not depend on the choice of o.

5.4. Rationality of the p-adic regular orbital integral. In this subsection, we assume that F’
is non-Archimedean with residue field F,. Let v € G (F'). We show that the normalized regular
orbital integral I,(f,€, s) is a rational function in ¢* and ¢~°. Although the result will not be used
elsewhere in the paper, it is of independent interest.

Let C[g®, ¢~*] denote the space of holomorphic functions on C that are Laurent polynomials in

q® and let C(¢*) denote the space of meromorphic functions on C that are rational functions in ¢°.

Proposition 5.15. Let f € S(G/'(F)) and v € G/.(F). Let x : F* — C* be a character. Then the

normalized orbital integral
I5(f, x. s) € Clg®, q°]

We prove the proposition for v € G/, (F'); the case v € G__(F') is identical. For a vector space
V over C, we write V[¢®, ¢~ °] for V ®c Clg®, ¢~ *]. We will only use this notation only for V' =
S(X) := C*(X), where X is a locally profinite space. In that case we also view S(X)[¢®,¢™°] as a
holomorphic family of Schwartz functions of X. More concretely, an element of S(X)[¢®,¢™*] can

be written as

fs=>_1¢,Pi(q°),
C;

where each C; C X is open and compact and P; € C[T, T 1].

The following lemma is immediate.

Lemma 5.16. Let G be a locally profinite group, let p : Y — X be a right G-torsor of locally
profinite spaces. For f € S(Y'), we define

pef(z) = /Gf(yg)dg-

where y is any element with p(y) = x. Then:
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(1) If fs € SY)la®, a7, then pofs € S(X)[g®,q°]
(2) For any f. € S(X)[q®, q %], there exists fs € S(Y)[q®, q~°] such that p.fs = f..

Moreover, if there exists a section s : X =Y of p. Letv: G — F* be a continuous character. For
feSY) and s € C, we put
pesf@) = [ 1(s(@)a)lvlo)lds.
then
3) If fs € S(YV)la*, ¢, then p.sfs € S(X)[g*, ¢

For f € S(G/(F)), = € S(F) and s € C, recall the holomorphic family of function f5 defined in
(5.20). By Lemma 5.16 (3), f5 € S(S(F))[¢*, ¢—*]. Moreover, for Re(s) < 0 we have

IW’(f?Xas) = Ia(w’)(f§7X7 8)7

where a(v,,,v,11) = (7, 174&1)

Using Cayley transform to pass to Lie algebra, it suffices to show that for ¢, € S (gff;(F))[qs N
and X € QIE;L’JF(F), we have Ix(ps,x,s) € C(¢°).
We first show this when X is a central element. We follow the notation of the proof of Proposition

5.1, we put
Fo(@t, e ) = C / | / (X, - ) + N)n(k)x(k)dNdk.
n’ K

Since @5 € S(gfi;(F))[qs,q_S] and the integral above is essentially a finite sum, we have f,, €
S(F™)[¢®,q™°]. And upto a constant, Ix(ps, X, s) can be written as

/ fsos bl; H z’b ‘_ZS H_ldbl db
(Fx)m

i=1
which lies in C(g¢®).
Now assume that X is a plus-regular, and use the notation in Subsection 5.2. We can assume
s € S(Q)[¢%, ¢~ *], by Lemma 5.16 (2), we can choose ¢!, € S(Qy x GL,(F))[¢®, ¢ *] such that for
any (Y, g) € Qg x GL,(F), we have

py(Y)-g) = /H(F) oL (Y - h,h"tg)dh.

By Lemma 5.16, then
¢r,s(g) = / ¢' (Y, g9)n(g)x(g)|det g|*
GLn(F)

lies in S(Qm)[¢®, ¢ °], moreover,

IX(@S?X? 8) = IXH (SOH,&X? 3)‘

Thus we reduce to the central case, which completes the proof of Proposition 5.15.
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6. GLOBAL THEORY II: REGULAR SUPPORTED FUNCTIONS

In this section, we set back to our notation in Section 4. So F' will be a number field. The main
result in this section is Theorem 6.1, which computes the geometric side of Jacquet-Rallis RTF

when the test function is regular supported at a place.

6.1. Global orbital integral. Fix an additive character ¢ : F\Arp — C*, for each place v of F,
the local component 1, : F,, — C* of 1) determines measures on various algebraic groups over F,
as discussed in 5.0.1. If F’/F is a finite extension, we put ¢ o Trp /F as the additive character
on Aps and it can be used to define measures on various local groups over F! where w is a place
of F'. For any reductive group G over F', we write Ay, for the leading Laurant coefficient of the
Artin-Tate L-function Lg(s) associated to G (See | , 2.3.2]). For m > 0, the Tamagawa

measure on GL,,(Agr) is given by

— *771
= AGLm,F’ H dgy-
w

In this case, Acr,, ., = (o (1)Cp(2) -~ Cpr(m) where ((1) denotes the residue of (p(s) (the
completed Dedekind zeta function) at s = 1, and the product runs through the places of F’.

We consider the three cases for a group G acting on X as in (2.12), excluding the case (G, X) =
(GLj, S). So the notation G and X will mean any pair (G, X) in these three cases. Let § : A, — C*
be a strictly unitary character. For a place v of F, an element v € X,o(F) and f € S(X(F,)),
in Section 5, we have defined the local factor L,(s,&,) and regularized orbital integral I (f, &y, s)
(If G = H; x Hy, it depends on a choice of a norm 1 element o in E,, which we assume it comes
from a global element, and it should be denoted by I, similar for the notations later). We will
denote them by L., and I, here. Using the compatibility of descent and base change (see the
last sentences of Subsection 2.5), the local factor L., is the local component of a global L-factor
L (s,€) (which is defined by the global analogue of (5.12)). For f € S(X(F,)), we put

I’y,v(fa &v, 3)
L’y,v(87 g’U) .

For f € S(X(A)), if f = ®f, is factorizable, by results in Section 5, Igjv(fv,fv, s) = 1 for almost

all places v, hence we can define

I,E/,U(f, 5'1)7 8) =

IE(f,€, ) H o(for 60, 9)

The definition of I5 extends by continuity to any f € S(X(A)). We then define

(6.1) (f7£¢ s):=A *71L (575)15(f7575)-

By definition, I,(f,&,s) depends only on the value of f on the G(A)-orbit of v and for any
g€ G(F), L.4(f) = I,(f), and when X = G',G = H; x Hy, it depends on the choice of norm one

element o.
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The construction directly generalizes to the product of cases we consider. Fix a € A(F), we
therefore have h as discussed in Subsection 2.5. Then for any ¢ € S(h(A)) and regular element
Y € h(F), we can define Iy (¢, £, s) in the same way.

6.2. Main result. We now state our main result. Let Gj., be the closed subscheme G’ — Gy, of
G'.

Theorem 6.1. Let f € S(G'(A)) such that supp(f) C G'(A) — Gl ,..(A), then for b € B(F), we

irreg

have

(6.2) L(f,&9) ZI” f.€.5)

Where Iy, is the distribution from relative trace formula in Theorem 3.1 (2), and IS is defined in
(6.1), the sum runs through all the representative of Hi(F) x Ha(F) orbits in Gy (F ) N Gieg(F).

We will derive Theorem 6.1 from a Lie algebra version of it. Let g denote either gl,, ., or ngL
We write girreg for the closed subscheme g — greg of g.

Proposition 6.2. Let p € S(g(A)) with supp(¢) C g(A) \ Girreg(A), then for a € (g/ GL,)(F), we

have

Where 1, is the distribution from relative trace formula (see Theorem 3.2 and Remark 3.3) and Ix
is defined in (6.1), the sum runs through all the representative of GL,(F') orbits in gq(F) N greg(F).

Fix a € A(F). By the descent construction in Subsection 2.5, there is H which is a product of
gl,, i, of smaller size such that there is ay € A maps to a under the étale map 14 : Ay — A.

We first show a version of Proposition 6.2 for ay.
Lemma 6.3. Let o € S(h(A)) with supp(p) C h(A) — Eirreg(A), then we have

(64) aH (10757 ZIX P, ga

Where 1,,, is the distribution from relative trace formula (see Remark 3.3), the sum runs through
all the representative of H(F) orbits in EGH(F) N Hreg(F).

Proof. We can assume ¢ is a pure tensor ®,, and each ¢, is of the form ¢, = ®f:090v,i by continuity,
where ¢, ; € S(gl,,(F3)). Put ¢; = ®p,; € S(E;[V.(AF.)), so that ¢ = ®¢;. Therefore,

CLH gD ‘57 HIaz Qplaflv

and

Z (‘P €7 H ZIX Sozyfza )

X =0 \ X;
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where &; := { o Nm(gg,.F,)/p, and in the sum on the right-hand side, for each 0 <7 <k, X; runs
through the regular orbits in gl a(FZ) Therefore up to possibly replacing F' by F;, we are
reduced to prove Proposition 6.2, for g = g/I;L and a = ay is either central or regular semisimple.

If @ is regular semisimple, then both sides of (6.4) equals to

/ o(X - g)E(g)n(g)|det g|*dg,
GLn (A)

therefore (6.4) holds. We now assume a is central. By Lemma 2.2, all regular orbits in the fiber of
a are O (a) and O~ (a). Assume S is a set of places of F (including all Archimedean places) such
that

SOZSDS®1Q'CL(0%)7

where s € S(gl(F5)). Then we have supp(@s) C gl (Fs) — gh, jyyeq (F5)-
Note that we have the following open cover of gl,(Fs) — gl 0 (F5):

[ (FS) [n 1rreg (U g[n + X g[ FS\{”U} > (U g[ X g[ (FS\{’U})> ( [n,reg\gfi;L,a)(FS)'

VES vES

We choose functions ag, a4, a_ € COO(QIHL(FS) — Eﬁ;,irreg(FS)) (a partition of unity), such that
o ay +a_+ap=1,
g supp(ao) (g[n 1reg \ g[n a)(Fs) and supp(ai) c UUES g[n i(FU) X g[ (FS\{U})a

e for any f € 8(9[ ( ) g[n,1rreg(FS)) we have Oéf € S( [n reg(g[ (F ) - gi;z,irreg(FS)) for a
equals ag, a4 or a_.

The existence of these functions is easy for non-Archimedean places and for Archimedean places,
see | , Theorem 4.4.1].

Let pg = (psap) @ 197;((9%) € S(gl,(A)), and let @ = (‘PSOHE,U) ® ]'g,f;(OS) € S(gl,,(A)). Since the
distribution I,(-, &, s) is supported on gl,, ,(A), we see that

(6.5) Lo(0,€.5) = 0.

Since @, satisfies the assumption of Theorem 4.3, by part (3) of this theorem, we see that for

s € H<_1

(6.6) Io(p4,8,8) = /GL “ 0+(X - 9)€(g)n(g)|det g|*dg :/G o+ (X - 9)6(g)n(g)|det g|°dg,

Ln(A)

where the integral in (6.6) is absolutely convergent. That is, the infinite product
*,—1
AGLn H IX+,U(901M &v, 3)
v

is convergent when s € H._1, and is therefore equals to Ix, (¢,&,s). Since both I,(¢4,&,s)

and Ix, (p,&,s) are meromorphic in s, we see that whenever they are holomorphic, we have
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Io(p4,6,8) = Ix, (¢, €, 5). By asimilar argument, I,(p—,§,s) = Ix_(¢—,&,s). Together with (6.5),

we see that

Ia(gpvé‘a S) == Ia(@-ﬁwga S) + Ia(QO_,g, 8) + Ia(QDOaga S) = IX+ (90767 S) + IX_ (90)6) 8)7

which is exactly the equality we want for the central element a. O
Now we give the proof of Proposition 6.2.

Proof of Proposition 6.2. We first show the case when g = gA[:Z We will use the notation introduced
in Subsection 2.5.

Let S be a sufficiently large finite set of places of F', containing all archimedean places. For
any v € S, pick an open neighbourhood w, of a in A(F,) and a neighbourhood wp, of ay in
Ap(Fy) such that w, and wp,, are semi-algebraic if v is Archimedean and ¢4 : A} — A induces
an isomorphism wg, — wg. Let ws := [[,cswo and wys := [[,csWH,o- We choose u € CZ°(ws)
such that u(a) = 1. Denote by Qg (resp. Qpg) the preimage of w (resp. wp,,) under the quotient
map q (resp. qm).

Since both sides of (6.4) only depend on the value of ¢ on gfia(A). After replacing ¢ by
¢ - (uogq) and enlarging S, we can assume ¢ = ps® 1@(0%)’ where @5 € S(gfib(Fs)) We can choose
¢ € 8(Qps x GL,(Fs)) (see Subsection 5.2) such that for any (X, g) € Qu s x GL,,(Fs), we have

o) 9= [ () g)a.
Hs(F)
For any Xg € Qs and s € C, we put

ors,s(XH) =/ ©' (X, 9)&s(9)ns(g)|det g|*dg.
QL (Fs)

Define o s € S(h(A)) by prs = ¢russ ® 15((9%). Up to enlarging S, by [ , Théoréme 6.4.6.1],
we have

Lu(2,€:8) = AGp, ArLay (11.6,€,9):
(In loc. cit, this result is only proved for the case when ¢ is trivial and s = 0, but the same proof
works for general case). By our construction of regularized orbital integral Ix in Subsection 5.2,

for any regular element Xy € E(F ), we have
Iy (o€ 8) = A, AjIx (p,€,5).
Therefore, Proposition 6.2 follows from Lemma 6.3 and Proposition 2.3. g

Now we can prove Theorem 6.1.

Proof of Theorem 6.1. Choose o € E such that Nmp,p(0) = 1and b € B?(F). So Cayley transform
¢r(b) € B(F) is defined.
Choose a sufficiently large set of finite places S of F'. We assume that f is of the form fs®1G/(O§? )

where fs € S(Fs), and we define fgfs by a similar formula as in (5.21), replacing F' there by Fs, and
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we put f&' = Sg,[s ® 1&”(03) € S(gfi;(A)) When 8 is sufficiently large, by [ , Lemme 14.4.4.2],

we have
I(f,€5) = Ay, AR, A, L, o) (F8):
Let v € G/(F) be regular element, by our construction of I5(f, &, s), we have

Ia(fyga ) H1 1A IAGLn co(a(y)) (fs 357 )

Therefore, the result follows from Proposition 6.2. O

7. LocAL THEORY II: LOCAL SINGULAR TRANSFER

We retain the notation in Section 5 so that F' is a local field of characteristic 0 and E/F
is a quadratic étale algebra. Recall that in Section 5, we have defined, for any f € S(G/(F)),
7 € Gieg(F) and character £ : EX — C*, a regularized orbital integral I7(f,&, s) and a normalized
version Iw’u( f,&,s) which depends on a choice of norm one element ¢ in E.

In this section, we will study a transfer relation between I‘Wj’h( fy1px,0) and semisimple orbital
integrals on the unitary groups. We will first introduce orbital integral unitary groups and matching

in Subsection 7.1 and 7.2, we then review the descent on u"

in 7.3, which is a unitary analogue
of what we have done in Subsection 2.5. Then we study the Lie algebra version of local singular

transfer in Subsection 7.4 and the group version in Subsection 7.5.

7.0.1. Notations and measure. Let H denote the isometric classes of n-dimensional non-degenerate
E/F Hermitian space. Let (V,h) € H, denote the discriminant of V' by disc(V'), which is the
determinant of the gram matrix of V' in any basis, regarded as an element of F* /Nmpg,p(F>). Let
U(V) be the unitary group associated to V', and let V + Fey be the Hermitian space formed by
orthogonal direct sum of V' and 1-dimensional E/F-Hermitian space (Feg, hg) spanned by ey with
ho(eg,e0) = 1. Define

GV =U(V) x UV @ Eep), HY = (h,diag(h,1)),h € U(V).
So HY is a subgroup of GY isomorphic to U(V). The group HY x H acts on the right on GV by
g+ (h1,ha) :== hi'ghs.

For any v € GV (F), let (H” x H"), denote the stabilizer of v under this action. We call v € GV (F)
semisimple (resp. regular semisimple), if its HY x HY orbit is Zariski closed (resp. is semisimple
and has trivial stabilizer). We call any U(V)(F') orbits of a semisimple element a semisimple orbit.
We write GY, for the open subset of GV consisting of regular semisimple elements.

Let u¥ be the F-subspace of Endg (V) consisting of self-adjoint operators, so it is 7 times the
Lie algebra of U(V), where 7 is any purely imaginary element (i.e. Trg/p7 = 0) in E. We put

ui=uY x Resg/pV, which is an F-vector space with a right U(V) action by

(Av)-g= (g 'Ag. g 'v).
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When we want to emphasize the rule of the Hermitian form h on V', we will also write u” :=u" .

For X € uY(F), we denote its stabilizer under this action by U(V)x. An element X € u" (F)
is called semisimple (resp. regular semisimple) if its orbit under the U(V') action is Zariski closed
(resp. is semisimple and has stabilizer). Let 1), denote the open subset of &V consisting of regular
semisimple elements.

As in 5.0.1, we fix an additive character v on F. For any m-dimensional Hermitian space V’
over F, choose a finite extension F’/F such that U(V') is split over F. (e.g. F' = F if F is split,
and F' = F if E is a field). We have an embedding U(V’) < GL(V’). We put the measure on
U(V')(F) defined by the F'-valued differential form []/%; L(i, %) det(g;;) ™™ A dgi; on GL(V')(F”)
pulled back to U(V’)(F). We put the product measure on GV (F) and put the Haar measure on
HY(F) via the natural identification H(V) = U(V). Note that when E = F x F, the measure on
U(V) = GL,, coincides with the measure we gave in 5.0.1.

Let F'/F be any finite field extension, we put an additive character ¢ on F’ by 9 o Trp//p.
So that we can also put a measure on U(V’)(F’) for any (E ®p F')/F" Hermitian space V'. For
Ve H, let v € GY(F) or X € u¥(F) be a semisimple element, we will see in Subsection 7.3
that the stabilizer of v or X is a reductive group which is isomorphic to finitely many product of
Respr /- U(V'), we choose the measure on (HY x HY),(F) or U(V)x(F) to be the product of the
measures we have fixed.

We put a non-degenerate bilinear form on 1" (F) by ((4,v), (B,w)) = Tr(AB) + Trg/ph(v, w).
For ¥ € S(1V(F)), we then define its Fourier transform F¢" € SV (F)) to be

Folv) = [ p(0u((x.¥)ay,
u(F)
where the measure on 1" (F) is chosen to be self-dual.

7.1. Orbital integral on the unitary groups. For a semisimple element v € GV (F) and f €
S(GY(F)), we define its orbital integral by

)= [ £l - by,

(HY xHY)5 (F)\(HY xHY)(F)
The semisimplicity of v guarantees h — - h is a Schwartz function on the orbit of 7, so the integral
is absolutely convergent. J,y only depends on the semisimple orbit o of «. Let o be a semisimple
orbit, we write

Ja(f) = ‘]’Y(f)a

where v is any element in 0. When ~ is regular semisimple, the orbital integral is then given by

L= f( - h)dh.
HVY (F)xHV (F)

For a semisimple element X € 1" (F) and for ¢ € S(u(F)), we define its orbital integral by

Tx(e) =T (0= | P(X - h)dh
U(V)x (F)\U(V)(F)
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The integral is absolutely convergent for the same reason and depends only on the orbit U(V)(F')
of X. Let o be a semisimple orbit in &V (F), we define J,(p) to be Jx (), for any X € 0. When X

is regular semisimple, this reduces to
@)= [ el ndn
M(F)

7.2. Transfer of functions. The GIT quotient GV /HY x HY (resp. #V(F)/U(V)) can be canon-
ically identified with B (resp. .A), (see | , Lemme 15.1.4.1] and Subsection 8.1). For 7" =
(z,y) € GY(F) and v = (gn, gnt1) € G'(F), we put s = (g, gn+1)(9;, ' gn+1)®" and g = 27 'y.
Then v and 7" have the same image in B(F) if and only if s and g have the same characteristic
polynomial and €%+18i€n+1 = h(g'eg, eq) for 1 <i < n.

If we use the identification (2.11), then for (A4,v) € 1V, the quotient map gy : 1V — A can be
identified with

(7.1) (A, v) — (Tr(/\iA)lgign, h(AiU, U)Ogigi—1)~

So that for X = (4,v,u) € ng( F)and XV = (A",v') € &V, X and XV have the same image
in A(F) if and only if A’ and A have the same characteristic polynomial and uA‘v = h(A'v,v) for
1< <n.

These identifications induce bijections

Gl(F)/Hy(F) x Hy(F) +— | | GY(F)/HY(F) x HY(F),
VeH
and

(7.2) gl 1o (F)/ GLy(F) «— | | W]

VeH

We say v € Gl (F) (resp. X € gl (F)) matches with 7V € GY(F) (resp. XV € uY.(V)) if they
correspond to each other under the bijection above, equivalently, their image in B(F) (resp. A(F))
are the same.

For A € F, we write Z for the element () -id,0,0) € &¥. The subspace of & formed by Z) is
the center of ¥ under the U(V) action. Its image in A coincides with the center we considered in

Subsection 2.5. By definition, Z is semisimple and for ¢ € S(u¥ (F)) we have

Jz,(p) = ©(Z)).

We define the transfer factors

O, Q7 L Gl (F) — C,and wh,w™ 1 gl (F) — C*

O (Y, Yy1) = “’(’Y"_ljnﬂ)”(m)_ > p(A%(z)) nodd |
() QN(Ai(fL’)) n even
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where x = v(7, 'y,41) and
wH(X) = (07 (X))
We say that f € S(G/(F)) and (f¥ € S(GY(F)))yey are plus-transfer (resp. minus-transfer) of
each other, if whenever the element v € G/ (F) and vV € GY,(F) match, we have

T (V) = QF () - L (f) (vesp. T (FV) = Q7 () - L(f))

We write f <5 (fV)y (resp. f <= (fV)v) if they are plus-transfer (resp. minus transfer).
Similarly, we define ¢ € S(gl,,(F)) < (¢¥ € SO (F))ven (resp. ¢ < (¢V)v) if whenever

X € gl, (F) and XV € wY.(F) match, we have
Txv (V) = w(X) - Ix(#) (resp. Jxv (") = w™ (X) - Ix(p))

Lemma 7.1. Given ¢ € S(gl,(F)) and ¢V € S@Y(F)) for each V € H. Then

g (V) = v (n(dise(V)) - ¢")

Proof. For (V,h) € H and X" = (A,v) € uV(F), define d,(X) = det(h(A™~2v,v)1<; j<n). For
X € gl (F), we have defined d,,(X) in (2.13).
")

Now ¢ & (oY) if and only if for any matching of regular semisimple elements X and XV, we

have
Txv (@Y) = (X)Ix ().
Note that d,(X) = det(67(X)d~ (X)), so the condition above is the same as
Txv (0¥ )n(dn(X)) = w™ (X)Ix(¢)-

The matching of X and X" implies d,,(X) = d,(X"). Moreover, n(d,(X")) = n(disc(V)), since

(v, Av,- -+, A" 1) is a basis for V. So the last equation is equivalent to
Txv (@ )n(dise(V)) = w™ (X)Ix (),
which is equivalent to ¢ <= (n(disc(V)) - V). O

We also recall the deep results of Zhang and Xue:

Theorem 7.2 (Zhang [ |, Xue [ ). Given ¢ € S(gl, (F)) and ¢V € S@Y (F)) for each
VeH. Then

. 1 n(n+1)
o5 () = Fo s (aldisev)e(n 50) 5 7 )

Remark 7.3. Suppose that for each 0 < i < k, we have a field extension F;/F. Write E; = F;Qp E,

and suppose that for each i, we have an n;-dimensional F;/F; Hermitian space V;. Let

k k
EZHResFi/Fg[ni,Fw ﬁ:HReSFZ/FﬁVl
i=0 =0
We write ; := npep,/r, = 1 ° Nmp,/p for the quadratic character on F;*. For X = (X;) € g(F),

let w®(X) := [TF_, mi(det 6% (X;)).
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The orbital integral and transfers then directly generalize to ¢ € S(g(F)) and ¢¥ € S(u(F)).
7.3. Descent on 1.

7.3.1. Descent construction. There is a descent construction on &¥ which is similar to the descent
for g’EL as we discussed in Subsection 2.5. Recall that we have a quotient map ¢ = ¢" : 4" — A.
For X = (A,b) € uV(F), let d,(X) = det(h(A™72b,b)1<; j<,. Then d, descends to a function on
A and coincides with the function in (2.13). The functions d, induce a stratification 1"(") on u"
in the same way as we discussed after (2.13).

Fix a € A")(F). Let Ay := 5[;/ GL,, A% = g/[;:q/ GLy,—,. As we discussed in Subsection 2.5,
a can be written uniquely ¢(ag,a’) with ag € Ag(F),a® € A°(F), and a° is determined by a
polynomial P € F[z], which factorize as P = P"* --- P'*. Let F; = F[z]/(P;) and o; be the image
of x in F;. Put F; = F; ®p E, and we fix an r-dimensional F vector space V and n;-dimensional

E; vector spaces for each 1 < ¢ < k. Let H’ be the isometric class of the family (h;)o<i<n, where

each h; is a non-degenerate Hermitian form on V;. Take h’ = (h;) € H°, put

(7.3) (VO,h?0) @RGSE /5(Vi, hi),
i=1

where Resg, /g (Vi, hi) is the E/F Hermitian space given by (Resg, gV, Trg, /g o h;), and @ denotes
the orthogonal direct sum. We also write hga for the E vector space Vo @ V? equipped with the
Hermitian form hg @ h”?0.
Note that Ay and A° can be canonically identified with i/ U(Vp) and 1¥°/ U(V?) respectively.
Put

Upy == U(Vo,ho), Uy, :==Resp,/p U(V;, y), UY, = HUhZ, Uy = HUh

For each 1 < i < k, we regard 1 as an F-vector space and define

k k
ﬁhb,o — Hﬁhi’ ﬁhb — Hah
i=1 i=0
We then have GIT quotients:
, k , k
A=/ Up, A =000, =TT AL, Ay =0" /Uy =[] A
=1 =0
Using (7.3), we have embeddings:

o U, — U(VO), 10 : 070 — 07,
Let V' € H such that there exists an isometry

cLpb o~
i:hg =V
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The map 7 then determines an embedding
(7.4) Lot ) @V Y

similar to what we have considered in (2.14), see | , (8.2.2.4)]. It descends to a map on the
GIT quotient which coincides with ¢ in (2.16).

Let "0/ be the open subset of 7’0 consists of (Ai,v;) with det Q;(A;) # 0 for all ¢ # j, where
Q); is the characteristic polynomial of A;, it descends to an open subset AZ;’ of A%b. Denote by

- b
(r) « h* 0

~hb,/ _
u = Uy

, it descends to a subset A;Lb of A,,. Composing ¢ in (7.4) and ¢,0, we get a map

~hb ~
PR TR TS

it descends to
LA A;lb — ./4

Note that although the embedding ¢, depends on the choice of the isometry ¢, t 4 does not, and it

coincides with the map ¢4 introduced in Subsection 2.5. The isometry ¢ also induces an embedding
Ly - th — U(V).
By [ , Appendix BJ, 14 is étale, and we have a pullback diagram

W XU U(V) —— wV

(7.5) l l

/
hb

where the top horizontal map sends (X, g) to ¢, (X) - g.

e The right vertical map is the quotient map, the left vertical map is induced by the quotient
map "’ — A/, trivial on the second component,

e The bottom horizontal map is ¢ 4, the top horizontal map sends (X, g) to ¢,» (X) - g.

Since ag € Ag(F) is regular semisimple, the bijection (7.2) implies that there exists a unique
o~ 0‘0
Hermitian form hy = hg® on Vp up to isometry such that there exists Xy € u?so (F') mapping to
ag € Ag(F). Let a; be the image of Z,, in A;(F) and ay, = (ag,a1,--- ,ar) € Ay (F).

Let O, be the set

(7.6) {(V,0) | V € H,0 CuY(F) is a semisimple orbit}.
By [ , Corollaire 8.4.6.2], there is a bijection
(7.7) (W = (h;) € H’|ho = K3} < Oy,
sending A’ to h%a together with the orbit of ¢, (Xo, Zq,, - - - , Za, ), note that this orbit is independent

of the choice of the isometry .
53



7.3.2. Descent and transfer. Fix a € A")(F). In Subsection 2.5 and in 7.3.1, we have recalled
the descent construction with respect to a in the general linear setting and the unitary setting
respectively. In the setting of Subsection 2.5, we fix a basis of V; so that 57 and §~ are defined. By

construction, Ay and A;, can be canonically identified for any h’ € . Under this identification

/
hbo

Since ¢ 4 is étale and sending ap to a, we can choose an open neighborhood wg of ay in Ay (F)

'y corresponds to A’ ,, ay corresponds to aj».

and an open neighbourhood w of a in A(F') such that

e If F'is Archimedean, both w and wy are semi-algebraic.

e wy — w is an isomorphism of Nash manifolds if F' is Archimedean, and isomorphism
of analytic manifolds if F' is non-Archimedean. (See | , Proposition 8.1.2] for the
Archimedean case)

e There are ¢, ¢~ € {+1, —1}, such that for any a’ € wg N Ay s(F) and X € ha(F), we have

(7.8) wh (X)) =ctwt(X), w (X)) =c w (X).

where w™ (X) and w™(X) are defined in Remark 7.3. (See [ , Lemma 3.15]).

Let 2 and Qp be the preimage of w and wy under the quotient map gfg — A and 6 — Apg

respectively. Then the top horizontal map in diagram (2.20) induces an isomorphism
(7.9) Qu xHE) QL (F) — Q, (Y, g9) — 1p(Y) - g

of Nash manifolds when F' is archimedean and analytic manifolds if F' is non-archimedean.

Let h> € H’. Under the identification between A, and Al,, wy corresponds to wy, C A, (F).
Let Qy and €, be the preimage of w and w;, under the quotient map 1V = Aand i — Ay
respectively. By the general fact of group action of variety over local field, i’ (F) x Ve MU (v)(F)
is naturally an open and closed subset of (uhb” xUn U(V))(F). Let Q"}b be the image of 2, x U (F)

UY(F) under the top horizontal map of (7.5). Then Q{}b is independent of choice of i (thus only

depends on V and hb), and is an open and closed subset of 2y, and we have an isomorphism
(7.10) Qe xUEOUY(F) — QY (V.g) — (V) - g

of Nash manifolds when F' is archimedean and analytic manifolds if F' is non-archimedean.
Let H}, be the subset of H’ consisting of n> = (h;) € H’ such that hy = hJ° and V = P’

By | , Lemme 13.4.7.1], shrinking w if necessary, we have a disjoint union decomposition
(7.11) Q= || ob.
RbeH!,

For ¢ € §(2), from (7.9), we can choose ¢’ € §(Qy x GL,,(F')) such that for any X € Qg and
g € GL,(F)
Pn(X) 9= [ (X))

H(F)
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We define o € S(2y) by
eu(Xi)= [ Xu,g)nlo)ds.
GLn (F)
where Xy € Qp.

Suppose that for each V' € H, we have a function ¢ € S(Qy). For each R = (h;) € H®, we
define ¢ € S () as follows. If hg # hy°, we put gohb = 0. Otherwise, choose an isometry hga =%
for a unique V' € H, and from (7.10) and (7.11), we can choose a function = S xU(V)(F))
such that for any X € ,, and g € U(V)(F)

b _
o (1 (X) - g) = / (X hy 1 (h) 1 g)dh.
th(F)

Then we put
b b
P (X) =/ o™ (X, g)dg,
U(V)(F)

where X € Q,,. We have o € S(Qp).

We have the following lemma.

Lemma 7.4. Let o € S(Q) and for each V € H, let ¥ € S(Qy). We have the following assertions:

(1) If o <i> (SDV)VGH, then

+ h?
o (©" e

(2) If ¢ < (QOV)VeH, then
_ h

¢ or = (©" ey

Where we recall ¢* is defined in (7.8).

Proof. We only prove (1), the proof of (2) is the same as (1). Take any ' € Aps(F) = Aps (F),
assume that a’ is the image of some elements in 1"’ (F).
Take any Xy € by (F), X, € ﬁZ,b (F), we need to check that

b

W (Xm)Ix, (o) = Tx, (¢")-

If o/ ¢ wy = wyy, then by definition

b

Ix, (pn) = Jx, (") = 0.

Thus we only need to consider the case when ¢’ € wy = wy,. Since wy C Aly, by | , Lemme
3.4.1.1], we have 14(d’) € Ays(F). Using the definition of ¢ and ¢!, we check directly that

b
(7.12) Ixg(en) = Lyx)(e), Ty (") = JLu.,(xb)(@V)-

The image of 4(X) and ¢,»(X,) in A(F) are both ¢t4(a’), hence their orbits match. The lemma

then follows from the definition of transfer and c¢*. O

We also record a lemma whose proof is elementary.
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Lemma 7.5. Let u € C®(w), ¢ € S(gl,(F)) and for each V € H, let ¥ € S@Y(F)). For
€€ {+7 _}7 ngp é} (Sov)y then

¢-(gou) €S(Q) < (¥ - (qv ou) € S()).
Proof. This is proved by a direct computation. O

7.4. Singular transfer on the Lie algebra. Let X € g/\[;L(F) be a regular element and ¢ €
S(gA[;L(F)) Recall that we have defined Ix(p,&,s) in Definition 5.7.
The function Ix (¢, 1px,s)/Lx (s, 15) is holomorphic at s = 0. We write Ig((ga) for Igf(go, 1px,0).
We now define some constants related to Proposition 7.6 below. Let F’ be a finite extension of
F, and we write E' := F'®@p E. Let ' := ng/poNmp/p = ng/p and ¢' = o Trp p. Let (V' ')

be an n’-dimensional E’/F’ Hermitian space. We put

n
. ’ 1 n'(n/+1) n(n'—1)
C‘J}, = Hz-:(l — 2',77”’,w')_ln'(diSC(V’))” +15(§,n’,¢’) h n'(—1)" 2 !
i=1
and
’I’L/ . 1 /( /+1) /( /71>
e = ¢ (dise(V')) = He(l — i, ") Ty (disc (V)" 5(5,77’,1p’) = (=1 2z
i=1
Let b’ = (h;) € H’ and let € : {1,--- ,k} — {4, —} be a map, we put cry = H?Zl ciii/i,hi)' Let
o C &Y (F) be a semisimple orbit, by the bijection (7.7), o is the orbit of ¢,,(Xo, Zay, - , Za,,) for

some h* = (h;) € H}, with Xg € Y0 (F). We then put
C, = Ch},.

Let X € @L(F ) be a regular element with ¢(X) = a. We use the descent construction as
discussed in 7.3.2. X can be written of the form ¢y(Xp) - g, where Xy = (Xo g, ) € Qp is a
regular element, and g € GL,,(F'). we define a constant cx € {+1} by

ex = ct(g)wt (Xom).
where ¢ is defined in (7.8). Finally, if X € ng(F ) is a regular element of type &, we put
CX,0 = CXC5.
Now we state our main proposition

Proposition 7.6. Let X € gA[;(F) be a regular element with q(X) = a. Suppose ¢ € S(ng(F)) —
(QOV S S(ﬁV(F)))Vey, then
Telp)= D7 exol(¥Y),
(V,0)€0,

where we recall that the set O is defined in (7.6).
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Proof. By definition, for any semisimple orbit 0. JY (") only depends on the value of ¢" on o.
By Proposition 5.8 (2), Ix(¢) depends only on the value of ¢ at the orbit of X. Let w be the open
subset of A(F) as introduced in 7.3.2. Take u € C2°(w) with u(a) = 1. Thus Ix(¢-(gou)) = Ix(p),
and for any 0 € Oq, Jo(¢") = Jo(¢V - (qv o u)). By Lemma 7.5, after replacing ¢ and (p") by
©-(qgou) and p¥ - (g ou), we can assume ¢ € S(Q) and ¢¥ € S(Qy).

Recall that we have defined oy € S(Qp) and gohb € S(Q,) for each h* € H* in 7.3.2. Choose

Xu = (Xou, Z5L, -+, Zgk) € Qp and g € GL,(F') such that X = 15(Xp) - g. From the definition
of Ix(y) in (5.18), we have Ix(¢) = n(g9)Ix,(pu). For o € O,, thanks to the bijection (7.7),
we can write o as the orbit of ¢ ,»(Xo, Za,," ", Za,), where K> = (h;) € H® with ho = h$® and

Xo € ulo(F). Write X = (X0, Zay, "+ » Za, ), then we see that

@)= [ [ M b gdidg
UWV)x (PN UWV)(F) JU,, (F)
:/ / / cphb"(Xh., - h,wy(R'h)"Lg)dRr'dhdg
VW) x (PN UWVY(F) JUo, (0 U, (F) S0, ()

/ / (X - h)dh = Ty (™).
Up, (F

Recall if hg # hg”, then whb = 0. By Lemma 7.4, ct oy & gphb
Thus we are left show that for any ¢1 € h(F) matches with (gpffb € S(ﬁhb(F)))hbe’Hb, we have

. b
o Xom) i, (e) = D Elda(el).

hP=(h;)eH’
ho=hg°

We henceforth reduce to the case when both ¢ and gohb are pure tensors. The 0-th component is
regular semisimple, hence the equality follows from the definition of transfer. For other components,
we are reduced to the Lemma 7.7 below, which itself is a special case of this proposition. This
finishes the proof. (|

Lemma 7.7. Let ¢ € S(gl, (F)) <5 (¥ € S@Y(F)))yex and let A € F, we have

L) =3 o (@) and I_(¢) = 3 cyJz(¢").

VeH A VeH

Proof. We only prove the assertion for IuZ +- The case for IHZ, is parallel. It is clear that ) & (@K)
A A
By Theorem 7.2 and Lemma 7.1 we have

- . n 1 | nein
Fox (n(dISC(V)) +1a(n,§,w> 2 fsoy)-
If we put

v(—is — i+ 1,7, 1)).

)
iy
N

Il

—=
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Then
n
F)/-i_(S)LZ;\L (8) = HL<Z8 + 7:7 771)5(_23 —1 + 1777171”
is non-vanishing at s = 0 with value [[\_, L(4,n")e(1 — i,7',%). Also note that w=(Z;) =

n(n—1)
n(=1)"2

Combining the discussion above and (5.10), we see that

n(n—1) 1
I (p)= (-1 2 — — / For(X)w™ (X)dX
() = [T, ZGme — i) Sy )
n(n—1) 1
= (1) Vo L T g (X gdgax
! [Ty LG, n)e(t —i,n' ) Jar) Jov,(r
By | , Lemma 5.2.1], the bijection (7.2) is measure preserving up to constant. More precisely,

suppose a measurable subset M corresponds to LIMy , then

vol(M) = I—W vol(My).

Therefore, the expression for IhZA+ (p) can be written as

n(n 1)

( ]') / . +1 ]. n(n+1) v
(V)" e, 5.0 | R gagax
[T, e(X —i,nt ) ‘;{ 2 vy
=3 [, FAax = z AT
Ver Ver
Thus the lemma is proved. ]

When X lies in gA[;’Jr(F), then the complex number w“‘(X)Ig( (¢) only depends on the image a
of X in A(F'). In this case, the Proposition 7.6 can be stated as follows: if ¢ & (¢ )ven, then

(7.13) X)) = Yooy (V).
Vo
where the constant ciw = ¢ and ¢ is defined similarly as ¢, but we omit the constant

n(n—1)
n(=1)" 2 ~ in the definition of .

We also record a lemma related to the proof above.

Lemma 7.8. Let V € H and let o C u be a semisimple orbit. Then the distribution J, is a stable
distribution, in the sense that if ¢ € S(u(F)) such that all the regular semisimple orbital integral
of v is 0, then Jy(p) = 0.

Proof. Let ¢ € S(uY(F)) such that all regular semisimple orbital integrals of ¢ is 0. Take X € o,
assume that gy (X) = a € A(F). Replacing ¢ by ¢V - (qv o u), we can assume ¢ € S(Qy). Taking
h> € H’ such that there is a semisimple orbit 6 corresponds to o under the bijection (7.7). Then as
the computation in the proof of Proposition 5.8, J,(¢) = J,»(¢°) and ¢° also has vanishing regular

semisimple orbital integrals, we therefore reduced to the case when o is a regular semisimple orbit
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or a central orbit. If o is regular semisimple, J,(¢) vanishes by definition. If o is the orbit of Zj,

after a translation, we can assume A = 0. Then

Jo(p) = p(0) = /~V<F> Fo(X)dX = /U(V) (X - g)dgdX.

W (F)/ U(V)(F)

By | , 3.2.4], Fp also has vanishing regular semisimple orbital integrals, therefore the above

expression vanishes. O

We introduce a variant of the results in this subsection. Recall from Subsection 2.4 that, B =
gl,11/GLy. For (V,h) € H, we put (V',h') = (V & Eeg, h & hg), where & denotes the orthogonal

direct sum and hg(eg, e9) = 1. We have an isomorphism of U(V') representations:
(7.14) W2V xF, A ((Aly, Aey), I (Aeg, e0)),

where U(V) acts on F trivially. We thus have a canonical identification 1"/ U(V) 2 B. Semisimple
orbital integral J,(") directly generalize to ¢V € S(u"'(F)). For X € gl,.(F), let w*(X) =
n(0*(X)). Then there is an obvious notion of plus/minus transfer between ¢ € S(gl, 1 (F)) and
(©¥) € SWY' (F))yey. For b e B(F), let Oy be the set

{(V,0) |V € H,0o cu/'(F) is a semisimple orbit}.

For 0 € Oy, it projects to a semisimple orbit 0 € O, under the isomorphism (7.14), where a is the
image of b in A.

For X € gl,,,1(F), let Y is the image of X in ng(F) under the bijection gl | = QIEL x F. Let
cx,o := cyz. Then Proposition 7.6 implies that, if X € gl (F') is a regular element with ¢(X) = a
of type €, and ¢ € S(gl,,1(F)) & (¢¥ € SWY'(F))), then

(7.15) o) = D exodd (¥Y).
(V,0)€0,

7.5. Singular transfer on the group. We now deduce the singular transfer on the group from
the Lie algebra as we discussed in Subsection 7.4. Fix b € B(F), pick 0 € E*, with co° = 1, so
that b € B?(F). For f € S(G/(F)), let IJ*(f) := IS*(f, 1, 0).

We use the Cayley map to relate the group U(V’) and the Lie algebra u'. Let 7,0 € E such
that 7¢ = —7 and 00 = 1. Let u¥"" be the open subscheme of u"” consists of ¥ € u"” such that
Y — 7 -1 is invertible. Let U(V”)? be the open subscheme of U(V’) consists of g € U(V’) such that
g — o - id is invertible and G"** be the open subscheme of G" consists of (z,y) € GV such that
x~ly € U(V’)?. The Cayley map
1+ 77y

\% VT o
: ) Y
¢, :u’ T — UV, A p—

o

defines a U(V) equivariant isomorphism between 1" and U(V’)?, and descends to a map B™ — B¢

which coincides with the map induced by ¢, as in (2.3).
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We define
Oy ={(V,0)|VeH,OcG/(F)isaH(F)x H' (F) semisimple orbit}.

Let a = ¢;'(b). Note that there is a natural HY = U(V) equivariant isomorphism GY/HY =

U(V'). Since ¢/ is an isomorphism, the Cayley map induces a bijection O, — Oy, which we also

denote by ¢,. For O € O and v € G"?(F), let © = v(7, 'v,+1) and define a constant c, o by

ntl _ n(n+1)

(7.16) 0 = €t e (oy(@) 2 (v ) T (=207 T2 (1 = 7 e (1)

sCo

Now we state the main theorem of this section

Theorem 7.9. Let f € S(G/(F)) and for each V € H let fV € S(GV(F)) such that f <5 (fV).
Then for any regular element v € G} (F), we have
NN = Y eols).
(V,0)e0,

Remark 7.10. When v € G/, (F), recall from Lemma 5.14 that 7 is independent of the choice of
o, we denote it by I, here.

Using the equation (7.13), we easily see that the above theorem can be written as
(7.17) XL = Y exow (X)),

(V,0)e0,

where ¢, (X) = v(7, *ynt1), and CX,0 = Cx =10

Note that the left-hand side of the equation (7.17) only depends on b. This description removes

some factors appearing in (7.16).

Proof. Let us denote by @ the quotient map G’ — B, for V € H, we denote by Q" the quotient
GY — B. Since both I,(f) (resp. Jo) only depends on the value of f on G,(F) (resp. G} (F)).
Take u € CX(B?(F)) such that u(b) = 1. After replacing f (resp. fV) by f - (uo Q) (resp.
Vo (uoQ")), we can f € S(G"(F)) and fV € S(GV7(F)).

Let f5:= f3 defined in (5.20). Then fS € S(S?(F)). We define fU(V") € S(U(V')?(F)) by

@ = [ san,

where z € U(V')(F).
Define ¢y € S(gly 1 (F)) by

n+1 n(n+1)

pr(X) = [P er (X))l (X)) (=207 1) "7 p(l—771X)7",

where X € gl (F). For V. € H and X € uW'7(F) we put ppv(X) = 9V (¢, (X)), then
pf € S(uV"7(F)). Direct computation shows if f &5 #V then ©f & v

Let © = v(7;, "yn+41). By the definition of I, and Jo, we have

n n(n
_#,u(—QaT_l) o pu(l — T‘lcgl(li))fé”“(f),
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and
IO (£) = T (9)-
Then the theorem follows from the equality (7.15). O

8. FOURIER-JACOBI CASE

All the results in this article have their counterparts for the relative trace formula developed by
Liu | |. The proofs of the results in this section are parallel to their Jacquet-Rallis counterpart,

so we will omit their proofs.

8.1. Notations. Let F' be a field of characteristic 0 and let E be a quadratic e¢tale algebra over F'.
We redefine G’ := Resg/p(GLy g X GLy g) X F™ x F,. We put

Sp ={z € GL, g | z2°® =1},

the map v : Resg/r GL,E — Sn,g— gg~ "¢ identifies S,, with GL, E / GL,, . We redefine H; and
Hs to be the following subgroups of ResE/F(GLn,E x GLy, p):

Hi:=1{(9,9) | 9 € Resg/p GLy g}, Hz2=GL,rxGL,F.
The group H; x Hy acts on the right on G’ by:
(g,v,u) - (1, (ho,1, ho2)) = (hy'gha, hyjv, uhs).

We redefine B to be the GIT quotient G’/H; x Ha, it can be identified with the quotient (S, X
F™ x F,,)/ GLy, where GL,, acts by

(s,v,u) - h = (h~'sh, h~ v, uh),
and the identification is made through the map:
a: Resp/p(GLy g X GLy g) — Sn, (91, 92) — l/(gl_lgg).

Let 0 € E,00° = 1. S,, has an open subset S7 consists of x such that  — o - id is invertible, it
descends to an open subset B? of B. Let 7 € E with 74+ 7¢ =0, let @f be the open subset of ng
consisting of (A, v,u) such that A — 7 is invertible. We define the Cayley transform:
14+7714 )

ca:gf; — SY X F" X Fp,  (A,v,u) — <—01_7_1A,v,u

Let (Sp x F™ x Fy,)reg be the open subset of the regular elements under this action of GL,,, it has open
subsets (S, x F™ x F,)+ (resp. (S, x F™ x F,)_) consists of (z,v,u) such that (v,zv,---, 2" v)

forms a basis of E™ (resp. (u,uz,--- ,uz™ ') form a basis of E,,), its preimage in G’ will be denoted
by G| (resp. G_). For X € gN[nT, and e € {+,—}

X €gl,, < (X) € (S]xFxF"),
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Let H be the isometric class of n-dimensional non-degenerate E/F-Hermitian space. For V € H,
we redefine
GV :=U(V)xU((V)xV,
let H” be the diagonal subgroup of U(V) x U(V). The group H” x H" acts on the right on GV by
(9,) - (h1,ha) = (hy *gha, hyv), g € U(V) x U(V),v € V.
The GIT quotient GV /HY x H” can be identified with B. Let
O, ={(V,0) |V €H,0c G} isaHY(F) x H'(F) semisimple orbit}

8.2. Local theory. Now let F' be a local field. For f € S(G/(F)), (z,v,u) € S, (F) x F™ x F,, and
s € C, we put
(8.1)

(o) oy ) Jaw, ooy F(ATH BT N (@) (1, ha), v, w)é(ha)[det b [ (v (@) ha3),  nodd,
le(F) fGLn(F) (hl_l,hl1 “L(2)(1, ha),v,u)é(hy)|det hy|*, n even.
Fix v € G/(F), let b be the image of v in B(F). Choose 0 € F,00° = 1 such that b € B7(F), let
u € CX(BI(F)), for s € C, define fs € S(gl,,(F)) by
fo = (u- f9)(er(X)).
We define
L«,(s,é) = chl(b)(s,f)

and
I T ~7 S n 1 n odd
15(7.6.5) = § oSO |
IC (x)(f87§78) n even
Proposition 8.1. The definition of I°(f,§,s) is independent of the choice of u, and (1)-(5) of
Proposition 5.12 holds (where G',Hy, Hy are redefined as in this Subsection).

and we also have the following lemma

Lemma 8.2. Let 1 be a character on Hao(F) defined by n(ha1,ho2) = n(h271)”+1n(h272)". Let
f € S(G(F)), we have the following assertions:

o [If v is reqular semisimple, then

19(7,6.5) / / - (b, ha))E(hy)[det hy 'y (ha)dhydhs,
H,(F) JHa(F

where the integral converges absolutely for any s € C.
o Ifye G/ (F) (resp. G(F)), then the integral

/ / hl,hg)) (hl)\det hllsn(hg)dhldhg,
Hy(F) JHo(F

s absolutely convergent fm" seEH 1 (resp. s € Hy 1) and equals I5(f,&,s) there.
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In particular, in these cases, the definition of If;(f,f, s) does not depend on the choice of o.

There is a notion of transfer between f € S(G/(F)) and (f¥) € S(GY(F)) similar as the situation
in Subsection 7.2. For (v,v,u) € G'(F), choose o such that a(y) € SZ(F), let X = ¢, (a(y),v,u).
Let b € B(F), for O € O, We define

n(n—1)

p(y ) 2o T p(l = 7 e (2) T,
1%

n+1

Cy,0 = cX7c;1(O)u(:U) 2

where ¢ }(O) denotes the semisimple orbit in &"" corresponding to O and v = (7y1,72).

Proposition 8.3. Let f € S(G'(F)) and for each V € H let fV € S(GY(F)) such that f < (fV).
Then for any regular element v in Gy (F), we have
I = >, ol
(V,0)e0,
8.3. Global theory. Let E/F be a quadratic extension of number fields. For f € S(G'(A)) and
T € ap, one defines a modified kernel K?(hl, he) as in | , Section 7].
Using the same strategy as the proof of the Theorem 3.1, one can prove the following proposition.

The corresponding results on the asymptotics of the modified kernel can be found in | , Section
7].

Proposition 8.4. Let { be a strictly unitary character of Aj,.
(1) For any f € S(G'(A)), s € C and T sufficiently positive, we have

(8.2) / / |KF . (hy, ha)|ldet ha|*)dhydhy < oco.
'yeB(F) [Hl} [H2]

(2) For v € B(F), as a function of T, the integral
Hes) = [ [ KE O henldet il u(ha)anans
[H:] J[Ho]

is an exponential polynomial. If s ¢ {—1,1}, then the pure polynomial term is constant,
denoted by 1,(f,&,s). For a fixed f and &, I,(f,&, s) is meromorphic on C\ {—1,1}. Let
I’Y(fvé) = I’Y(f)é-7 0)
(3) For each v € B(F) and s ¢ {—1,1}, the distribution I,(-,§,s) is continuous on S(G'(A))
and we define
I(fvé.vs) = Z I’Y(fvé.vs)'
YEB(F)
Where the sum on the right-hand side is absolutely convergent.

Similar to the results in Section 4 and 6, when the test function is regular supported, the

distribution I, can be described in terms of the normalized orbital integral.

Proposition 8.5. Let f € S(G'(A)). If there exists a place v of F such that f is of the form
fof?, with f, € S(G'(Fy)), f* € S(G'(A?)) and supp(f,) C G/, (F,) (resp. G'_(F,)), then (1)-(3)

of Theorem 4.2 holds.
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Proposition 8.6. Let f = f,f" € S(G'(A)) with f, € S(G'(Fy)), f¥ € S(G'(AY)) and supp(f,) C
Gleo(Ey), then for b € B(F), we have

reg

(8.3) L(f,€,5) ZI" f,€9)

Where I, is the distribution from relative trace formula in Proposition 8.4 (2), and I3 is definds as
in Section 6, the sum runs through all the representative of Hy (F) x Ha(F') orbits in Gy (F)NGle, (F).

reg

APPENDIX A. ASYMPTOTIC OF MODIFIED KERNEL

In this appendix, we generalize the result of | , Theorem 3.3.7.1] to asymptotics of the
modified kernel associated with parabolic subgroups and their Levi subgroups and introduce a Lie
algebra analogue of it. We follow the strategy in | , Section 3].

For a reductive group G over F', and three semi-standard parabolic subgroups R C S C @ of G,

we write U}%Q for the characteristic function of X € ag satisfying

a(X) >0 for all a € AE,
a(X) <0forall ae Ag\Ag,
e w(H) >0 for all w € A%

Proposition A.1. Let Q € Frs. Then for every N > 0, there exists a continuous semi-norm || - ||
on S(G'(A)) such that

T . - - -
(A1) Y7 EZ (hhe) — FO (hom, Tg, ) Koo (has he) < e N”T”th”Qf{Vl||h2HQI]HV2||f”
XEX(G)

holds for f € S(G'(A)), (h1, ha) € [Hi]gy, X [Hg]]ézH2 and T € ap41 sufficiently positive.
We denote by TQ o F the following space of function

TRor=1rp) e [ T(GLulr.) [¥r—¢s €S s (Ru(F)\GLy(A)) for any R C S C Q}

RCQ n+1
RE,T'RS’F

Lemma A.2. For ¢ = (pyp) € 7']9 L,) and g € [GLy]g, define

AT (g) = Z e Z Pt (Hp,,, (79) = Troy) - Po(79)-
P}gcfgs YEPR (F)\Qn(F)

We also define
%7 p(g) = F9(g,T) - gp(9)-
Then for any ¢ > 0, N > 0, there exists a continuous semi-norm | - | on T]%s #(GLy) such that

[497 e~ Ty < e gl
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Proof. Using the partition formula in | , Lemme 2.1], for every g € [GL,]p,, we have

P,
Z Z Flni (59, T, )" (Hp,, (09) = Te,yy) = 1,
REFRrs,F 6€ER, (F)\Pr(F)
RCP

together with the equation
~Qn+1 Pn+1 _ Z Sn+1,Qn+1
TPn+1 n+1 - JRn+1 '
SG.FRS F
PCSCQ

For R C S and R, S € Frs,F, define

rselg) = Y. €} pelg),

PceFrs,F
RCPCS
then we obtain
ATo(g) = > S FRe(hg,Th,,)op 9 (He,,, (49) = Tha ) )RS9(19):
R,SE}'ES,F YERR (F)\Qn(F)
C

Note that 08::1@"“ 1 and oR"“’Q"“ =0 for R C Q, it follows that

+1

AQTp(g) —T1%Tp(g) =" N FRe(8g, oy (Hp,,, (19) — Troy,) - Rse(79)-
RCS e Ry (F)\Qu (F)

Since E]%Z 2= (9 X er,(r\@n(r) f(79)) sends 50([GLn]}%n) to SO([GLn]én), it remains to

show that for every ¢ > 0 and N > 0, there exists a continuous semi-norm | - || on TR% »(GLy,) such
that
(A.2) ()| < e Mgl Nl

for all ¢ € TR%,F(GLH), T sufficiently positive and g € Rn(F)\Gn(A)%2 with

Fhn (g, 7)oy 09 (H, ,,(9) — Thyy) # 0.

We can assume P is standard. Take such g and take z € AH1’°° such that ¢ can written as zg!
where g' € G, 41(A)g, there exists r > 0 such that ||| g, < ||g IR . By| , Lemma 4.29]

applied to G = Mg, ,, there exists r > 0 such that

n+1

(A'?’) eHTH < ( min an+1,oc(gl)> ~ ( min an+1,oc(g)>

Sp+1 R 1 Sp+1 R 1
aEAO"+ AVAW nt OéEAOnJr \A, n+

rro
A4 < < max d .
A4 gl < lg' 5., (aeAgnH\Agm R,Lﬂ,a(g))

Fix a € AOS”“ \Aé%"“, for any P € Frsr with a € Aéj"“, there is unique P® € Frg p such that
PCX
A= A(I)D”“ \ {a}. Then there exists Ny > 0 such that for any r > 0, we can find a continuous
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semi-norm || - || on TR% #(GLy,) with

Rse(@) < D Ipe(g) = pep() < lgll D dprale) Nl
RCPCS RCPCS
aEA§n+1 aeA(I)DnJrl

The equation (A.3) implies dp,,, o« ~ dR, ., hence by (A.4), as « varies through A?"“ \
AP"“ (A.2) is proved. O

Now we prove Proposition A.1.

Proof. Given ¢ € ’7‘0([H27n+1]QH2 o) and x € X(G’), consider the following sequence of maps

R(fY) v®1dAQ

TO([HilQu,) @ T (Homslan, ) —— Then(G) @ T (Hanitlon, )~ Th, (Ha)
AQT
<'7'>
» The 1 (H2) S°([Halgy, )
neT

Where the first map sends ¢ ® 1) to P +— R,v( fv)gple ® 1, the second map is restriction to
Hy C G/, the third map sends (py) ® 1) to P — <p<p,pr2’n+l>, the last map is the truncation
operator defined in Lemma A.2. By [ , Proposition 3.4.2.1] and Lemma A.2, the images of
these maps land in the target, and by the closed graph theorem, they are continuous. Let L?;p
be the composition of the first three maps and A9T at the last, and Pﬁ;{T the composition of first
three maps and 197 at the last. One check directly that

LY (o ® ) (han) = / K$T (ha, hon, ho 1) () (ham ).
[HﬂQH1 X [HQ’"+1]QH2,n+1

and

PET (0@1)) (han) = F9+ (hy, n7TQn+1)/ K1Qu (s hans ho s )Jp (M ) (ho )
Moy, xM2n+ilem,

By [ , Theorem 2.9.4.1.3] and Lemma A.2, for every p®1) € TO([Hl]QHl )®TO([H27"+1]QH2 wit)

and N > 0, we have

> |t wew - P o) <wps eI

XEX(G) oo, N
By the uniformly boundedness principle, for each ¢ ® ¢ € m([Hl]QHl) ® T]%([H27n+1}QH2 n+1)’ we
have

T _
> |t wew - P e <x e el -yl -y
XE€X(G) o

Apply this to ¢ = dp,,% = 0p,,,,, Proposition A.1 is proved except the semi-norm on f. One then

deduces it by applying the uniform boundedness principle again. ([l
66



There is also an analogous result on the geometric side.

Proposition A.3. There exists a continuous semi-norm || - | on S(G'(A)) such that for any
f€S(G'(A)) and N > 0, we have
S KR (s ho) = FO (ha, Tg, ) K @n (b ho)l < eI a6 (1Rl 11
YEB(F)

Proof. Let AN be the N-dimensional affine space over F. Choose any closed embedding i : B < AN
for some N. We extend the function Ky for all v € AN by setting K f~ = 0 if 7 is not in the
image of 1.

Fix f, there exists d € F such that K;, = 0 unless v € dOY. Choose u € C°(FZX) support
around 0 such that supp uNdOX = {0}. Let p be the composition G’ — B < AN. For vy € (dOp)",

define fy(g) = f(9) - u(p(gos) —). Then by | , Proposition 4.30], we have f, € S(G'(A)) and
for any continuous semi-norm || - ||s on S(G/(A)), the sum
> s
vEB(F)

is finite, hence defines a continuous semi-norm on S(G’(A)) by uniform boundedness principle. One
check directly that Ky p(hi1,h2) = Ky py(hi1,ho) for any P € Frg and (hy, h2) € [Hl]le X [Hg]sz,
hence K¢ (hy, ha) = KT (ha, ha).

Propos1t10n Al 1mphes there exists a semi-norm || - ||s on S(G'(A) such that
T n _
(KT (s he) = FO (o, Tg, ) KRy he)l < e M RGN lRallgY 1£ls:

Therefore

> |KQ’ (A1, ho)=FO (hon, Tg, ) K poq(h )l < | D (£ s e_N”T”thHQH 2l
YEB(F YEB(F)

O

We state the asymptotic of the modified kernel on the Levi subgroup, the proof is similar so we
omit the proof.
Let @ € Frs with Levi decomposition P = MN. Let f € S(M(A)). For x € X(M) and T € ay,
we put
7T —~n
K (haha) = Y €8 3 P (Hp,,y (0nhan) — Tr, ) K f oy (Yh1, ha).

Pg}—Rs ’yEPMHl (F)\MHl (F)
6EPIWH2 (F)\]WH2 (F)

where (h1, he) € [Myu,] x [Mp,].

Proposition A.4. For every N > 0, there ezists a continuous semi-norm || - || on S(M(A)) such
that
M,T
(A5) D Ky (hayhe) = FO (hon, T, ) K pa(hus ho)l < e M [ (1ol (11
XEX(M)
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holds for f € S(M(A)), (h1, h2) € [My,] X [Mp,]* and T € a,41 sufficiently positive.
On the Lie algebra, we have similar result.

Proposition A.5. Let g denote either gl or ng Let Q) € Fgrs,r, then for every N > 0, there

exists a continuous semi-norm || - || on S(g(A)) such that
> IKE(9) = FO(0,T0,0) Kpaale)] < Mg o]
a€(g/ GLn)(F)

for all o € S(g(A)), g € [GL,]G, and T € any1 sufficiently positive.

Proof. By the same argument as in the proof of Proposition A.3, we only need to prove that there

exists a continuous semi-norm || - || on S(g(A)) such that
[KZT(9) = FO (g, Tg, 1) Kea(@)l < e Mgl =il

holds for all ¢ € S(g(A)) and g € [GL,], -
By Lemma A.2, we are then reduced to check that the family P — K p belongs to @S’F(GLR).
We first show this for g = gl,,, ;. Let R, S € Frsr with R C S C Q. For P € Frs, we will
write mp,,, and np,, the the Lie algebra of Mp, , and Np, , respectively. We need to show there
exists N > 0 such that for any » > 0 and X € U(gl,,), there exists a continuous semi-norm || - || on
S(g(A)) such that for any ¢ € S(g(A)), we have

(A.6) [R(X) Ky 1(g) = R(X)Kp,5(9)] < di (9) " [lgl 1]l

Rnt1
For notational simplicity, we proceed to prove (A.6) for X = 1, but the same argument works for
general X. For any P € Fgg, we can extend the definition of K, p to any g € [GL,41]p,,, by the
same formula as in (3.10). And we prove the equality (A.6) holds for any g € [GL,+1]. We can
first assume that R is standard, then we can assume g € s™+1. And since ¢ > S(g(A)) — Ky, g €
T([GLp+1]R,y,) and ¢ — S(g(A)) — T([GLy41]s,,,) are continuous, there exists a continuous
semi-norm || - || on S(g(A)) such that

1Ky,r(9) — Kps(9)| < lalV [l

holds for any g € GL,41(A) and ¢ € S(g(A)), therefore we only need to consider those g € sftn+1
such that d;:fl (g) > C for some C. For C sufficiently large, every such g lies in Ry, 41 (F)s "+, we
can hence assume g € s°"+1 from the beginning.

Note that we can write

ch,S(g) - ch,R(g) = Ktp,l(g) + K. ,2(9)7

Kol = 3 > [ eerenygav- [,

F) \ venrt1 (p) 15,41 (A) "Rpi1

/ o((M+N+U)-g)dNdU
(8) Jns, (&)
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and
K= > [ (@1+N)-gan.
Mems, ,; (F)\tn i1 (F) 7 " (8)
We proceed to show that both K 1(g) and K,2(g) are bounded by the right hand side of (A.6)
for some semi-norms on S(g(A)).

. Sn
For any g € §9+1, we define a function f, on [n Rniﬂ by

LU= Y 3 / o(M+N+U+0") - g)dN

Memp, o (F) \ yenint! (m) w1

Then K, 1(9) = f4(0) — f[nsnﬂ] fo(U")dAU’. Moreover, as g runs through §9n+1 there is a common
Rn+1
open compact subgroup J C n Rt (Ay) such that f, is J-invariant for all J. By | , Lemma
n+1

4.26], there exists a homogeneous X € U (n%;fl) such that for any r sufficiently large, we have

[Kp1(9)] < [R(X") fyll oo

However, for any Y € L{(nzj:l), we have

(RY) )W) = 3 > | RAAGIY)(M + N+ U +U") - g)dN
Mempg, ., (F) Uen;’::rll (F) "nir (4)
Therefore, we see that there exists a continuous semi-norm || - || on S(g(A)) such that

[Kp1(9)| < [[R(Ad(g™H)X")e|

holds for any g € §°»+1 and ¢ € S(g(A)). It remains to show that there exists a continuous semi-
norm || - || on S(g(A)) such that |[R(Ad(g~H)X")p| < df{::l (9)""llell” holds for any ¢ € S(g(A)).

This essentially follows from the definition of df%’;fl (See e.g. [ , (4.22)]).
It remains to show that there exists N > 0 such that for any r > 0, there is a continuous

semi-norm || - || on S(g(A)) such that

Sn -T
(A7) [Koa(g)l < dg’ (9) " llgl™ el

holds for any ¢ € S(g(A)) and g € 5%+
Recall that any g € s%7+1 can be written as ac, where a € APy such that (o, a) > t for any

a € Ag"“ and some t > 0, and c lies in some compact subset C'. Note that up to replacing

the semi-norm || - || by sup.cc [[R(c) - ||, we can assume g = a € A% | with a € AJ° | such that
(a,a) > t for any a € Ag"“. Let ng, , be the opposite unipotent Lie algebra of ng,, ,, and let
ﬁf{;:ll :=Tpg,,, Nmg, . Note that we have

—Spi1
mg,.., = (tn+1 N mSn+1) D nRT:zH'
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—Sn+1 o ] L —Sn+1
Let e, = @®L; be a decomposition of e

that each L; is contained in a root space. Let L = @& L;. Then |K, 2(g)| is bounded by

into direct sum of 1-dimensional subspaces, such

k
> > / o((M 4 N) - g)dN|.

i=1 |Me(L\{0))@Ligt " "Sn+1

Note that the eigenvalue of the action of g on each L; is bounded below and bounded by d}z’;‘lfl (9),

the inequality (A.7) then follows from the following statements:

e For any N sufficiently large, we have

> llaz|| = < [l

zeF
holds for all a € A*.

e For any N sufficiently large, we have

/A laz|~Nde < [la]¥

holds for all a € A*.
e Fix t > 0, for any r > 0 there exists N > 0 such that

Y laz| ™ <ol

zeF\{0}

holds for all a € Rsy C A%.

We thus finish the proof when g = gl,,, ;. For the case g = gl,,, choose a non-negative ¢’ € S(A)
with ¢'(0) > 0. Given ¢ € S(gl,,(A)), put ¢1 € S(gl,1(A)) by

¥1 (j Z) = (p(A,’U,U,)gD’(d).

Then there exists a constant C' > 0 such that K, p(g) = CK, p(g). Therefore, the result follows
from the case for g = gl ;. O
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